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MAGNETISM. 


CHAPTEB    I. 


ELEMBNTAIty   TDGOBY    OF   MAGNETISM. 


I 


871.]  Certain  bodies,  as,  for  instance,  the  iron  ore  called  load- 
stone, the  earth  itself,  and  piecea  of  steel  which  have  been 
subjected  to  certain  ti-eatment,  are  found  to  poaseaa  the  following 
properties,  and  aro  called  Magnets. 

If,  near  any  part  of  the  earth's  surface  except  the  Magnetic 
Poles,  a  magnet  be  suspended  so  as  to  turn  freely  about  a 
vertical  axis,  it  will  in  general  tend  to  set  itself  in  a  certain 
azimuth,  and  if  dwturbed  from  this  position  it  will  oscillate 
about  it.  An  unmagnetized  body  has  no  such  tendency,  but  ia 
in  equilibrium  in  all  azimuths  alike. 

372.]  It  is  found  that  the  force  which  acta  on  the  body  tonde 
to  cause  a  certain  line  in  the  body,  called  the  Axis  of  the 
Magnet,  to  become  parallel  to  a  certain  line  in  space,  called  the 
Direction  of  the  Ma^etic  Force. 

Let  us  suppose  the  magnet  suspended  so  as  to  be  free  to 
turn  in  all  directions  about  a  fixed  point.  To  eliminate  the  action 
of  its  weight  we  may  suppose  this  point  to  be  its  centre  of 
gravity.  Let  it  come  to  a  position  of  equilibrium.  Mark  two 
points  on  the  magnet,  and  note  their  positions  in  space.  Then 
let  the  magnet  be  placed  in  a  new  position  of  equilibrium, 
and  Qol«  the  positions  in  space  of  the  two  marked  points  on 
the  magnet. 

Since  the  axis  of  the  magnet  coincides  with  the  direction 
of  magnetic  force  in  both  positions,  we  have  to  find  that  line 
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in  the  taagnet  which  occupies  the  same  position  in  apace  before 
and  after  the  motion.  It  appears,  from  the  theory  of  the 
motion  of  bodies  of  invariable  form,  that  such  a  line  always 
exists,  and  that  a  motion  equivalent  to  the  actual  motion  might 
have  taken  place  by  simple  rotation  round  this  line. 

To  Snd  the  line,  join  the  first  and  last  positions  of  each  of 
the  marked  points,  and  draw  planes  bisecting  these  lines  at 
right  angles.  The  intersection  of  these  planes  will  be  the  line 
required,  which  indicates  the  direction  of  the  axis  of  the  magnet 
and  the  direction  of  the  magnetic  force  in  space. 

The  method  just  described  is  not  convenient  for  the  practical 
determination  of  these  directions.  We  shall  return  to  this  subject 
■when  we  treat  of  Magnetic  Measurements, 

The  direction  of  the  magnetic  force  is  found  to  be  different 
at  different  parts  of  the  earth's  surface.  If  the  end  of  the  axis 
of  the  magnet  which  points  in  a  northerly  direction  be  mai'ked, 
it  has  been  found  that  the  direction  in  which  it  sots  itself  in 
general  deviates  from  the  true  meridian  to  a  considerable  extent, 
and  that  the  marked  end  points  on  the  whole  downwards 
in  the  northern  hemisphere  and  upwai-ds  in  the  southern. 

The  azimuth  of  the  direction  of  the  magnetic  force,  measured 
from  the  true  north  in  a  westerly  direction,  is  called  the 
Variation,  or  the  Magnetic  Declination.  The  angle  between  the 
direction  of  the  magnetic  force  and  the  horizontal  piano  is  called 
the  Magnetic  Dip.  These  two  angles  determine  the  direction 
of  the  magnetic  force,  and,  when  the  magnetic  intensity  is 
also  known,  the  magnetic  force  is  completely  determined.  The 
determination  of  the  values  of  these  three  elements  at  different 
parts  of  the  earth's  surface,  the  discussion  of  the  manner  in 
which  they  vary  according  to  the  place  and  time  of  observation, 
and  the  investigation  of  the  causes  of  the  magnetic  force  and  its 
variations,  constitute  the  science  of  Terrestrial  Magnetism. 

373.]  Let  us  now  suppose  that  the  axes  of  several  magnetti 
have  been  determined,  and  the  end  of  each  which  points  north 
marked.  Then,  if  one  of  these  magnets  be  freely  suspended  and 
another  brought  near  it,  it  is  found  that  two  marked  euds  repel 
each  other,  that  a  marked  and  an  unmarked  end  attract  each 
other,  and  that  two  unmarked  ends  repel  each  other. 

If  the  magnets  are  in  the  form  of  long  rods  or  wires, 
uniformly  and  longitudinally  magnetized,  (see  below,  Art.  384,) 
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it  ia  found  that  the  greatest  manifestation  of  force  occurs  when 
the  end  of  one  magnet  is  held  near  the  end  of  the  other,  and 
that  the  phenomena  can  be  accounted  for  by  supposing  that 
like  ends  of  the  magnets  repel  each  other,  that  unlike  ends 
attract  each  other,  and  that  the  intermediate  parte  of  the 
m^neta  have  no  sensible  mutual  action. 

ITie  ends  of  a  long  thin  magnet  are  commonly  called  its  Poles. 

In  the  case  of  an  indefinitely  thin  magnet,  uniformly  magnetized 

throughout  its  length,  the  extremities  act  as  centres  of  force,  and 

the  rest  of  the  magnet  appears  devoid  of  ma^etic  action.     In 

all  actual  magnets  the  magnetization  deviates  from  uniformity, 

so  that  no  single  points  can  ba  taken  as  the  poles.     Coulomb, 

however,  by  using  long  thin  rods  magnetized  with  care,  succeeded 

in   establishing  the  law  of  force   between  two   like   magnetic 

poles*  {the  medium  between  them  being  air). 

The  repulsion  between  two  like  Ttutgnetic  pol^s  is  in  the  straight 

line  joining  the-ni,  and  is  nuvierically  equal  to  the  product 

of  the  strengths  of  the  poles  divvied  by  the  square  of  the  dis- 

tawe  between  t/iem. 

374.]  This  law,  of  course,  assumes  that  the  strength  of  each 
pole  is  measured  in  terms  of  a  certain  unit,  the  magnitude  of 
which  may  be  deduced  from  the  terms  of  the  law. 

The  unit-pole  is  a  pole  which  points  north,  and  is  such  that, 
when  placed  at  unit  distance  in  air  from  another  unit-pole,  it 
repels  it  with  unit  of  force,  the  unit  of  force  being  delined  as  in 
Art.  6.     A  pole  which  points  south  is  reckoned  negative. 

If  TJij  and  Titj  are  the  strengths  of  two  magnetic  poles,  /  the 
distance  between  them,  and/  the  force  of  repulsion,  all  expressed 
numerically,  then 


/=■ 


I' 


But  if  [TTi],  [L]  and  [F]  be  the  concrete  units  of  nmguetie  pole, 

lengtli  and  force,  then 

/TCT  -  r"'l' "'"' 
fm  =  1-1,1  -[i-' 

whence  it  follows  that 

[m']  =  [L'F]  = 
or        [m]  =  [LiT-' il'-]. 

liti  dt  Pkyniiuf,  tomr  iii. 


=  [^'¥]. 


■  Coulomb,  SIfm.  de  FAead.  17SS,  p.  603,  and  ii 
B  a 
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Tiio  (liinonsions  of  tho  unit  pole  are  therefore  f  as  regards  length, 
( —  1 )  aH  rogards  time,  and  i  as  regards  mass.  These  dimensions 
arc  tho  saiiio  as  those  of  the  electrostatic  unit  of  electricity, 
wliioh  is  spocifiod  in  exactly  the  same  way  in  Arts.  41,  42. 

87S.]  Tho  accuracy  of  this  law  may  be  considered  to  have 
hoc^n  oBtablishiHl  by  tho  experiments  of  Coulomb  with  the  Torsion 
tialaiiot\  and  oonflnnod  by  tho  experiments  of  Gauss  and  Weber, 
and  of  all  observers  in  magnetic  observatories,  who  are  every  day 
making  moasuroments  of  magnetic  quantities,  and  who  obtain 
rtwultH  which  wouhl  be  inconsistent  with  each  other  if  the  law 
of  foroi^  had  been  erroneously  assumed.  It  derives  additional 
Mupport  fi\)m  its  consistency  with  the  laws  of  electromagnetic 
phfaunuona. 

370.]  Tho  quantity  which  we  have  hitherto  called  the  strength 
of  A  |H)lo  may  also  be  called  a  quantity  of  *  Magnetism/  provided 
wo  attribute  no  properties  to  'Magnetism'  except  those  observed 
in  tho  polos  of  magnets. 

Since  tJio  oxpnH»sion  of  the  law  of  force  between  given  quan- 
titios  of  'Magnotism*  has  exactly  the  same  mathematical  form 
AH  tho  law  of  force  Wtweon  quantities  of  '  Electricity '  of  equal 
nun^orioal  %*aUu\  much  of  tho  mathematical  treatment  of  mag- 
uoti^ikm  must  Iv  sdmilar  to  that  of  olootricity.  There  are,  however, 
other  pr\>)vrtios  of  magnets  which  must  be  borne  in  mind^  and 
which  may  throw  siuue  light  on  the  electrical  properties  of  bodies. 

Reliition  Mioten  tke  P0I&  of  a  ifa^n^t 

877,]  Tho  quantity  of  magnetism  at  one  pole  of  a  magnet  is 
always  equal  and  v^ppotsito  to  that  at  the  other,  or  more  generally 
thu*: — 

/f>  f^r'*y  .Vij,*')^  tSf  Mu/  quathtity  if  Ma»m€ti^n\  (it^ckoned 

Hence  in  a  tioM  of  fi.ut^  wideh  is  uniform  mad  parmUel  thioogh- 
\Hil  the  :j^iviiv  iyvu)>ied  by  the  nia^rU  tlie  f<»nee  acting  on  the 
n^arkovl  envi  of  the  n\agihM  is  exactly  equal  opp«L\$iie  and  parallel 
to  that  on  the  unn\arkevi  ecKL  ^o  that  the  n?6ultant  of  the  fortes 
i$  a  ;f^tatical  <\x:rlT\  tending  to  place  the  axis  of  the  magnet  in  a 
^tetenuinate  vUrvctioa.  but  not  to  moT\e  the  magnei  as  a  whole  in 

T^  Kxi^-^  W  eassiNr  piv>T«^  by  pntti^  the  magnet  into  a  small 
tWMl  a»i  iMUiMr  it  ua  maMT.    TW  iwilwiB 
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direction,  so  as  to  bring  the  axis  of  the  magnet  as  near  an  possible 
to  the  dii-ection  of  the  earth's  magnetic  force,  but  there  will  be 
no  motion  of  the  vessel  as  a  whole  in  any  direction ;  bo  that 
there  can  be  no  excess  of  the  force  towards  the  north  over  that 
towards  the  south,  or  the  reverse.     It  may  also  be  shewn  from 
the  fact  that  magnetizing  a  piece  of  steel  does  not  alter  its  weight. 
It  does  alterthsjtpparent  position  of  its  cenh^  of  gravity,  causing  ,  . 
itj^n  the3e__latatmlea  to  shift  alon^  the  axis  towards  the  north.  ^  ^.aJ- 
The  centre  of  inertia,  as  detennined  by  the  phenomena  of  rota-  /~^ 
tion,  remains  unaltered. 

378,]  If  the  middle  of  a  long  thin  magnet  be  esaiained,  it 
is  found  to  possess  no  magnetic  properties,  but  if  the  magnet  be 
broken  at  that  point,  each  of  the  pieces  is  foimd  to  have  a  mag- 
netic pole  at  the  place  of  fracture,  and  this  new  pole  is  exactly 
equal  and  opposite  to  the  other  pole  belonging  to  that  piece.  It 
is  impossible,  either  by  magnetization,  or  by  breaking  magnets,  or 
by  any  other  means,  to  procure  a  magnet  whose  poles  are  unequal. 

If  we  break  the  long  thin  magnet  into  a  number  of  short 
pieces  we  shall  obtain  a  series  of  short  magnets,  each  of  which 
has  poles  of  nearly  the  same  strength  as  those  of  the  original 
long  magnet.  This  multiplication  of  poles  is  not  necessarily  a 
creation  of  energy,  for  wo  must  remember  that  after  breaking 
the  magnet  we  have  to  do  work  to  separate  the  parts,  in  con- 
l  sequence  of  their  attraction  for  one  another. 

879.]  Let  us  now  put  all  the  pieces  of  the  magnet  together  as 
at  first.  At  each  point  of  junction  there  will  be  two  poles 
exactly  equal  and  of  opposite  kinds,  placed  in  contact,  so  that 
their  united  action  on  any  other  pole  will  be  null.  The  magnet, 
thus  rebuilt,  has  therefore  the  same  properties  as  at  first,  namely 
two  poles,  one  at  each  end,  equal  and  opposite  to  each  other,  and 
tlie  part  between  these  poles  exhibits  no  magnetic  action. 

Since,  in  this  case,  we  know  the  long  magnet  to  be  made  up  of 
little  short  magnets,  and  since  the  phenomena  are  the  same  as  in 
the  case  of  the  unbroken  magnet,  we  may  regard  the  magnet, 
even  liefore  being  broken,  as  made  up  of  small  particles,  each  of 
which  has  two  equal  and  opposite  poles.  If  we  suppose  all 
magnets  to  bo  made  up  of  such  particles,  it  is  evident  that  since 
the  algebraical  quantity  of  magnetism  in  each  particle  is  zero, 
the  quantity  in  the  whole  magnet  will  also  be  zero,  or  in  other 
wordB,  its  poles  will  be  of  equal  strength  but  of  opposite  kind. 
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Tlteo)'y  of  ^Magnetic  Matter.* 

880.]  Siiioo  the  fonu  of  tho  law  of  magnetic  action  is  identical 
witli  that  of  electric  action,  the  same  reasons  which  can  be  given 
for  attributing  electric  phenomena  to  the  action  of  one  *  fluid ' 
or  two  *  fluids  *  can  also  be  used  in  favour  of  the  existence  of  a 
magnetic  mattc^r,  or  of  two  kinds  of  magnetic  matter,  fluid  or 
uthtu*wise.  In  fact,  a  theory  of  magnetic  matter,  if  used  in  a 
puroly  mathematical  sense,  cannot  fail  to  explain  the  phenomena, 
provideil  new  laws  are  freely  inti*oduced  to  account  for  the  actual 
facte* 

One  of  thodo  new  laws  must  be  that  the  magnetic  fluids  cannot 
pass  from  one  molecule  or  particle  of  the  magnet  to  another,  but 
that  the  process  of  magnetisation  consists  in  separating  to  a 
certain  extent  the  two  fluids  within  each  particle,  and  causing 
the  caxe  fluid  to  be  more  concentrated  at  one  end,  and  the  other 
fluid  to  be  more  concentrated  at  the  other  ^d  of  the  particle. 
This  is  the  theory  of  Poisson. 

A  }>axtiole  of  a  magnetizable  body  is.  on  this  theoiy.  analogous 
to  a  Muall  insulate^l  eonduetoir  without  charge^  which  on  the 
two-duivt  theory  contains  invlefinitely  large  but  exactly  equal 
i^uautitie^^  of  the  two  electricitieiSw  When  an  electromotive  force 
acts  on  the  conductor,  it  :^parates  the  electrieitied,  causing  them 
to  become  manifest  at  oppotsite  sides  of  the  conductor.  In  a 
Millar  uuuiuer.  aceoivling  to  this  theory,  the  magnetizing  force 
caus«fc>  the  two  kin^ls  of  magnetism,  which  were  originally  in 
a  ueutrali^ed  state,  to  be  separated,  and  to  appear  at  opposite 
si'is-*  oJf  the  uxaguetisevi  particle. 

lu  certaux  sul*i»tancesK  such  as  <oft  iron  and  thoise  magnetic 
^ubc^taiKVtf^  which  canncc  Ih*  penxianen:ly  Enagnjecized.  this  mag- 
ucnic  ccttuitictt.  like  the  elecmlicatioii  or  the  oon'iactor.  disappears 
when  the  inJuciiw:  force  b  removeii*.  In  ocher  sa.c^*ta^Jlce».  such 
as  buuxl  scecL  the  ma^ecic  occ.«iicion  is  pr:duced  with.  'iitTrcuIty. 
;«toJL  when  produced,  rvutaiii;*  afler  the  removal  oc  the  iiuiacing 
torce. 

Tbi»  b  exprctjs^d  by  ^^ayiix^  tihas  in  the  laccer  case  there  ia  a 
k*oecvivc  bcrce.  teu*iiu2£  to  previfat  altiuraiufjn  in  the  magntfi«u&- 
uoii«  woica  xuutsc  be  ov^ixxme  betore  the  pow^r  of  a  mikpiec 
ciot  be   eithf^r   iixcfeaficed   or   dimijiiBhed.     la  the   ^msse   ol:   the 
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electrified  body  this  would  coiTespond  to  &  kind  of  electric 
resistance,  which,  unlike  the  resistance  observed  in  metals,  would 
be  equivalent  to  complete  insulation  for  electromotive  forces 
below  a  certain  value. 

This  theory  of  magnetism,  like  the  corresponding  theory  of 
electricity,  is  evidently  too  large  for  the  facts,  and  requires  to  be 
restricted  by  artificial  conditions.  For  it  not  only  gives  no 
reason  why  one  body  may  not  differ  from  another  on  account  of 
having  more  of  both  fluids,  but  it  enables  ua  to  say  what  would 
be  the  properties  of  a  body  containing  an  excess  of  one  magnetic 
fluid.  It  is  true  that  a  reason  is  given  why  such  a  body  cannot 
exist,  but  this  reason  is  only  introduced  as  an  after-thought 
to  explain  this  particular  fact.  It  does  not  grow  out  of  the 
theory. 

881,]  We  must  therefore  seek  for  a  mode  of  expression  which 
shall  not  he  capable  of  expressing  too  much,  and  which  shall  leave 
room  for  the  introduction  of  new  ideas  as  these  are  developed 
from  new  facts.  This,  I  think,  we  shall  obtain  if  we  begin  by 
saying  that  the  particles  of  a  magnet  are  Polarized. 

Meaning  of  the  tei-^i  'Polarization.' 

When  a  particle  of  a  body  poss^esses  properties  related  to  a 
certain  line  or  direction  in  the  body,  and  when  the  body,  re- 
taining these  properties,  is  turned  so  that  this  direction  is 
reversed,  then  if  as  regards  other  bodies  these  properties  of  the 
particle  arc  reversed,  the  particle,  in  reference  to  these  proper- 
ties, is  said  to  bo  polarized,  and  the  properties  are  said  to 
constitute  a  particular  kind  of  polarization. 

Thus  we  may  say  that  the  rotation  of  a  body  about  an  axis 
constitutes  a  kind  of  polarization,  because  if,  while  the  rotation 
continues,  the  direction  of  the  axis  is  turned  end  for  end,  the 
body  will  be  rotating  in  the  opposite  direction  as  regards  apace. 

A  conducting  particle  through  which  there  is  a  current  of 
electricity  may  be  said  to  be  polarized,  because  if  it  were  turned 
round,  and  if  the  current  continued  to  flow  in  the  same  direc- 
tion as  regards  the  particle,  its  diiection  in  space  would  be 
reversed. 

In  short,  if  any  mathematical  or  physical  quantity  is  of  the 
natare  of  a  vector,  as  defined  in  Ai-t.  11,  then  any  body  or 
particle  to  which  this  directed  quantity  or  vector  belongs  may 
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bo  said  to  l)0  Polarized  ^^  because  it  has  opposite  properties  in 
the  two  oppoHite  directions  or  poles  of  the  directed  quantity. 

The  poles  of  the  earth,  for  example,  have  reference  to  its 
rotation,  and  have  accordingly  different  names. 

Afeaning  of  the  temi  *  Magnetic  Polarization.* 

382.]  In  speaking  of  the  state  of  the  particles  of  a  magnet  as 
magnetic  polarization,  we  imply  that  each  of  the  smallest  parts 
into  which  a  magnet  may  be  divided  has  certain  properties 
related  to  a  definite  direction  through  the  particle,  called  its 
Axis  of  Magnetization,  and  that  the  properties  related  to  one  end 
of  this  axis  are  opposite  to  the  properties  related  to  the  other 
end. 

The  properties  which  we  attribute  to  the  particle  are  of  the 
same  kind  as  those  which  we  observe  in  the  complete  magnet, 
and  in  assuming  that  the  pcuiides  possess  these  properties,  we 
only  assert  what  we  can  prove  by  breaking  the  magnet  up  into 
small  pieces,  for  each  of  these  is  found  to  be  a  magnet. 

rni/ifrtieii  of  a  Magnetizeil  Particle. 

388.]  Let  the  element  dx  dy  dz  be  a  particle  of  a  magnet,  and 

lot  U8  assume  that  its  magnetic  properties  are  those  of  a  magnet 

the  strength  of  whose  positive  pole  is  )«,  and  whose  length  is  ds. 

p      Then  if  P  is  any  point  in  space  distant  r  from  the  positive  pole 

^      and  v'  from  the  negative  pole,  the  magnetic  potential  at  P  will 

"^  '      \        1h>    ^  due  to  the  p<.>sitive  pole,  and  — r  due  to  the  negative  pole. 


& 


or 


V=^,{/-r).  (1) 

If  ds,  the  distance  l>etween  the  poles,  is  very  small,  we  may 

*  TKif  Wi>i\i  IVlaruMCkm  htm  been  owd  in  a  ««iue  not  cansutcat  with  this  in 

0|«ticm  mh<jrv  »  rmv  of  lu:ht  it  nud  to  b«  polarixe^i  whtn  it  had  pr^rties  relating 

ti«  it*  *ide«.  whioh  arv  UWncrcal  on  opposite  £de«  <>f  the  rar.    Thi«  kind  of  polarization 

.,  x«f«r»  to  another  kind  of  IHrvvted  Quantisy.  vhich  mar  W  called  a  Dipolar  <jmualitT. 

«^«  V#[#,  (|fA#fin  op;\v:t:ou  to  the  fvvnier  kind,  which  mar  ie  called  A. Unipolar. 

^||^^^ai|.«  '     When  a  di^K^ar  tiuattti:y  t»  turned  end  ^.mt  end  it  remains  th«  tame  a»  befiwe. 

^\2  T^naisftiS  and  lVeii»ure«  ia  ft>iid  bMiied^.   Ex>mim<.«os,  Comprewf'.vu.  And  IHjitort;oa« 

^^  and  Wv-«t  of  the  v^t:cal,  electrical,  and  n:a^*iet:c  properties  of  crr^ftallined  b:die« 

ar«  dipK^ar  quaotitietf. 

The  (»ro(^rtT  produced  br  maipMUNtt  in  tnaap«r«nt  bixiiea  oi  imhada^  the  plane 
of  pi«.>2ariaation  of  th«  iacSdent  b^t,  it,  like  Ba^tftaan  itself,  a  nnrpinar  propertr. 
The  ivtaMirjr  pirvp^KV  noAtf  rid  to  a  An.  S03  is  ako  aaipolar. 
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wbere  «  is  the  angle  between  the  vector  drawn  from  the  magnet 
to  P  and  the  axiy  of  the  magnet*,  or  in  the  hmit 

V=^^cm,.  (3) 

Magnetic  Miyment. 
384.]  The  product  of  the  length  of  a  uniformly  and  longitud- 
inally magnetized  bar  magnet  into  the  strength  of  its  positive 
pole  is  called  its  Magnetic  Moment. 

Intensity  of  Magnetization. 

The  intensity  of  magnetization  of  a  magnetic  particle  is  the 
ratio  of  ite  magnetic  moment  to  its  volume.  We  shall  denote  it 
by/. 

The  magnetisatioD  at  any  point  of  a  magnet  may  be  delined 
by  its  intensity  and  its  direction.  Its  dii'ection  may  be  defined 
by  ite  direction-cosines  A,  f*,  v. 

Covijionents  of  Magnetization. 

The  magnetization  at  a  point  of  a  magnet  (being  a  vector  or 
directed  quantity)  may  be  expressed  in  terms  of  its  three  com- 
ponents referred  to  the  axes  of  coordinates.  Calling  these 
A,B,C.  A  =  I\,        e  =  Iii,         C=Ii;  (4) 

and  the  numerical  value  of  7  is  given  by  the  equation 

P  =  A^-^B^  +  C'.  (5) 

385.]  If  the  portion  of  the  magnet  which  we  consider  is  the 
differential  element  of  volume  •Ixdydz,  and  if  /  denotes  the 
intensity  of  magnetization  of  this  element,  its  magnetic  moment 
is  Idxdydz.  Substituting  this  for  Tiidii  in  equation  (3),  and 
remembering  that 

TQ06€  =  \{i~x)  +  }J.{^-y)-\-v{(-z),  (6) 

where  f,  ij,  C  are  the  coordinates  of  the  extremity  of  the  vector  r 
drawn  from  the  point  {.r,  y,  s),  we  find  for  the  potential  at  the 
point  (f,  ?j,  C)  due  to  the  magnetized  element  at  [x,  y.  z), 

{A{^-x)  +  B(7,-y)^C(C-z)}^dxdydz.  (7) 

To  obtain  the  potential  at  the  point  ($,  jj,  ()  due  to  a  magnet  of 
finite  dimensions,  we  must  find  the  integral  of  this  expression  for 
*   (Tbe  poBLive  ilirectlua  of  the  KzU  u  tmm  Ibe  iie)^tive  to  the  p«idT«  pole.  | 
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every  element  of  volume  included  within  the  space  occupied  by 
the  magnet,  or 

V=ffJ{A{i-x)+B{r,-y)  +  C{(-z)}  ^dxcdyds.        (8) 
Integrated  by  parts,  this  becomes 

V^ffA^dydZ'^ffB^ihdX'^ffc^dxdy 
rrrlAA     dB     dC^,    ,    , 

where  the  double  integration  in  the  first  three  terms  refers  to 
the  surface  of  the  magnet,  and  the  triple  integration  in  the 
fourth  to  the  space  within  it« 

If  Z,  m,  n  denote  the  direction-cosines  of  the  normal  drawn 
outwards  from  the  element  of  surface  d8^  we  may  write,  as  in 
Art.  21,  for  the  sum  of  the  first  three  terms 


// 


{lA'¥mB'\'nC)-d8, 


where  the  integration  is  to  be  extended  over  the  whole  surface 
of  the  magnet. 

If  we  now  introduce  two  new  symbols  <r  and  p,  defined  by  the 
equations  ir  =  U  +  m5  +  tiC, 

_rdA     dB     dCy^ 
^dx      dy      dz^* 

the  expression  for  the  potential  may  be  written 


y=ffldS+ffJldxdydz, 


886.]  This  expression  is  identical  with  that  for  the  electric 
potential  due  to  a  body  on  the  surface  of  which  there  is  an 
electrification  whose  surface-density  is  <r,  while  throughout  its 
substance  there  is  a  bodily  electrification  whose  volume-density 
is  p.  Hence,  if  we  assume  cr  and  /j  to  be  the  surface-  and  volume- 
densities  of  the  distribution  of  an  imaginary  substance,  which 
we  have  called  *  magnetic  matter,*  the  potential  due  to  this 
imaginary  distribution  will  be  identical  with  that  due  to  the 
actual  magnetization  of  every  element  of  the  magnet. 

The  surface-density  <r  is  the  resolved  part  of  the  intensity  of 
magnetization  /  in  the  direction  of  the  normal  to  the  surface 
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■drawn  outwards,  and  the  volume-density  p  is  ilie  '  convergence ' 
■  (see  Art.  25)  of  the  magnetization  at  a  given  point  in  the 
I  magnet. 

I  This  method  of  representing  the  action  of  a  magnet  as  due 
I  to  a  distribution  of  '  magnetic  matter '  is  very  convenient,  but 
I  we  must  always  remember  that  it  is  only  an  artificial  method 
I  of  representing  the  action  of  a  aystem  of  polarized  particles, 

I  On  the  Action  of  one  Magnetic  Molecule  on  another. 

I     387.]  If ,  as  in  the  chapter  on  Spherical  Harmonics,  Art.  I29&, 

Iwemake  i_  =  /i-     m  —  +  ti—  (D 

f  dh        dx         dy        dz 

I  where  ?,  m,  n  are  the  direction-cosines  of  the  asis  /*,  then  the 
'  potential  due  to  a  magnetic  molecule  at  the  origin,  whose  axis 
is  parallel  to  h^,  and  whose  magnetic  moment  is  mt,,  is 
d  m.      m. , 


»',=- 


rft,  • 


(2) 


where  A,  is  the  cosine  of  the  angle  between  A,  and  r. 

Again,  if  a  second  magnetic  molecule  whoso  moment  is  m^, 
and  whose  axis  is  parallel  to  h^,  is  placed  at  the  extremity  of 
the  radius  vector  r,  the  potential  energy  due  to  the  action  of 
the  one  magnet  on  the  other  is 


'dk. 


Q  against  the  magnetic  forces  v 


'</</. 


if  the  forces  on  the  magnet  in  this  plane  will  be 
dW  _      m^ni.^.dfi^^  dX^-. 


... 


(<) 

where  ^tj,  is  the  cosine  of  the  angle  which  the  axes  make  with 
each  other,  and  Aj.A^  are  the  cosines  of  the  angles  which  they 
make  with  r. 

Let  us  next  determine  the  moment  of  the  couple  with  which 
the  first  magnet  tends  to  turn  the  second  round  its  centre. 

Let  us  suppose  the  second  magnet  tui-ued  through  an  angle 
E^i^  in  a  plane  perpendicular  to  a  third  axis  /f^,  then  the  work 

rill  be 'V 


d<l>,  and  the  moment 


(3) 
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The  actual  moment  acting  on  the  second  magnet  may  therefore 
be  considered  as  the  resultant  of  two  couples,  of  which  the  first 
acts  in  a  plane  parallel  to  the  axes  of  both  magnets,  and  tends  to 
increase  the  angle  between  them  with  a  couple  whose  moment  is 

!?^*8in(A,A^.  (6) 

while  the  second  couple  acts  in  the  plane  passing  through  r  and 
the  axis  of  the  second  magnet,  and  tends  to  diminish  the  angle 
between  these  directions  with  a  couple  whose  moment  is 

^'s^'  cos  (rh,)  sin  (r  AJ,  (7) 

where  (r/i|),  {rh^),  {hih^  denote  the  angles  between  the  lines  r, 

To  determine  the  force  acting  on  the  second  magnet  in  a 
direction  parallel  to  a  line  A3,  we  have  to  calculate 

dW  d^        A.  f^. 

^^m^Tn^"—  ^    ,  by  Art.  129c, 

=  3 -74-' {^1^23  +  ^2^31  +  ^3^12-5X1X2X3},  by  Art.  133,    (9) 

=  3A3-^'(mi2-6AiX,)  + 3^13 -1,-2X2+ 3//23-^^        (10) 

If  we  suppose  the  actual  force  compounded  of  three  forces,  i?, 
H^  and  H^ ,  in  the  directions  of  r,  hi  and  Ag  respectively,  then  the 
force  in  the  direction  of  h^  is 

X3lZ  +  Ml3^1  +  f43^^2-  (10 


*  { If  $^j  0,  &re  the  angles  which  the  axes  of  the  miignets  make  with  r,  ^  the  angle 
between  the  planes  containing  r  and  the  axes  of  the  first  and  second  magnet 
respectively,  then 

/ii,—  3 A|  X,  B  — 2  cos  $1  cos  $^  +  sin  Bi  sin  0^  cos  ^. 

Thus  the  couple  acting  on  the  second  magnet  is  equivalent  to  a  couple  whose  axis 
is  r  and  whose  moment  ^dW/d\p  tending  to  increase  rp  is 

sin  ^1  sm  d,  sm  tpt 

together  with  a  couple  in  the  plane  of  r  and  the  axis  of  the  second  magnet  whose 
moment  —dW/dB^  tending  to  increase  B^  is 

^  {2cos^isind,  +  Bin^,  oos^joosf}. 

These  couples  are  equivalent  to  those  given  bj  (6)  and  (7).} 


388.]  FOECE    BETWEEN   TWO    SMALL    MAGNETS. 

Since  the  direction  of  /13  is  arbitrary,  we  must  have 


n,= 


— -J—  A^,  B.^  _  -—^- 


(12) 


The  force  .H  is  a  repulsion,  tending  to  inereaae  r ;  H,  and  //^ 
act  on  the  second  magnet  in  the  directions  of  the  axea  of  the 
first  and  second  magnets  reapeetively. 

Tbis  analysis  of  the  forces  acting  between  two  small  magnets 
was  first  ^ven  in  terms  of  the  Quatci-nion  Analysis  by  Professor 
Tait  in  the  Quaiie^iij  Math.  Journ.  for  Jan.  18G0.  See  also  his 
work  on  Quutemions,  Arts.  442-443,  2nd  Editioa 


Particular  Positions. 

888.]  (I)  If  A,  and  A^  are  each  equal  to  1,  that  b,  if  the  axes 
of  the  magnets  are  in  one  straight  lino  and  in  the  same  dii'ectlon, 
Hf2  =  1,  and  the  force  between  the  magnets  is  a  repulsion 

Gjlt.TtK 


R+H,+H.,  =  ~ 


13) 


The  negative  sign  indicates  that  the  force  is  an  attraction. 

(2)  If  A,  and  A^  are  zero,  and  fij^  uinty,  the  axes  of  the  luagnets 
&re  parallel  to  each  other  and  perpendicular  to  r,  and  the  force 
is  a  repulsion  3m, m^ 

r*  ^     ' 

In  neither  of  these  cases  is  there  any  couple. 

(3)  If  Aj  =  1  and  A^  =  0,  then  /ija  =  0.  (15) 


of  its  axis,  and  the  couple  will  be  - 


I  tending  to  turn  it 


parallel  to  the  first  magnet.     This  is  equivalent  to  a  single  force 
J!^^^  acting  parallel  to  the  direction  of  the  axis  of  the  second 
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tnagnot,  and  cutting  r  at   a   point  two-thirds  of  its   length 
from  mj*. 

Thus  in  tho  figuro  (1)  two  magnets  are  made  to  float  on  water, 
r/ig  l)eing  in  the  direction  of  the  axis  of  m^,  but  having  its  own 
axis  at  right  angles  to  that  of  m^.  If  two  points,  A,  B,  rigidly 
connected  with  m^  and  71X2  respectively,  are  connected  by  means 
of  a  string  T,  the  system  will  be  in  equilibrium,  provided  T  cuts 
the  line  t^Ij  m.^  at  right  angles  at  a  point  one-third  of  the  distance 
from  W|  to  mj. 

(4)  If  we  allow  the  second  magnet  to  turn  freely  about  its 
centre  till  it  comes  to  a  position  of  stable  equilibrium,  W  will 
Uion  be  a  minimum  as  regards  fi^,  and  therefore  the  resolved 
part  of  tho  force  due  to  m^j  taken  in  the  direction  of  ku  will  be 
a  maximum.  Hence,  if  we  wish  to  produce  the  greatest  possible 
magnetic  force  at  a  given  point  in  a  given  direction  by  means  of 
magnets,  the  positions  of  whose  centres  are  given,  then,  in  order 

to  determine  the  proper  directions  of 
the  axes  of  these  magnets  to  produce 
this  efiect,  we  have  only  to  place  a 
magnet  in  the  given  direction  at  the 
^'^        /  "  given  point,  and  to  observe  the  direc- 

tion of  stable  equilibrium  of  the  axis 
'^  of  a  second  magnet  when  its  centre  is 

placed  at  each  of  the  other  given  points. 
The  maimets  must  then  be  placed  with 
their  axes  in  the  directions  indicated 
by  that  of  the  second  magnet. 
Of  course,  in  performing  this  experiment  we  must  take  account 
of  terrestrial  magnetism,  if  it  exists. 

Lot  tho  second  magnet  1h>  in  a  position  of  stable  equilibrium 
as  n^^anls  its  direction,  then  sinc-e  the  couple  acting  on  it  vanishes, 
tlio  axis  of  the  second  magnet  must  be  in  the  same  plane  with 
that  of  tho  first.    Hence 

(V±^  =  (Air)  +  (rV,  (16) 

*  I  In  cMip  v'^  ^^  fivvt  magnet  i*  naid  to  be  'end  on*  to  the  seoond,  and  the 
aecoi^i  *  br\>*dnde  \>ii  *  to  tlie  fint.  we  can  eaailT  proTe  br  formalae  ^6""  and  ,7^  that  if 
the  fint  nu^nn^t  weiv  *  bnWUide  t>n  *  to  the  tevoad  the  coople  on  the  sewnd  woald  be 
Mt  a^  r^.  Ybu*  the  couple  when  the  difSevtin^  mi^ps:Bet  it  'end  on  *  is  twice  a«  gnat 
aa  whan  il  w  *  KMadttde  on.*  iiaiua  haa  mrcd  that  if  the  law  of  fiwee  were  in- 
W(«ri5  aa  th<^  /  th  poww  of  the  diasanoe  between  tha  palea  the  coafde  when  the 
detfhKttng  nM^ttet  w  * ead  on*  wvnld  ba  f  tisea  aa  frant  aa  when  it  it  'bnndaade  on.* 


Kt  M«i|«uniHj;  the  eonpka  Ift  thaw  mtioM  wa  can  rmifj  tha  Inw  of  tha  in 
aqiMW  iMr>  nocnntt^  than  k  |(iwibh  b;  tha  tonaan  balancn  } 


389.] 

and  the  couple  being 


POTENTIAL  ENEEGY   OP   , 


^  (sin  {hfh.,)  -  3  cos  (hi  )■)  sin  (rh^)). 


(") 


we  find  when  this  is  zero 

taii(A,r)  =  2ta,ii(rh.,},  (18) 

tanir,TOji!=  2tanRm^Ifj.  (19) 

When  this  position  has  been  taken  up  by  the  aecond  magnet 
the  value  of  W  becomea  ^y 

where  h,^  is  in  the  direction  of  the  line  of  foroe  due  to  rn^  at  m^. 


W  = 


(20) 


dx\   "^  dy\    '^  ih\  ' 
Hence  the  second   magnet  will  tend  to  move  towards  places 
of  greater  resultant  force. 

The  force  on  the  second  magnet  may  be  decomposed  into  a 
force  R,  which  in  this  case  is  always  attractive  towards  the  first 
magnet,  and  a  force  JIi  parallel  to  the  axis  of  the  first  magnet, 
where 


H,  : 


(21) 


'■*      V'3A,*+1  ■>'*      VSA,* 

In  Fig.  XIV,  at  the  end  of  this  volume,  the  lines  of  force 
&nd  equipotential  surfaces  in  two  dimensions  ai'e  drawn.  The 
magneta  which  produce  them  are  supposed  to  be  two  long 
sylindrical  rods  the  sections  of  which  are  represented  by  the 
circular  blank  spaces,  and  these  rods  are  magnetized  transversely 
in  the  direction  of  the  arrows. 

J£  we  remember  that  there  is  a  tension  along  the  lines  of  force, 
it  is  easy  to  see  that  each  magnet  will  tend  to  turn  in  the 
direction  of  the  motion  of  the  hands  of  a  watch. 

That  on  the  right  hand  will  also,  as  a  whole,  tend  to  move 
towards  the  top,  and  that  on  the  left  hand  towards  the  bottom 
of  tiie  page. 

On  the  Potential  Energy  of  a  Maijnel  ■placed  in  a 
Magnetic  Field. 
389.]  Let  V^be  the  magnetic  potential  due  to  any  system  of 
magnets  acting  on  the  magnet  under  considemtion.     We  shall 
coll  V  the  potential  of  the  external  magnetic  force. 

K  a  small  magnet  whose  strength  is  111,  and  whose  length 
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is  c28,  be  placed  so  that  its  positive  pole  is  at  a  point  where 
the  potential  is  F,  and  its  negative  pole  at  a  point  where  the 
potential  is  F',  the  potential  energy  of  this  magnet  will  be 
m  (F—  F'),  or,  if  cfo  is  measured  from  the  negative  pole  to  the 

positive,  dV^  ,,, 

m-f-da.  (1) 

as 

If  7  is  the  intensity  of  the  magnetization,  and  A,  fx,  v  its  direc- 
tion-cosines, we  may  write, 

Ttids  =  IdxdydZf 

^     dV        dV       dV       dV 

and     -J— =  A-7— +  /X-J — Vv-j-i 
ds  dx         dy         dz 

and,  finally,  if  A,  B,C  are  the  components  of  magnetization, 

A=kl,        B-(jlI,        C=  vI, 

so  that  the  expression  (1)  for  the  potential  energy  of  the  element 
of  the  magnet  becomes 

To  obtain  the  potential  energy  of  a  magnet  of  finite  size, 
we  must  integrate  this  expression  for  every  element  of  the 
magnet.     We  thus  obtain 

as  the  value  of  the  potential  energy  of  the  magnet  with  respect 
to  the  magnetic  field  in  which  it  is  placed. 

The  potential  energy  is  here  expressed  in  terms  of  the  com- 
ponents of  magnetization  and  of  those  of  the  magnetic  force 
arising  from  external  causes. 

By  integration  by  parts  we  may  express  it  in  terms  of  the 
distribution  of  magnetic  matter  and  of  magnetic  potential,  thus, 

W^ffiAUB.^,  Cn)VclS-fffr{^^^£  +  ^^)d.dydz,  (4) 

where  I,  m,  n  are  the  direction-cosines  of  the  normal  at  the 
element  of  surface  dS.  If  we  substitute  in  this  equation  the 
expressions  for  the  surface-  and  volume-density  of  magnetic 
matter  as  given  in  Art.  385,  the  expression  becomes 


W  ^JJVirdS'^ffJrpdMdydz.  (5) 


-///(- 
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We  may  write  equatdon  (3)  in  the  form 

^■Cy)dxdydz,  (6) 

I  where  a,  3  and  y  are  the  components  of  the  external  magnetic 
I  force. 

On  the  Magnetic  Mo-ment  and  Axie  of  a  Magnet. 
S90.]  If  throughout  the  whole  space  occupied  by  the  magnet 

■  the  external  magnetic  force  is  uniform  in  direction  and  mag- 
Ditade,  the  components  a,  /j,  y  wiU  be  constant  quantities,  and 
f  we  write 

[Adxdy<h=lK,  jjJBdxdydz=r,iK,    ffJcdxdydz=nK,  (7) 

the  integrations  being  extended  over  the  whole  subatance  of 
the  magnet,  the  value  of  W  may  be  written 

W  =  ~K(la  +  m^  +  'n.y).  (8) 

Li  thia  expression  I,  m,  n  are  the  direction-cosines  of  the  axis 

of  the  magnet,  and  K  if  the  ma^etic  moment  of  the  magnet. 

If  (  b  the  angle  which  the  axis  of  the  magnet  makes  with  the 

itlirection  of  the  magnetic  force  ^,  the  value  of  W  may  bo  written 

r  =  -A'§co8«.  (9) 

If  the  magnet  is  suspended  so  as  to  be  free  to  turn  about  a 

ertical  axis,  as   in  the  case   of  an   ordinary  compass  needle, 

let  the  azimuth  of  the  axis  of  the  magnet  be  t/i,  and  let  it  be 

inclined  at  an  angle  6  to  the  horizontal  piano.     Let  the  force  of 

terrestrial  magnetism  be  in  a  direction  whose  azimuth  is  B  and 

dip  C  then 

a  =  §  cos  f  eoB  6,     fi  =  ^  cos  Csin  8,     y  =  ^&  sin  C;        ( i  <>) 

I  =  cos  0  COB  (f^,       m  =  cos  9  sin  0,       n  =  am0;  (11) 

■whence       W  =  ~KJq  {cob  Coos  fl cos  (c/i  —  fi)+ sin  Csinflj.         (12) 

The  moment  of  the  force  tending  to  increase  4>  by  turning 

the  magnet  round  a  vertical  axis  is 

-  ^  =  - Z^ cos  f COS e sin  {<p ^3).  (1 3) 

On  the  Expaneion  of  the  Potential  of  a  Magnet  in  Solid 
Harmonic  e, 
391.]  Let  F  be  the  potential  due  to  a  unit  pole  placed  at 
je  point  {$,  71,  Q.    The  value  of  Fat  the  point  x,  y,  z  is 

V={($-xf+{n~yr+(C~zri<  (1) 
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This  expression  may  be  expanded  in  terms  of  spherical  har- 
monics, with  their  centre  at  the  origin.    We  have  then 

F=Tf+^+^+&c.,  (2) 

where  TJ  =  -,  r  being  the  distance  of  (f,  17,  f)  from  the  origin,  (3) 

^^^5±^.,  (4) 

&c. 

To  determine  the  value  of  the  potential  energy  when  the 
magnet  is  placed  in  the  field  of  force  expressed  by  this  potential, 
we  have  to  integrate  the  expression  for  W  in  equation  (3)  of 
Art.  389  with  respect  to  x,y  and  z,  considering  f,  ly,  (  and  r  as 
constants. 

If  we  consider  only  the  terms  introduced  by  F©,  T^  and  T^  the 
result  will  depend  on  the  following  vohime-integrals, 

IK  ^jjJAdxdydZy  mK  =JJjBdxdydZy  nK  =  jffcdxdydz;  (6) 
L  ^  I  J  Axdxdydz,  M  =   J  J  Bydxdydz,  1/"=         Czdxdydz]  (7) 

P=JJJ{Bz+Cy)dxdydz,        Q  =JJJ(Cx-\-Az)dxdydz, 

R=:JJj{Ay'^Bx)dxdydz.  (8) 

We  thus  find  for  the  value  of  the  potential  energy  of  the 
magnet  placed  in  presence  of  the  unit  pole  at  the  point  {(,  17,  C), 

+  &C. 

This  expression  may  also  be  regarded  as  the  potential  energy 
of  the  unit  pole  in  presence  of  the  magnet,  or  more  simply  as 
the  potential  at  the  point  f,  rj,  (  due  to  the  magnet. 


92.]  OENTBE  AND  AXES  OP  A  MAGNET.  1! 

On  the  Centre  of  a  Magnet  atxd  its  Primary  and 
Secondary  Axes. 

392.]  This  expression  may  be  simplified  by  altering  the  dii-ec- 
tions  of  the  coordinates  and  the  position  of  the  origin.  In  the 
first  place,  we  shall  make  the  dii-ection  of  the  axis  of  x  parallel 
to  the  axis  of  the  magnet.     This  is  e--quivalent  to  making 

;=  1,     m=  0,     71=  0.  (10) 

If  we  change  the  origin  of  coordinates  to  the  point  («',  y',  z'), 
the  directions  of  the  axes  remaining  unchanged,  the  volume- 
integrals  IK,  riiK  and  ti^wlU  remain  unchanged,  but  the  others 
will  be  altered  as  follows : 

r=  L~lKy,  Jir=  M-mKy;  N'=  N-nKz';  (11) 
=P-K(mz'-\-w/),Q'=Q-K{n3f-\-lz'),R'=R-K{h/  +  -nix').   (12) 

If  we  now  make  the  direction  of  the  axis  of  x  parallel  to 
the  axis  of  the  msignot,  and  put 

2L-M-N  ..,      R  .,      Q  ^^3j 


»'=^ 


2  A'  "  ~  K  "       K 

then  for  the  new  axes  M  and  N  have  their  values  unchanged, 
;d  the  value  of  L'  becomes  \  {M  +  ^}.     P  remains  unchanged. 
Q  and  R  vanish.     We  may  therefore  write  the  potential 


thnu, 


,.  f  ^  ;(,--o(j|/-A-)  +  3P,c. 


(14) 


We  have  thus  found  a  point,  fixed  with  respect  to  the  magnet, 
sncb  that  the  second  term  of  the  potential  assumes  the  roost 
simple  form  when  this  point  is  taken  as  origin  of  coordinates. 
This  point  we  therefore  define  as  the  centre  of  the  majfnct,  and 
the  axis  drawn  through  it  in  the  direction  formerly  defined  as 
the  direction  of  the  magnetic  axis  may  he  defined  as  the  prin- 

jal  axis  of  the  magnet. 

We  may  simplify  the  result  still  more  by  turning  the  axes  of 
y  and  z  round  that  of  x  through  half  the  angle  whose  tangent  is 

p 

— ry  •      This  will  cause  P  to  become  zero,  and  the  final  form 

— Jv 

of  the  potential  may  be  written 


.(  ,  .U'-eH-^r-if) 


(16) 


TVf  i^  I^  f**^.  sirr.pl^t  torm  of  thft  firj^t  two  terma  of  the  potentuJ 
/ff  n,  m/K^i^f .  WhATi  ib^,  axfta  of  .y  An4  «  are  thoa  placed  they 
rn/^y  F#a  f'fh\\f^\  fh^  H6/!:oti^]jirY  ftz^  of  the  mAjgnet, 

Wa  r/ifry  f^\?Uf  ^lAt^Toln^i  th^.  c^mtre  of  a  magnet  by  finding 
f.hA  ff/r<tiMoTr  of  tiiA  ori^n  of  r/;f>rdinateft,  for  which  the  soriace- 
mfA^fi,]  fftih*'  c;/|riarA  ^/f  th^,  ftft/jOTi/l  i^?nn  of  the  potential,  extended 
/rv^r  Ai  mth^Th  tif  rinit  rA^lia^i,  m  a  minim  am. 

'DiA  f|riariMtry  which  \n  Uf  \f*i  ma/Jft  a  minimam  i«,  by  Art.  141, 
4f//  ♦- A/'  f  A'^-A/.V-A7.-/.3f)  +  3(/^  +  (2*+iJ2).         (16) 

TliA  ffiafi^'^w  in  th^^  valij^^H  of  thin  r|ijantity  due  to  a  change 
of  ptmhhfti  of  th«  orij(iri  may  Ui  dfulucji^l  from  equations  (11) 
ft  f  If  I  (i'd),     Uf^iuH}  thn  c^mditionH  of  a  minimum  are 

2  /  (2  fi^M-  iV) -f  3  7A  (;;  +  3m72  =  0,  \ 
2mf2/l/-iV-A)4-3f  /e  +  37i/'=0,  V  (17) 

2^/.(2A^-A-)»/)-f  3m/'+3  Z  Q  =0.) 

If  wn  nnnufiiM  /  =9  1,  /;/.  =  0,  n  =:  0,  those  conditions  become 

2A-il/--iV  =  o.     y  =  0,    72  =  0,  (18) 

whhOi  nt'p  UtP  rnndiiirjiiH  itm<lo  uho  of  in  the  previous  investi- 

Thin  iiivpnti|/aUnii  may  Ih'  comparod  with  that  by  which 
Ihn  piilntilin.1  of  11  MyHtoiu  of  gravitating  matter  is  expanded.  In 
(hn  InHnr  orv^n,  iho  numt  oonvoniont  point  to  assume  as  the 
nviyiti  IB  <ho  onnin^  of  gravity  of  tho  systiMn,  and  the  most  con- 
\fMiipn<  ttxoB  aiviho  priuoipal  axoa  of  inertia  thi*ough  that  point 

In  (ho  ortwo  of  (ho  uiagnoU  tho  point  com^sponding  to  the 
oond-o  of  grrtvi(y  in  n(  an  inliniU^  distance  in  the  direction  of 
\\w  rtxin,  M\\\  (ho  point  whioh  wo  call  tho  centre  of  the  magnet 
i?»  A  Y\\\\\\  h:i\ing  dirtonMit  pn>portio8  fn>ui  those  of  the  centre  of 
>n'«^>i(y.  Tho  <pmn(i(i(VH  /,,  M,  .Y  oi>rrosjH>nd  to  the  moments  of 
inovtii^.  And  /\  \).  li  U^  tho  piwluot*  of  inertia  of  a  material  body, 
oNOopt  (hj^t  /..  M.  «nd  .Y  aro  not  nivi>ssarily  positive  quantities. 

\\\\<y\\  (ho  ot>ntw  of  tho  ma^iot  is  taken  as  the  origin,  the 
vphovuv^l  h)inn«\nio  of  tho  Myy>ntl  onlor  is  of  the  s^ectorial  form, 
h^ixiu^  its^  *\is  <\Mnoidh>ir  with  that  of  the  magnet,  and  this 
i«  tin-jo  of  no  ot.hoT  point 

\Vh4%n  iJ^o  n-i^iol  i^s  symmetri«U  on  all  s^kit*  of  this  axis, 
A<.  in  tho  Ai^!!?o  of  a  fi^ruTv  of  rc^volution,  t3>e  term  involving  the 
1>ani">o'nio  of  t3>o  ^i^nond  oriiw-  disappflars  eaatineJy. 

A^.]  At  all  ftfoia  of  ibe  euib'^s  sxurfaoa,  exoefpt  scaae  parts  of 
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the  Polar  regions,  one  end  of  a  magnet  points  towards  tbe 
north,  or  at  least  in  a  northerly  direction,  and  the  other  in  a 
southerly  direction.  In  speaking  of  the  onda  of  a  magnet  we 
shall  adopt  the  popular  method  of  calling  the  end  which  points 
to  the  north  the  north  end  of  the  magnet.  When,  however,  we 
speak  in  thu  language  of  the  theory  of  magnetic  fluids  we  shall 
use  the  words  Boreal  and  Auatral.  Boreal  magnetism  is  an 
imaginary  kind  of  matter  supposed  to  be  most  abundant  in  the 
northern  parts  of  the  earth,  and  Austral  magnetism  is  the  ima- 
ginary magnetic  matter  which  prevails  in  tbe  southern  regions 
of  tbe  earth.  The  magnetism  of  the  north  end  of  a  magnet  is 
Austral,  and  that  of  the  south  end  in  Boreal.  When  therefore 
■we  epcak  of  the  north  and  south  ends  of  a  magnet  we  do  not 
compare  the  magnet  with  the  earth  as  the  great  magnet,  but 
merely  express  the  position  which  the  magnet  endeavours  to 
take  np  when  free  to  move.  When,  on  the  other  hand,  we  wish 
to  compare  the  distribution  of  imaginary  magnetic  fluid  in  the 
magnet  with  that  in  tbe  earth  we  Rhall  use  the  more  grandilo- 
quent words  Boreal  and  Austml  magnetism. 

394,]  In  speaking  of  a  field  of  magnetic  force  we  shall  use 
tbe  phrase  Magnetic  North  to  indicate  the  direction  in  which 
tbe  north  end  of  a  compass  needle  would  point  if  placed  in  the 
field  of  force. 

In  speaking  of  a  line  of  magnetic  force  we  shall  always  sup- 
pose it  to  be  traced  from  magnetic  south  to  magnetic  north,  and 
ehall  call  this  direction  positive.  In  the  same  way  the  direction 
of  magnetization  of  a  magnet  is  indicated  by  a  line  drawn  from 
^e  south  end  of  the  magnet  towards  the  north  end,  and  the  end 
of  the  magnet  which  points  north  is  reckoned  the  positive  end. 

We  shall  consider  Austral  magnetism,  that  is,  the  magnetism 
of  that  end  of  a  magnet  which  points  north,  as  positive.  If  we 
denote  its  numerical  value  by  m,  then  the  magnetic  potential 

and  tbe  positive  direction  of  a  line  of  force  is  that  in  which  V 
diminishes. 
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CHAPTER  II. 

MAGNETIC  FORCE   AND  MAGNETIC  INDUCTION. 

896.]  We  have  already  (Art.  385)  determined  the  magnetic 
potential  at  a  given  point  due  to  a  magnet,  the  magnetization  of 
which  i8  given  at  every  point  of  its  substance,  and  we  have 
Hhown  that  the  mathematical  result  may  be  expressed  either  in 
toniiH  of  the  actual  magnetization  of  every  element  of  the 
magnet,  or  in  terms  of  an  imaginary  distribution  of  '  magnetic 
matter,'  partly  condensed  on  the  surface  of  the  magnet  and 
partly  diffused  throughout  its  substance. 

The  magnetic  potential,  as  thus  defined,  is  found  by  the  same 
mathematical  process,  whether  the  given  point  is  outside  the 
magnet  or  within  it.  The  force  exerted  on  a  unit  magnetic  pole 
placod  at  any  point  outside  the  magnet  is  deduced  from  the 
potential  by  the  same  process  of  differentiation  as  in  the  cor- 
responding electrical  problem.    If  the  components  of  this  force 

To  determine  by  experiment  the  magnetic  force  at  a  point 
within  the  magnet  w^e  must  begin  by  removing  part  of  the 
magnetized  8ul>stance,  so  as  to  form  a  cavity  within  which  we 
art^  to  place  the  magnetic  pole.  The  force  acting  on  the  pole 
will  depend,  in  general,  on  the  form  of  this  cavity,  and  on  the 
inclination  of  the  walls  of  the  cavity  to  the  direction  of  mag- 
notiKation.  Hence  it  is  necessarj',  in  order  to  avoid  ambiguity 
in  8{x^aking  of  the  magnetic  force  within  a  magnet,  to  specify 
Uie  form  and  jxysition  of  the  cavity  within  which  the  force  is  to 
Ih>  measured.  It  is  manifest  that  when  the  form  and  position 
of  the  cavity  is  specified,  the  point  within  it  at  which  the 
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magnetic  pole  is  placed  must  be  regarded  as  do  longer  within 
the  substance  of  the  magnet,  and  therefore  the  ordinary  methods 
of  determining  the  force  become  at  once  applicable. 

396.]  Let  US  now  consider  a  portion  of  a  magnet  in  which 
the  direction  and  intensity  of  the  magnetization  are  uniform. 
Within  this  portion  let  a  cavity  be  hollowed  out  in  the  form 
of  a  cylinder,  the  axis  of  which  is  parallel  to  the  direction  of 
magnetization,  and  let  a  magnetic  pole  of  unit  strength  be  placed 
at  the  middle  point  of  the  axis. 

Since  the  generating  lines  of  this  cylinder  are  in  the  direction 
of  magnetization,  there  will  he  no  superficial  distiibution  of 
magnetism  on  the  curved  surface,  and  since  the  circular  ends  of 
the  cylinder  are  perpendicular  to  the  direction  of  magnetization, 
there  will  be  a  uniform  superficial  distribution,  of  which  the 
surface-density  is  /  for  the  negative  end,  and  —  /  for  the 
positive  end. 

Let  the  length  of  the  axis  of  the  cylinder  be  2  6,  and  its 
radius  «.  Then  the  force  arising  from  this  superficial  distribu- 
tion on  a  magnetic  pole  placed  at  the  middle  point  of  the  axis 
is  that  due  to  the  attraction  of  the  disk  on  the  positive  side,  and 
the  repulsion  of  the  disk  on  tbe  negative  side.  These  two  forces 
are  equal  and  in  the  same  direction,  and  their  sum  is 


R  = 


./(l- 


(2) 


'^a^  +  b^' 

From  this  expression  it  appears  that  the  force  depends,  not 
on  the  absolute  dimensions  of  the  cavity,  but  on  the  ratio  of  the 
length  to  the  diameter  of  the  cylinder.  Hence,  however  small 
we  make  tlie  cavity,  the  force  arising  from  the  surface  distribu- 
tion on  its  walls  will  remain,  in  general,  finite. 

,]  We  have  hitherto  supposed  the  magnetization  to  be 
uniform  and  in  the  same  direction  throughout  the  whole  of  the 
portion  of  the  magnet  from  which  the  cylinder  is  hollowed  out. 
When  the  magnetization  is  not  thus  restricted,  there  will  in 
general  be  a  distribution  of  imaginary  magnetic  matter  through 
the  substance  of  the  magniit.  The  cutting  out  of  the  cylinder 
will  remove  pai-t  of  this  distribution,  but  since  in  similar  solid 
figures  the  forces  at  corresponding  points  are  proportional  to  the 
linear  dimensions  of  the  figures,  the  alteration  of  the  force  on 
the  magnetic  pole  due  to  the  volume-density  of  magnetic  matter 
will  dioainish  indefinitely  as  the  size  of  the  cavity  is  diminished. 
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whilo  tho  efFcct  due  to  the  surface-density  on  the  walls  of  the 
cavity  romainH,  in  general,  finite. 

If,  therefore,  we  assume  the  dimensions  of  the  cylinder  so 
small  that  the  magnetization  of  the  part  removed  may  be 
regarded  as  everywhere  parallel  to  the  axis  of  the  cylinder,  and 
of  constant  magnitude  /,  the  force  on  a  magnetic  pole  placed  at 
tho  middle  point  of  the  axis  of  the  cylindrical  hollow  will  be 
compounded  of  two  forces.  The  first  of  these  is  that  due  to  the 
distri))ution  of  magnetic  matter  on  the  outer  surface  of  the 
magnet,  and  throughout  its  interior,  exclusive  of  the  portion 
hollowed  out.  The  components  of  this  force  are  a,  /3  and  y, 
derived  from  the  potential  by  equations  (l).  The  second  is  the 
force  lit  acting  along  the  axis  of  the  cylinder  in  the  direction  of 
magnetization.  The  value  of  this  force  depends  on  the  ratio  of 
the  length  to  the  diameter  of  the  cylindric  cavity. 

3J)H.]  Cane  I.  Let  this  ratio  be  very  great,  or  let  the  diameter 
of  the  cylinder  be  small  compared  with  its  length.    Expanding 

the  expression  for  R  in  powers  of  y  •  we  find 

if=4n7}-^,-3^-,+&c.},  (3) 

a  quantity  which  vanishes  when  the  ratio  of  6  to  a  is  made 
infinite.  Hence,  when  the  cavity  is  a  very  narrow  cylinder 
with  its  axis  parallel  to  the  direction  of  magnetization,  the 
magnetic  force  within  the  cavity  is  not  affected  by  the  surface 
distribution  on  tho  ends  of  the  cylinder,  and  the  components  of 
this  force  are  simply  a,  /3,  y,  where 

ilV        ^  dV  dV  ,  , 

«  =  — >— »      P  =  — T-,      y  =  — T--  (4) 

dx  dy         '  dz  ' 

We  shall  define  the  force  within  a  cavity  of  this  form  as  the 
magnetic  force  within  the  magnet.  Sir  William  Thomson  has 
called  this  the  Polar  definition  of  magnetic  force.  When  we 
have  occasion  to  consider  this  force  as  a  vector  we  shall  denote 
it  by  ^V'^. 

35  9.]  C^l^r  //.  Let  the  length  of  the  cylinder  be  very  small 
comimred  with  its  diamet<^r,  so  that  the  cylinder  becomes  a  thin 

disk.    Ex{>anding  the  expression  for  i?  in  powers  of  -  ?  it  becomes 


a 


(        a       2  a'  J 


(5) 
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the  ultimate  value  of  which,  when  the  ratio  of  a  to  b  is  made 

finite,  is  4Tr/. 

Hence,  when  the  cavity  ia  in  the  form  of  a  thin  disk,  whose 
plane  is  normal  to  the  direction  of  magnetization,  a  unit  mag- 
netic pole  placed  at  the  middle  of  tho  axis  experiences  a  force 
4Tr/in  the  direction  of  magnetization,  arising  from  the  super- 
ficial magnetism  on  the  circular  surfaces  of  the  disk*. 

Since  the  components  of  I  are  A,  E  and  C,  the  components  of 
this  force  are  i-TiA,  i^iB,  and  4m(7.  This  must  be  compounded 
with  the  foree  whose  components  ar*  a,  3,  y. 

400.]  Let  tJie  actual  force  on  the  unit  pole  be  denoted  by  the 
vector  58,  and  its  components  by  a,  b  and  c,  then 
a  =  a  +  4wjl,j 

b  =  ^  +  A-nB,\  (6) 

C  =  y4-4TrC.  ) 

We  shall  define  the  force  within  a  hollow  disk,  whose  plane 
sides  are  normal  to  the  direction  of  magnetization,  as  the  Mag- 
netic Induction  within  the  magnet.  Sir  William  Thomson  has 
called  this  the  Electromagnetic  definition  of  magnetic  force. 

The  three  vectors,  the  magnetization  3,  the  magnetic  force  ^, 
and  the  magnetic  induction  58,  are  connected  by  the  vector 
equation  g3  =  ^  +  4  7i3.  (7) 

Line-Inlegral  of  Magnetic  Force. 
401.]  Since  the  magnetic  force,  as  defined  in  Art.  398,  is  that 
due  to  the  distribution  of  free  magnetism  on  the  surface  and 
through  the  interior  of  the  magnet,  and  is  not  affected  by  the 
surface-magnetism  of  the  cavity,  it  may  be  derived  directly  from 
the  general  expression  for  the  potential  of  the  magnet,  and  the 

•  On  the  force  Kiliit  carilUt  of  ether  Jhrmi, 

1.  Ad;  nuTow  crevuK.  The  force  uinng  from  tbe  Burface-rnkgneliam  i) 
1*/  oogf  in  the  direction  of  tLs  nonnal  to  the  plane  of  the  crevftsse,  where  i  is  the 
Ml^e  between  thiB  noniAl  uid  the  directioD  ol  ma^etiiktion.  When  the  ctstum 
k  pMnllel  to  the  directiiiu  of  magnetiiation  tha  foroa  is  the  iiugnetic  fores  $  ;  vhea 
lite  ct«VM«  in  perpendicular  to  the  ditecUou  of  msgnetiUitioD  tbe  furoe  ti  the 
munetic  induction  fS. 

2.  In  an  infinitely  elongated  cjlinder,  the  axja  of  which  nutkea  ko  angle  t  with  tha 
direction  of  magDetiution,  the  foree  arising  trom  the  durfaee-mngaetlgm  is  2it7aiai. 
perpendicular  to  tbe  axis  io  the  plane  contajning  the  aii»  and  llie  direction  of 
DugneUzatioD. 

3.  In  a  apheie  the  force  aritdng  from  surface  magnetiani  ia  |  ir/  in  the  diruc^on  of 
nufliictizatiuii. 
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[402. 
ve  from 


line-iDtegral  of  the  magnetic  force  taken  along  any  c 
the  point  A  to  the  point  B  is 

where  T^  and  T^  denote  the  potentials  at  A  and  B  respectively. 


/:« 


Sv.rface-Integ'fal  0/  Magnetic  IiiduciioH. 
402.]  The  magnetic  induction  through  the  sui-face  S  is  defined 
as  the  value  of  the  integral 

Q=Jf<a^m,dS.  (9) 

where  S  denotes  the  magnitude  of  the  magnetic  induction  at  the 
element  of  Burface  (l>%  and  e  the  angle  between  the  direction  of 
the  induction  and  the  noi'mal  to  the  element  of  surface,  and  the 
integration  jb  to  be  extended  over  the  whole  surface,  which  may 
be  either  cldaed  or  bounded  by  a  closed  curve. 

If  u,  6,  (!  denotfl  the  components  of  the  magnetic  induction,  and 
I,  m,  n  the  direction-cosines  of  the  normal,  the  surface-integral 
may  be  written  r  r 

Q=Jj{la  +  mb  +  nc)dS.  (10) 

If  we  substitute  for  the  components  of  the  magnetic  induction 
their  values  in  terms  of  those  of  the  magnetic  force,  and  the 
magnetization  as  given  in  Art.  400,  we  find 

Q=JJ{la  +  m^  +  ny)dS-{-i7!fJ{lA  +  mB  +  'nC)dS.     (11) 

We  shall  now  suppose  that  the  surface  over  which  tlie  integra- 
tion extendi  is  a  closed  one.  and  we  shall  investigate  the  value 
of  the  two  terms  on  the  right-hand  side  of  this  equation. 

Since  the  mathematical  form  of  the  relation  between  magneti 
force  and  free  magnetism  is  the  same  as  that  between  electri 
force   and  free  electricity,  we  may  apply  the  result  given 
Art.  77  to  the  first  terra  in  the  value  of  Q  by  substituting  a,  ^ 
the  components  of  magnetic  force,  for  A',  1',  Z,  the  1 
of  electric  force  in  Art.  77,  and  M,  the  algebraic  sum  of  the  free 
magnetism  within  the  closed  surface,  for  e,  the  algebraic  sura  of 
the  free  electricity. 

We  thus  obtain  the  equation 

JJ(la  +  vi^  +  ny)dS=  i-nM.  (12) 


402.] 


SmiFACE -INTEGRAL. 
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Since  every  magnetic  particle  has  two  poles,  which  are  equal 
in  numeiical  magnitude  but  of  opposite  signs,  the  algebraic  sum 
of  the  magnetism  of  the  particle  is  zero.  Hence,  those  particles 
which  are  entirely  within  the  closed  surface  iS  can  contribute 
nothing  to  the  algebraic  sum  of  the  magnetism  within  S.  The 
value  of  M  must  therefore  depend  only  on  those  magnetic 
particles  which  are  cut  by  the  surface  S. 

Consider  a  small  element  of  the  magnet  of  length  s  and  trans- 
verse section  k',  magnetized  in  the  direction  of  its  length,  so  that 
the  strength  of  its  poles  is  wi,  The  moment  of  this  small 
magnet  will  be  ma,  and  the  intensity  of  its  magnetization,  being 
the  ratio  of  the  magnetic  moment  to  the  volume,  will  be 

^=1J-  (■') 

Let  this  small  magnet  be  cut  by  the  surface  S,  bo  that  the 
direction  of  magnetization  makes  an  angle  t'  with  the  normal 
drawn  outwards  from  the  surface,  then  if  dS  denotes  the  area  of 
the  flection,  1^2  ^  ^jg^^ ,'_  (X4j 

The  negative  pole  — m  of  this  magnet  lies  within  the  surface  8. 

Hence,  if  we  denote  by  <IM  the  part  of  the  free  magnetism 
within  S  which  is  contributed  by  this  little  magnet, 
dM=-m  =  ~Ik\ 

=  -/co3e'dS.  (15) 

To  find  M.  the  algebraic  aura  of  the  free  magoetism  within  the 
closed  surface  S,  we  must  integrate  this  expression  over  the 
closed  surface,  so  that 


4 


.If 


-If 


I  COB  I'dS, 


or  writing  ji,B,  C'for  the  components  of  magnetization,  and  l,m,  n 
for  the  direction-cosines  of  the  normal  drawn  outwards, 


(16) 


M  =  -Jf{lA+mB  +  nC)d 


This  gives  us  the  value  of  the  integral  in  the  second  term  on 
the  right-hand  side  of  equation  (11).  The  value  of  Q  in  that 
equation  may  therefore  bo  found  from  equations  (12)  and  (16), 

Q  =  'iT:M~iisM=0,  (17) 

or,  (Ac  eurface-integrat  of  the  magnetic  induction  through  airy 
tioaed  surface  is  zero. 
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(18) 


[404. 

403.]  If  wo  assume  as  the  closed  surface  that  of  the  diffei- 
ential  element  of  volume  dxdy  dz,  we  obtain  the  equation 

da     db     dc 

This  is  the  solenoidal  condition,  which  is  always  satisfied  by 
the  components  of  the  magnetic  induction. 

Since  the  distribution  of  magnetic  induction  is  solenoidal,  the 
induction  through  any  surface  bounded  by  a  closed  curve 
depends  only  on  the  form  and  position  of  the  closed  curve,  and 
not  on  that  of  the  surface  itself, 

404.]  Surfaces  at  every  point  of  which 

lu.  +  inb  +  nc=  0  (19) 

are  called  surfaces  of  no  induction,  and  the  intersection  of  two 
such  surfaces  is  called  a  line  of  induction.  The  conditions  that 
a  curve,  e,  may  be  a  line  of  induction  are 

ad6  "  i  d»  ~  I-  ds 

A  system  of  lines  of  induction  drawn  through  every  point 
of  a  closed  curve  forms  a  tubular  surface  called  a  Tube  of 
induction. 

The  induction  across  any  section  of  such  a  tube  ia  the  same. 
If  the  induction  ia  unity  the  tube  is  called  a  Unit  tube  of  in- 
duction. 

All  that  Faraday*  says  about  lines  of  magnetic  force  and 
magnetic  sphondyloids  is  mathematically  true,  if  understood  of 
the  lines  and  tubes  of  magnetic  induction. 

The  magnetic  force  and  th«  magnetic  induction  ai'e  identical 
outside  the  magnet,  but  within  the  substance  of  the  magnet  they 
must  be  carefully  distinguished. 

In  a  stiaight  unifonnly  magnetized  bar  the  magnetic  force 
due  to  the  magnet  itself  is  from  the  end  which  points  north, 
which  we  call  the  positive  pole,  towards  the  south  end  or  negative 
polo,  both  within  the  magnet  and  in  the  space  without. 

The  magnetic  induction,  on  the  other  hand,  is  from  the 
positive  pole  to  the  negative  outside  the  magnet,  and  from  the 
negative  pole  to  the  positive  within  the  magnet,  so  that  the  lines 
and  tubes  of  induction  are  re-entering  or  cyclic  figures. 


*   Ej-p,  Ret.,  BetietiD 


405-]  VTCTOK-POTENTIAL.  2fl 

The  Importance  of  the  magoistic  induction  as  a  pbyHical 
(juantity  will  bo  more  clearly  seen  when  we  study  electro- 
magnetic phenomena.  "When  the  magnetic  fielJ  is  explored 
by  a  moving  wire,  as  in  Faraday's  Exp.  Ree.  3076,  it  is  tha 
magnetic  induction  and  not  the  magnetic  force  which  ia  directly  ' 
measured. 

The  Vector-Potential  of  Magnetic  Induction. 

405.}  Since,  as  we  have  shewn  in  Art.  403,  the  magnetic  in- 
duction through  a  surface  bounded  by  a  closed  curve  depends  on 
the  closed  curve,  and  not  on  the  form  of  the  surface  which  is 
bounded  by  it,  it  must  be  possible  to  determine  the  induction 
through  a  closed  curve  by  a  process  depending  only  on  the 
nature  of  that  curve,  and  not  involving  the  construction  of  a 
surface  forming  a  diaphragm  of  the  curve. 

This  may  be  done  by  finding  a,  vector  91  related  to  S,  the 
magnetic  induction,  in  such  a  wa.y  that  the  line-integral  of 
9t,  extended  round  the  closed  curve,  ia  equal  to  the  surface- 
integral  of  9,  extended  over  a  surface  bounded  by  the  dosed 
carve. 

If,  in  Art.  24,  we  write  F,  G,  H  for  the  components  of  K.  and 
'F,  h,  c  for  the  components  of  ©,  we  find  for  the  relation  between 
those  components 


(21) 


(-'^_^'  fj-^lI^'^lE         c-~-  — 

~  dif      dz  dz      dx  "  dx      dy  ' 

The  vector  2E,  whose  components  are  F,  6,  H,  is  called  the 
vector-potential  of  magnetic  induction. 

If  a  magnetic  molecule  whose  moment  ia  -ni  and  the  direction 
of  whose  axis  of  magnetization  ia  (A,  ^i,  v)  be  at  the  origin  of 
coordinates,  the  potential  at  a  point  {x,  y,  z)  distance  r  from 
the  origin  is,  by  Art.  387, 

(/    ,      d^        ^\ '  . 
dy        dz' r ' 

A    -^     ■        d^     ,      d\l 
^    dxds        dydz        d:?' v 
which,  by  Laplace's  equation,  may  be  thrown  into  the  form 
rf  /,  rf      _  d\\     _,  d  f    d         d  V  1 


»(* 


^  /    a  c^  \  1 

dx^   dz        dx' T 
The  quantities  a,  6  may  be  dealt  with  in  a  similar  manner. 


dy^   dy 
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Hence  p^r^f^^^    A)l, 

_  m(fjLZ—vy) 

From  this  expression  0  and  H  may  be  found  by  symmetry. 
We  thus  see  that  the  vector-potential  at  a  given  point,  due  to 
a  magnetized  particle  placed  at  the  origin,  is  numerically  equal 
to  the  magnetic  moment  of  the  particle  divided  by  the  square 
of  the  ladius  vector  and  multiplied  by  the  sine  of  the  angle 
between  the  axis  of  magnetization  and  the  radius  vector,  and  the 
direction  of  the  vector-potential  is  perpendicular  to  the  plane  of 
the  axis  of  magnetization  and  the  radius  vector,  and  is  such  that 
to  an  eye  looking  in  the  positive  direction  along  the  axis  of 
magnetization  the  vector-potential  is  diuwn  in  the  direction  of 
rotation  of  the  hands  of  a  watch. 

Hence,  for  a  magnet  of  any  form  in  which  A,  By  C  are  the 
components  of  magnetization  at  the  point  (x,  y^  z\  the  compo- 
nents of  the  vector-potential  at  the  point  (f,i|,  C),  are 

where  p  is  put,  for  conciseness,  for  the  reciprocal  of  the  distance 
between  the  points  (f,  rj,  C)  aJ^d  (a?,  y,  «),  and  the  integrations  are 
extended  over  the  space  occupied  by  the  magnet. 

406.]  The  scalar,  or  ordinary,  potential  of  magnetic  force, 
Art.  385,  becomes  when  expressed  in  the  same  notation. 

Remembering  that  -^  =  —  -r^ »  and  that  the  integral 


(22) 


//^( 


has  the  value  —  4  7r(il)  when  the  point  (f,  1;,  Q  is  included 
within  the  limits  of  integration,  and  is  zero  when  it  is  not 
so  included,  {A)  being  the  value  of  A  at  the  point  (f,  17,  C\ 


406.]  VECTOR-POTBKTIAL.  31 

we  find   for   the   value   of  the  ir-component  of  the   magnetic 
induction, 

_dH_dQ 
dtf       d( 


=///{-(a, 


-rjin 


dzdC'  dxdi 


^^dyi. 


dx        dy        dz 


-Iff- 


-(S 


d'p 


Ixdydz 

^)dxdyd^.    (24) 

dY 
dC" 


a  the 


The  first  term  of  this  expreaaion  is  evidently 

component  of  the  magnetic  force. 

The  quantity  under  the  integral  sign  in  the  second  term 
i8  zero  for  every  element  of  volume  except  that  in  which 
the  point  (^,  J],  ()  is  included.  If  the  value  of  A  at  the  point 
((<  "Ji  0  is  (■^).  the  value  of  the  second  term  is  easily  proved 
to  be  i-iT{A),  where  {A)  is  evidently  zero  at  all  points  outside 
the  magnet, 

We  may  now  write  the  value  of  the  a-component  of  the 
magnetic  induction 

a  =  a  +  4-ir(A),  (25) 

an  equation  which  is  identical  with  the  first  of  those  given 
in  Art.  400.  The  equations  for  b  and  c  will  also  agree  with 
those  of  Art.  400. 

We  have  already  seen  that  the  magnetic  force  ^  is  derived 
from  the  scalar  magnetic  potential  V  by  the  application  of 
Hamilton's  operator  V  so  that  we  may  write,  as  in  Art.  17, 

■&  =  -VF,  (26) 

and  that  this  equation  is  true  bath   without  and  within  the 


It  appears  from  the  present  investigation  that  the  magnetic 
induction  2J  is  derived  from  the  vector- potential  91  by  the 
application  of  the  same  operator,  and  that  the  result  ia  true 
within  the  magnet  as  well  as  without  it. 

The  application  of  this  operator  to  a  vector-function  produces, 
in  general,  a  scalar  quantity  as  well  as  a  vector.  The  scalar 
part,  however,  which  we  have  called  tlie  convergence  of  the 
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vector-function,  vanishes  when  the  vector-function  satisfies  the 
solenoidal  condition 

dF      dO      dU     ^ 

m^d^i^w^''  ^''^ 

By  differentiating  the  expressions  for  F,  0,  H  in  equations  (22), 
we  find  that  this  equation  is  satisfied  by  these  quantities. 

We  may  therefore  write  the  relation  between  the  magnetic 
induction  and  its  vector-potential 

which  may  be  expressed  in  words  by  saying  that  the  magnetic 
induction  is  the  curl  of  its  vector-potential.     See  Art.  25. 


MAGNETIC    SOLENOIDS    AND    SHELLS*. 


On  Partkular  Fot-m-a  of  Mafftiets. 

407.]  If  a   long  naiTow  filament   of  magnetic  matter   like 

wu'c  is  magaetized  everywhere  in  a  longitudinal  direction, 
then  the  product  of  any  transverse  section  of  thu  filament 
into  the  mean  intensity  of  the  magnetization  across  it  ia  called 
the  strength  of  the  magnet  at  that  aectiun.  If  the  filament 
■were  cut  in  two  at  the  section  without  altering  the  magnetiza- 
tion, the  two  surfaces,  when  separated,  would  be  found  to  have 
equal  and  opposite  quantities  of  superficial  magnetization,  each 
of  which  ia  numerically  equal  to  the  strength  of  the  magnet 
at  tlie  section. 

A  filament  of  magnetic  matter,  so  magnetized  that  its  strength 
is  the  same  at  every  section,  at  whatever  part  of  its  length  the 
section  be  made,  is  called  a  Magnetic  Solenoid. 

If  711  is  the  strength  of  the  solenoid,  ds  an  element  of  ita 
length,  *■  being  measured  from  the  negative  to  the  positive  pole  of 
the  magnet,  r  the  distance  of  that  element  from  a  given  point, 
•Jid  (  the  angle  which  )■  makes  with  the  axis  of  magnetization 
of  the   element,   the   potential  at  the  given  point  due  to  the 


element  is 


m  ds  cos  e 


VI  dr  , 
"2  —  de. 


I  to  take 
potential 


Integrating  thiB  espression  with  respect  to  s,  so 
into  account  all  the  elements  of  the  solenoid,  thi 
B  found  to  be  ,11 

r^  being  the  distance  of  the  positive  end  of  the  solenoid,  and  r.^ 
that  of  the  negative  end  from  the  point  where  V  ia  measured. 

iev  Sir  W.  Thom»on'»  ■  M»tbeni«tical  Tkentj  of  M»gnetiim,'  f/iU.  Tram.,  June 
1819  ud  June  1S50,  or  JU^rltd  of  Ftpera  on  Elcotroitatica  miiI  Mftgnctiam,  p.  SID. 
TOL,  II.  D 
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Hence  the  potential  due  to  a  solenoid,  and  consequently 
all  its  magnetic  effects,  depend  only  on  its  strength  and  the 
position  of  its  ends,  and  not  at  all  on  its  form,  whether  straight 
or  curved,  between  these  points. 

Hence  the  ends  of  a  solenoid  may  be  called  in  a  strict  sense 
its  poles. 

If  a  solenoid  forms  a  closed  curve  the  potential  due  to  it 
is  zero  at  every  point,  so  that  such  a  solenoid  can  exert  no 
magnetic  action,  nor  can  its  magnetization  be  discovered  without 
breaking  it  at  some  point  and  separating  the  ends. 

K  a  magnet  can  be  divided  into  solenoids,  all  of  which  eithor 
form  closed  curves  or  have  their  extremities  in  the  outer 
surface  of  the  magnet,  the  magnetization  is  said  to  be  solenoidal, 
and,  since  the  action  or  the  magnet  depends  entirely  upon  that 
of  the  ends  of  the  solenoids,  the  distribution  of  imaginary 
magnetic  mattei*  will  be  entirely  superficial. 

Hence  the  condition  of  the  magnetization  being  solenoidal  is 

dA^      dB      dC_ 
dx       dy       dz  ^    ' 
where  A,  B,  C  are  the  components  of  the  magnetization  at  any 
point  of  the  magnet. 

408.]  A  longitudinally  magnetized  filament,  of  which  the 
strength  varies  at  different  parts  of  its  length,  may  be  conceived 
to  be  made  up  of  a  bundle  of  solenoids  of  different  lengths, 
the  sum  of  the  strengths  of  all  the  solenoids  which  pass  through 
a  given  section  being  the  magnetic  strength  of  the  filament  at 
that  section.  Hence  any  longitudinally  magnetized  filament 
may  be  called  a  Complex  Solenoids 

If  the  strength  of  a  complex  solenoid  at  any  section  is  vi, 
then  the  potential  due  to  its  action  is 

=  —  /  -^  y~c?«  where  m  is  variable, 

V),      Wo       ri  dm  , 
i\        r.2      J  r  ds 
This  shews  that  besides  the  action  of  the  two  ends,  which 
may  in  this  case  be  of  different  strengths,  there  is  an  action  due 
to  the   distribution   of  imaginary  magnetic  matter  along  the 
filament  with  a  linear  density 

dm 


r  = 


ds 


[4io.] 


Magnetic  Sltdls. 


409.]  If  a  tbin  ehell  of  magnetic  matter  is  ma-gnetized  iu  a 
direction  everywhere  norma)  to  its  surface,  the  intensity  of  the 
magnetization  at  any  place  multiplied  by  the  thickness  of  the 
shell  at  that  place  is  called  the  Streogth  of  the  magnetic  shell 
at  that  place. 

If  the  strength  of  a  shell  is  everywhere  the  same,  it  is  called  a 
Simple  magnetic  .aJLell ;  if  it  varies  from  point  to  point  it  may  be 


conceived  to  be  made  up  of  a  number  of  aimple  shells  aupcrposed 
and  overlapping  each  other.  It  is  therefore  called  a  Compli-x 
magnetic  ghelL 


Let  dS  be  an  element  of  the  surface  of  the  shell  at  Q,  and  't> 
the  strength  of  the  shell,  then  the  potential  at  any  point,  P,  due 
to  the  element  of  the  shell,  is 

dV  = 'b^dS  COB  f, 

where  t  is  the  angle  between  the  vector  QP,  or  r,  and  the  normal 
drawn  outwards  from  the  positive  side  of  the  shell. 

But  if  (7tu  is  the  solid  angle  subtended  by  dS  ai  the  point  P 
r''d^  =  dScoBf, 
whence  dV='i>d«}, 

and  therefore  in  the  case  of  a  simple  magnetic  shell 

or,  the  'potential  due  to  a  'magnetic  shell  at  any  point  is  the 
product  of  its  etTengtU  into  the  solid  angle  su.htei\ded  by  its  edye 
at  the  given  point  *, 

410.]  Tho  same  result  may  be  obtained  in  a  different  way  by 
suppoaing  the  magnetic  shell  placed  in  any  field  of  magnetic 
force,  and  dctL-rmining  the  potential  energy  due  to  the  position 
of  the  shcU. 

If  F  ia  the  potential  at  the  element  dS,  then  the  enei'gj'  due 
to  thia  element  is 

^f.dV        d\         dV.,„ 

•l>(l-j-  +  m^-  +  n-r-)dS, 
^   dx  dy  dz' 

or,  the  product  of  the  strength  of  the  shell  into  the  part  of  the 

furface-integrul  of  dVjdv  dim  to  the  clement  dS  of  the  ah^U. 

•  Thia  thvorani  u  duo  to  Ghiis*,  Qmeml  Tkfory  of  Tcrrctlrinl  Ma-jnttiem.  (  ZS. 
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Hence,  integrating  witli  respect  to  all  such  elenients,  the 
energy  due  to  the  position  of  the  shell  in  the  field  ia  equal  to 
the  product  of  the  strength  of  the  shell  and  the  surface -integral 
of  the  magnetic  induction  taken  over  the  surface  of  the  shell. 

Since  this  Burface-integi'al  is  the  same  for  any  two  surfaces 
which  have  the  same  hounding  edge  and  do  not  include  between 
them  any  centre  of  force,  tlie  action  of  the  magnetic  shell 
depends  only  on  the  form  of  its  edge. 

Now  suppose  the  field  of  force  to  be  that  duo  to  a  magnetic 
pole  of  strength  lit.  We  have  seen  (Art.  76,  Cor.)  that  the 
surface-integral  over  a  surface  bounded  by  a  given  edge  is  the 
product  of  the  strength  of  the  pole  and  the  solid  angle  subtended 
by  the  edge  at  the  pole.  Hence  the  energy  due  to  the  mutual 
action  of  the  pole  and  the  shell  is 

and  this,  by  Green's  theorem,  is  equal  to  the  product  of  the 
strength  of  the  pole  into  the  potential  due  to  the  shell  at  the 
pole.     The  potential  due  to  the  shell  is  therefore  <l>ui. 

411.]  If  a  magnetic  pole  vi  starts  from  a  point  on  the  negative 
surface  of  a  magnetic  shell,  and  travels  along  any  path  in  space 
so  as  to  come  round  the  edge  to  a  point  close  to  where  it  started 
but  on  the  positive  side  of  the  shell,  the  solid  angle  will  vary 
continuously,  and  will  increase  by  4  tt  during  the  process.  The 
work  done  by  the  pole  will  be  4  tt  *  m,  and  the  potential  at  any 
point  on  the  positive  side  of  the  shell  will  exceed  that  at  the 
neighbouring  point  on  the  negative  side  by  4  ir  <!>. 

If  a  magnetic  shell  forms  a  closed  surface,  the  potential  outaide 
the  shell  is  everywhere  zero,  and  that  in  the  space  within  is 
iverywhere  4ir<l>,  being  positive  when  the  positive  sido  of  the 
shell  is  inward.  Hence  such  a  shell  exerts  no  action  on  any 
magnet  placed  either  outride  or  inside  the  shell. 

412.]  If  a  magnet  can  be  divided  into  simple  magnetic  shells, 
either  closed  or  having  their  edges  on  the  surface  of  the  magnet, 
the  distribution  of  magnetism  is  called  Lamellar.  If  0  is  the  sum 
of  the  strengtiis  of  all  the  shelb  traversed  by  a  point  in  passing 
from  a  given  point  to  a  point  (x,  y,  s)  by  a  line  drawn  witluu 
the  magnet,  then  the  conditions  of  lamellar  magnetization  are 

A  =  i*.  11  =  ''-*-,  f  =  '^. 

dx  ih)  dz 

The  quantity.  ^.  which  thus  completely  determines  the  mag- 
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netization  at  any  point  may  be  ca.lled  tlie  Potential  of  Magnet- 
ization. It  must  be  carefully  distinguished  from  the  Mugnetic 
Potential, 

413,]  A  magnet  which  can  be  divided  into  complex  magnetic 
shells  is  said  to  have  a  complex  lamellar  distribution  of  mag- 
netism. Th(j  condition  of  such  a  distribution  is  that  the  lines  of 
magnetization  must  be  such  that  a  system  of  surfaces  can  be 
drawn  cutting  them  at  right  angles.  This  condition  is  expressed 
by  the  well-known  equation 

Fomi8  of  the  PvtcntUds  of  Solenoidul  and  Lamellar  Magnets. 
414.]  The  general  expression   for   the  scalar  potential  of  a 
magnet  is 


-fffi' 


dx  dy  dz' 
where  p  denotes  the  potential  at  {x,  y,  z),  due  to  a  unit  magnetic 
pole  placed  at  (f,  ij,  (),  or  in  other  words,  the  reciprocal  of  tho 
lUstance  between  (f,  ij,  f),  the  point  at  which  the  potential  U 
measured,  and  (x,  y,  s),  the  position  of  the  element  of  the 
magnet  to  which  it  is  due. 

This  quantity  may  be  integrated  by  parts,  as  in  Arts.  96,  386, 
r=jjl,{Al  +  B,n  +  Cn),lS-JJJp(iA  +  ^  +  ~)<ixdyJz. 

where  I,  7»i.  n  are  the  direction-cosines  of  the  normal  drawn  out- 
wards from  dSy  an  element  of  the  surface  of  the  magnet. 

When  the  niag;net  is  solenoidal  the  expression  under  tho 
int^ral  sign  in  the  second  term  is  zero  for  every  point  within 
the  magnet,  so  that  the  ti'iple  integral  is  zero,  and  the  scalar 
potential  at  any  point,  whether  outside  or  inside  the  magnet,  is 
given  by  the  surface-integmJ  in  the  first  term. 

The  scalar  potential  of  a  solenoidal  magnet  is  thoreforo  com- 
pletely determined  when  the  noi-mal  component  of  the  magnet- 
isation at  every  point  of  the  surface  is  known,  and  it  is 
independent  of  tho  form  of  tho  solenoids  within  the  magnet. 

415.]  In  the  case  of  a  lamellar  magnet  the  magnetization  it 
determined  by  i^,  the  potential  of  magnetization,  so  that 

A-'''^  R-''*  f^'^'^ 

dx  dy  dz 
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The  expression  for  Fmay  therefore  be  written 

JJJ  ^dxdx^dydy  ^  dz  rf^;^^^^^- 
Integrating  this  expression  by  parts,  we  find 

The  second  term  is  zero  unless  the  point  (f,  t;,  ()  ^  included 
in  the  magnet,  in  which  case  it  becomes  47(<^),  where  (<^)  is  the 
value  of  4>  a-t  ^^^  point  (f,  rj,  ()*  The  surface-integral  may  be 
(expressed  in  terms  of  r,  the  line  drawn  from  (35,  y,  z)  to  (f,  rj,  (), 
and  6  the  angle  which  this  line  makes  with  the  normal  drawn 
outwards  from  dS,  so  that  the  potential  may  be  written 

V  =  ff-^  (f)  cos  e  dS-h  47r(<^), 

where  the  second  term  is  of  course  zero  when  the  point  (^,  rj,  () 
is  not  included  in  the  substance  of  the  magnet. 

The  potential,  F,  expressed  by  this  equation,  is  continuous 
oven  at  the  surface  of  the  magnet,  where  <^  becomes  suddenly 
zero,  for  if  we  write 

12=  f  f-^(l)  COS  edS, 

und  if  I2i  is  the  value  of  12  at  a  point  just  within  the  surface, 
and  il^  that  at  a  point  close  to  the  first  but  outside  the  surface, 

122=i2i  +  477(<^), 

or  V,=  V,. 

The  quantity  12  is  not  continuous  at  the  surface  of  the  magnet. 

The  components  of  magnetic  induction  are  related  to  12  by 

the  equations  ,  _  ,  ^ 

^  da  ,  da  dil 

a  = ,—  J  u  = r~  >  c  =  —  ,  -  • 

ax  ay  dz 

416.]  In  the  case  of  a  lamellar  distribution  of  magnetism  we 
may  also  simplify  the  vector-potential  of  magnetic  induction. 
Its  a:-component  may  be  written 

By  integration  by  parts  we  may  put  this  in  the  form  of  the 
,„rf.ee.intcgna        ^^J|^  („,|._,|,^^, 

or        F^-ffp(..i*-J^)aa. 


4  I  7-]  SOLID    ANGLES. 

The  otlier  componenta  of  the  vector-potential  may  be  written 
down  from  these  expressiona  by  making  the  proper  substitutionB. 

On  Solid  Avgles. 

417.]  We  have  already  proved  that  at  any  point  P  the 
potential  duo  to  a  magnetic  shell  is  equal  to  the  solid  angle 
subtended  by  the  edge  of  the  shell  multiplied  by  the  ati-ength 
of  the  shell.  As  we  shall  have  occasion  to  refer  to  solid  angles 
in  the  theory  of  electric  currents,  we  shall  now  explain  how 
they  may  be  measured. 

Definition.  The  solid  angle  subtended  at  a  given  point  by  a 
t-loeed  curve  is  measured  by  the  area  of  a  spherical  surface 
whose  centre  ia  the  given  point  and  whoae  radius  is  unity,  the 
outline  of  which  ia  traced  by  the  intersection  of  the  radius 
vector  with  the  sphere  as  it  traces  the  closed  cuivo.  This  area 
is  to  bu  reckoned  positive  or  negative  accoi-ding  as  it  lies  on  the 
left  or  the  right-hand  of  the  path  of  the  radius  vector  as  seen 
from  the  given  point  *. 

Let  (f,  J),  C)  be  the  given  point,  and  let  (ic,  y,z)he  a,  point  on 
the  closed  curve.  The  coordinates  j:,  y,  z  are  functions  of  s,  the 
length  of  the  curve  reckoned  from  a  given  point.  They  are 
periodic  functions  of  a,  recurring  whenever  s  is  increased  by  the 
whole  length  of  the  closed  curve. 

We  may  calculate  the  solid  angle  u  directly  from  the  defi- 
nition thus,  Using  spherical  coordinates  with  centre  at  {f,  ij,  f), 
and  putting  a^Sf'jix 

a!— f  =  '/■  sin  fl  cos  ((i,     y  —  i\  =  rainflsin^,     2— f  =  rcoatf,    .  Jr*.,»/r 
we  find  the  area  of  any  curve  on  the  sphere  by  integrating       ..  »..._•/ Aj[ 

„=/(i-c«fl),i*,  'zA%i 

or.  using  the  rectangular  coordinates,  ^.  y.3  ^ 

Uie  integration  being  extended  round  the  curve  e.  »  i       */ 

If  the  axis  of  2  passes  once  through  the  closetl  curve  the  first  -^  ^  ^ 

*   {  If,  whila  the  point  at  irbisb  tho  loli J  angle  Bubtvnded  bj  ft  (^van  carve  in  to  be    i^Lr.  its 
ilotonniUFd  uiovee  about,  weiuppoae  Ihoestremitjof  the  nvdius  VMtor  nlwayito  tr™ ' 
round  the  exave  in  the  ume  ilirectinn,  then  tlip  are*  on  (he  sphere  toa;  be  tftki 
IHnStivo  if  it  ia  on  that  side  uf  the  iphere  nhcre  the  motion  uf  the  end  of  the 
VMlur  kwki  tAkickwiie  when  leBn  &oin  the  ceiitru,  negati<ra  if  it  ia  on  tlie  other 
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torm  is  2w.  If  the  axis  of  3  doeB  not  pass  through  it  thU  term 
ia  zero. 

418.]  This  method  of  calculating  a  Bolid  angle  involves  a 
choice  of  axes  which  is  to  some  extent  arbitrary,  and  it  does  not 
depend  solely  on  the  closed  curve.  Hence  the  following  method, 
in  which  no  surface  is  supposed  to  be  constructed,  may  be  stated 
for  the  sake  of  geometrical  propriety. 

As  the  radiua  vector  from   the   given  point  traces  out  the 

closed  curve,  let  a  plane  passing  through  the  given  point  roll  on 

the  closed  curve  so  as  to  be  a  tangent  plane  at  each  point  of  the 

curve  in  succession.     Let  a  lino  of  iinit-length  be  drawn  from 

the  given  point  perpendicular  to  this  piano.     As  the  plane  rolls 

round  the  closed  curve  the  extremity  of  the  perpendicular  will 

trace   a   second   closed   curve.     Let  the   length   of  the   second 

closed  curve  bo  it,  then  the  solid  angle  subtended  by  the  fii-st 

closed  curve  is 

01  =  2ir  — <r. 

This  follows  from  the  well-known  theorem  that  the  ai-ea  of  a 
closed  curve  on  a  sphere  of  unit  radius,  together  with  tht^ 
circumference  of  the  polar  curve,  is  numerically  equal  to  the 
cii'cumference  of  a  great  circle  of  the  sphere. 

This  construction  is  sometimes  convenient  for  calculating  the 
solid  angle  subtended  by  a  rectilinear  figure.  For  our  own 
purpose,  which  is  to  form  clear  ideas  of  physical  phenomena, 
the  following  method  is  to  be  preferred,  as  it  employs  no 
constructions  which  do  not  flow  from  the  physical  data  of  thi> 
problem. 

419.]  A  closed  cur\'e  s  is  given  in  epaoo,  and  we  have  to  find 
the  solid  angle  subtended  by  s  at  a  given  point  P. 

If  we  consider  the  solid  angle  as  the  potential  of  a  magnetic 
shell  of  unit  strength  whose  edge  coincides  with  the  closed 
curve,  we  must  define  it  as  the  work  done  by  a  unit  magnetic 
pole  against  the  magnetic  force  while  it  moves  from  an  infinite 
distance  to  the  point  P.  Hence,  if  a  is  the  path  of  the  pole  as  it 
approaches  the  point  P,  the  potential  must  Ttc  the  result  of  a 
line-integration  along  this  path.  It  must  also  be  the  result 
of  a  line-integration  along  the  closed  curve  «.  The  proper  form 
of  the  expression  for  the  solid  angle  must  therefore  be  that  of  a 
double  integration  with  respect  to  the  two  curves  s  and  <r. 

AVhen  P  is  at  an  infinite  distance,  the  solid  angle  is  evidently 
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zero.  As  the  point  P  approaches,  the  closed  curve,  as  seen  from 
the  moving  point,  appears  to  open  out,  and  the  whole  solid 
angle  may  be  conceived  to  be  generated  by  the  apparent  motion 
of  the  different  elements  of  the  closed  curve  aa  the  moving  point 
approaches. 

As  the  point  P  moves  from  P  io  P"  over  the  element  dv,  the 
element  QQ  of  the  closed  curve,  which  we  denote  by  ds,  will 
its  position  relatively  to  P,  and  the  line  on  the  unit 
sphere  corresponding  to  Q(^  will  sweep  over  an  area  on  the 
spherical  surface,  which  we  may  write 

(/(0=    UdS'I<T.  (1) 

To  find  n  let  ns  suppose  P  fixed  while  the  closed  cur>'e  is 
moved  parallel  to  itself  thiough  a  distance  da  equal  to  PP"  but 
in  the  opposite  direction.  The  relative  motion  of  the  point  P 
will  be  the  same  as  in  the  real  case. 

During  this  motion  the  element  QQf  will  generate  an  area  in 
the  form  of  a  parallulogram  whose  sides  are  pai'allel  and  equal 
to  QQ'  and  Pl^.  If  we  constmct 
a  pyramid  on  this  parallelogram  as 
iMise  with  its  vertex  at  P,  the  solid 
angle  of  this  pyi-amid  will  be  the 
increment  dio  which  we  are  in 
search  of. 

To  determine  the  value  of  this 
solid  angle,  let  6  and  6'  be  the 
angles  which  ds  and  d  a  make  with 
PQ  respectively,  and  let  ^  be  the 
aogle  between  the  planes  of  these  two  angles,  then  the  area  of 
the  projection  of  the  imrallelograra  de.dtr  on  a  plane  perpen- 
dicular to  PQ  or  r  will  be 

rftt^tTBinflsin  ^'sini/i, 
and  since  this  is  equal  to  r'da,,  we  find 

d<^l  =  Ud8d<T  =  ~^s\.uQBm^  &\n<i>d»d<T.  [■!) 

Hence  Fl  =  -^sin^sinO'sin^.  (3) 

420.]  We  may  express  the  angles  6,  fl',  and  (ft  in  terms  of  c, 
and  it8  difierential  coefficient'*  with  respect  to  e  and  t,  for 
J..  fly  ^{;:,p 

and    sin  (J sin  0' cos  0  =  i'  /—<—      {■■) 


Fig.  a. 
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[421. 


We  thus  find  the  following  value  for  11*, 

dr\^l  f-       /dr 


"■=M-©][-©]-^0- 


(s) 


A  third  expi*ession  for  IT  in  terms  of  rectangular  coordinates 
may  be  deduced  from  the  consideration  that  the  volume  of  the 
pyramid  whose  solid  angle  is  d<o  and  whose  side  is  r  is 

ir^doD  =  ^r^ndsd(r. 

But  the  volume  of  this  pyramid  may  also  be  expressed  in 
terms  of  the  projections  of  r,  ds,  and  c?<r  on  the  axes  of  x,  y 
and  z,  as  a  determinant  formed  by  these  nine  projections,  of 
which  we  must  take  the  third  part.     We  thus  find  as  the  value 

of  n* 


(6) 


$-x, 

n-y, 

C-z, 

n  = 

1 

d^ 

d<T 

dt} 
d<r 

dC 
d(T 

dx 

dy 

dz 

da' 

tfo' 

ds 

This  expression  gives  the  value  of  11  free  from  the  ambiguity  of 
sign  introduced  by  equation  (5). 

421.]  The  value  of  o),  the  solid  angle  subtended  by  the  closed 
curve  at  the  point  P,  may  now  be  written 


0) 


=//■ 


ndsda  +  d). 


o» 


(7) 


where  the  integration  with  respect  to  8  is  to  be  extended  com- 
pletely round  the  closed  curve,  and  that  with  respect  to  <r  from 
A  a  fixed  point  on  the  curve  to  the  point  P.  The  constant  a)„  is 
the  value  of  the  solid  angle  at  the  point  A.  It  is  zero  if  A  is  at 
an  infinite  distance  from  the  closed  curve. 

The  value  of  a>  at  any  point  P  is  independent  of  the  form  of 
the  curve  between  A  and  P  provided  that  it  does  not  pass 
through  the  magnetic  shell  itself.  If  the  shell  be  supposed 
infinitely  thin,  and  if  P  and  -P  are  two  points  close  together, 
but  P  on  the  positive  and  I^  on  the  negative  surface  of  the 
shell,  then  the  curves  AP  and  AP"  must  lie  on  opposite  sides  of 
the  edge  of  the  shell,  so  that  PAl^  is  a  line  which  with  the 
infinitely  short  line  P'P  forms  a  closed  cii'cuit  embracing  the 


^  { The  lign  of  O  is  most  easily  got  by  considering  a  simple  case,  that  of  a  drcnUr 
disk  magnetised  at  right  angles  to  its  plane  is  very  oonTeuient  for  this  purpose. } 
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edge.     The  valoe  of  lu  at  P  exceeds  that  at  I"  by  4  w,  that,  is,  by 
the  surface  of  a  sphere  of  radius  unity. 

Hence,  if  a  closed  curve  he  drawn  so  as  to  pass  once  through 
the  shell,  or  in  other  words,  if  it  be  linked  once  with  the  edge 

of  the  shell,  the  value  of  the  integral  /  /  n  dsdv  extended  round 
both  curves  will  be  4  -n. 

This  integral  therefore,  considered  as  depending  only  on  the 
closed  curve  *:  and  the  arbitrary  euiTO  AP,  is  an  instance  of  a 
function  of  multiple  values,  since,  if  we  pass  from  ^  to  P  along 
different  paths  the  integral  will  have  different  values  according 
to  the  number  of  tiroes  which  the  curve  A  P  is  twined  round  the 

If  one  form  of  the  cui've  between  A  and  P  can  be  transformed 
into  another  by  continuous  motion  without  intersecting  the 
curve  e,  the  integral  will  have  the  same  value  for  both  curves, 
but  if  during  the  transformation  it  intersects  the  closed  curve 
■n  times  the  values  of  the  integral  will  differ  by  4Tiri. 

If  8  and  o-  are  any  two  closed  curves  in  space,  then,  if  they 
are  not  linked  together,  the  integi-al  extended  once  round  both 
IH  zero. 

If  they  are  intertwined  n  times  in  the  same  diieetion,  the 
value  of  the  integral  is  i-jyv.  It  is  possible,  however,  for  two 
curves  to  be  intertwined  alternately  in  opposite  directions,  so 
that  they  are  inseparably  linked  together 
though  the  value  of  the  integral  is  zero. 
See  Fig,  4. 

It  was  the  discovery  by  Gauss  of  this  very 
integral,  expressing  the  work  done  on  a 
magnetic  pole  while  describing  a  closed  curve 
in  presence  of  a  closed  electric  current,  and 
indicating  the  geometrical  connexion  between 
the  two  closed  curves,  that  led  him  to  lament  the  small  progress 
made  in  the  Geometry  of  Position  since  the  time  of  Leibnitz, 
Euler  and  Vandermonde.  Vt'e  have  now,  however,  some  progress 
to  report,  chiefly  due  to  Riemann,  Helmholtz,  and  Listing. 

422.]  Let  ua  now  investigate  the  result  of  integrating  with 
respect  to  8  round  the  closed  curve. 

One  of  the  terms  of  n  in  equation  (7)  is 
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If  we  now  write  for  brevity 

F=f'-pds,    G  =  f'-fds,    H^ny^cU,  (9) 

J  rds  J  rds  J  rds  ^  ^ 

the  integrals  being  taken  once  round  the  closed  curve  «,  this 
term  of  n  may  be  written 

da-d^cls 

and  the  corresponding  term  oi      Uds  will  be 

drjdH 
da-  d^  ' 

Collecting  all  the  terms  of  FT,  we  may  now  write 

(la  J 

"^dij       dC^da'^^dC      di^dtr'^^di      drj)d(r'      ^     ' 

This  quantity  is  evidently  the  rate  of  decrement  of  w,  the 
magnetic  potential,  in  passing  along  the  curve  <r,  or  in  other 
words,  it  is  the  magnetic  force  in  the  direction  of  da. 

By  assuming  da  successively  in  the  direction  of  the  axes  of 
X,  y  and  z,  we  obtain  for  the  values  of  the  components  of  the 
magnetic  force 

__d(o  _dH_dG   \ 
"      d^  "  drj       dC' 


nds 


dai_dF     dH 
__(l<s)  _clG_dF 

^  "'      d'C  "  c/f         dr^ 


(n) 


The  quantities  F,  G,  H  are  the  components  of  the  vector- 
potential  of  the  magnetic  shell  whose  strength  is  unity,  and 
whose  edge  is  the  curve  8.  They  are  not,  like  the  scalar  poten- 
tial 0),  functions  having  a  series  of  values,  but  are  perfectly 
determinate  for  every  point  in  space. 

The  vector-potential  at  a  point  F  due  to  a  magnetic  shell 
bounded  by  a  closed  curve  may  be  found  by  the  following 
geometrical  construction : 

Let  a  point  Q  travel  round  the  closed  curve  with  a  velocity 
numerically  equal  to  its  distance  from  P,  and  let  a  second  point 


POTENTIAL    OP   TWO    CLOSED    CUKVES. 

Jt  start  from  a  fixed  point  A  and  travel  with  a  velocity  the 
direction  of  which  is  always  parallel  to  that  of  Q,  but  whose 
magnitude  ia  unity.  When  Q  has  travelled  once  round  the 
closed  curve  join  AR.  then  the  line  AR  represents  in  direction 
and  in  numerical  magnitude  the  vector-potential  due  to  the 
closed  curve  at  P. 


I'utent'ud  Exeripj  of  a  Magnetic  Shell  jtlaced  in  a  Magnetic  Field. 

423.]  We  have  already  shewn,  in  Art.  4iO,  that  the  potential 
energj'  of  a  shell  of  strength  <p  placed  in  a  magnetic  field  whose 
potential  is  V,  is 

where  I,  m,  n  are  the  direction-cosines  of  the  normal  to  the  shell 
drawn  outwards  from  the  positive  side,  and  the  surface-integral 
is  extended  over  the  shell. 

Now  this  surface -integral  may  be  transformed  into  a  line- 
integral  by  means  of  the  vector-potential  of  the  ma^etic  field, 
and  we  may  write 

where  the  integration  is  extended  once  round  the  closed  curve  s 
which  forms  the  edge  of  the  magnetic  sliell,  the  direction  of  t^ 
being  opposite  to  that  of  the  hands  of  a  watch  when  viewed 
from  the  positive  aide  of  the  shell. 

If  we  now  suppose  that  the  magnetic  field  is  that  due  to  a 
second  magnetic  shell  whose  strength  is  </)',  we  may  determine 
the  value  of  F  directly  from  tho  results  of  Art.  416  or  fi'om 
Art.  405.  If  r,  7*1.',  It'  be  the  direction-cosincH  of  the  normal  to 
the  element  dS'  of  the  second  shell,  we  have 

where  r  is  tlio  distance  between  the  element  dS'  and  a  point  on 
the  boundai'y  of  the  first  shell. 

Now  this  surface- integral  may  be  converted  into  a  lint-integral 
round  the  boundaiy  of  the  second  shell ;  viz.  it  is 

(14) 


'I'Jr.U'''- 
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In  like  manner  ^^  j  j 

Substituting  these  values  in  the  expression  for  M  we  find 

xr  . ./  r/*!  /dxdx'     dydy'     dzd7{\  ,    , ,  ,,  ^v 

where  the  integration  is  extended  once  round  8  and  once  round 
8\  This  expression  gives  the  potential  energy  due  to  the  mutual 
action  of  the  two  shells,  and  is,  as  it  ought  to  be,  the  same  when 
8  and  s'  are  interchanged.  This  expression  with  its  sign  re- 
versed^ when  the  strength  of  each  shell  is  unity,  is  called  the 
potential  of  the  two  closed  curves  8  and  8\  It  is  a  quantity  of 
great  importance  in  the  theory  of  electric  currents.  K  we  write 
€  for  the  angle  between  the  directions  of  the  elements  ds  and  ds\ 
the  potential  of  8  and  8^  may  be  written 

'cos  ^  ,     ,  /  /,^v 

—  d8d8.  (16) 


//' 


It  is  evidently  a  quantity  of  the  dimension  of  a  line. 


INDUCED    MAGNETIZATION. 


424.]  We  have  hitherto  conaidered  the  actual  diMtribution  of 
magnetization  in  a  magnet  as  given  explicitly  among  the  data 
of  the  invee ligation.  We  have  not  made  any  assumption  as  to 
whether  this  magnetization  is  permanent  or  temporary,  except  in 
those  parts  of  our  reasoning  in  which  we  have  aupposed  the 
magnet  broken  up  into  small  portions,  or  small  portions  removed 
from  the  magnet  in  »uch  a  way  as  not  to  alter  the  ma^etization 
of  any  part, 

We  have  now  to  consider  the  ms^etization  of  bodies  with 
respect  to  the  mode  in  which  it  may  be  produced  and  changed. 
A  bar  of  iron  held  parallel  to  the  direction  of  the  earth's  magnetic 
force  is  found  to  become  magnetic,  with  its  poles  turned  the  op- 
posite way  from  those  of  the  earth,  or  the  same  way  as  those  of 
a  compass  needle  in  stable  equilibrium. 

Any  piece  of  soft  iron  .placed  in  a  magnetic  field  is  found  t*i 
exhibit  magnetic  properties.  K  it  be  placed  in  a  part  of  the  field 
where  the  magnetic  force  is  great,  as  between  the  poles  of  a  horse- 
ahoe  magnet,  the  magnetism  of  the  iron  becomes  intense.  If  the 
iron  is  removed  from  the  magnetic  field,  its  magnetic  properties 
are  greatly  weakened  or  disappear  entirely.  If  the  magnetic 
properties  of  the  iron  depend  entirely  on  the  magnetic  force  of 
the  field  in  which  it  is  placed,  and  vanish  when  it  is  removed 
from  the  field,  it  is  called  Soft  iron.  Iron  which  is  soft  in  the 
ma^etic  sense  is  also  soft  in  the  literal  sense.  It  is  easy  to 
bend  it  and  give  it  a  permanent  set,  and  difficult  to  break  it. 

Iron  which  letains  its  magnetic  properties  when  removed  from 
the  magnutic  held  is  called  Hard  iron.  Such  iron  docs  not  take 
op  the  magnetic  state  so  readily  as  soft  iron.     The  operation  of 
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hammering,  or  any  other  kind  of  vibration,  allows  hard  iron 
under  the  influence  of  magnetic  force  to  asBiime  the  magnetic 
state  more  readily,  and  to  part  with  it  more  readily  when  the 
magnetizing  foice  is  removed*.  Iron  which  is  magnetically  hard 
is  also  more  stiff  to  bend  and  more  apt  to  break. 

The  processes  of  hammering,  railing,  wire-drawing,  and  sudden 
cooling  tend  to  harden  iron,  and  that  of  annealing  tends  to 
boften  it. 

The  magnetic  as  well  as  tlie  mechanical  differences  between 
steel  of  hard  and  soft  temper  ai-e  much  greater  than  those 
between  hard  and  soft  iron.  Soft  steel  is  almost  as  easily  mag- 
netized and  demagnetized  as  iron,  while  the  hardest  steel  is  the 
best  material  for  magnets  which  we  wish  to  be  permanent 

Cast  iron,  though  it  contains  more  carbon  than  steel,  is  not  so 
retentive  of  magnetization. 

If  a  magnet  cuuld  be  constructed  so  that  the  distribution  of  its 
magnetization  is  not  altered  by  any  magnetic  force  brought  to 
act  upon  it,  it  might  be  called  a  rigidly  magnetized  body.  The 
only  known  body  which  fulfils  this  condition  is  a  conducting 
circuit  round  which  a  constant  electric  current  is  made  to  flow. 

Such  a  circuit  exhibits  magnetic  properties,  and  may  therefore 
be  called  an  electromagnet,  but  these  magnetic  properties  are  not 
affected  by  the  other  magnetic  forces  in  the  field.  We  shall 
return  to  this  subject  in  Port  IV. 

All  actual  magnets,  whether  made  of  hardened  ateel  or  of  load- 
stone, arc  found  to  be  affected  by  any  magnetic  force  which  is 
brought  to  bear  upon  them. 

It  is  convenient,  for  scientific  purposes,  to  make  a  distinction 
between  the  permanent  and  the  temporary  magnetization,  defining 
the  permanent  magnetization  as  that  which  exists  independently 
of  the  magnetic  force,  and  the  temporary  magnetization  as  that 
which  depen<U  on  this  force.  We  must  observe,  however,  that 
this  distinction  is  not  founded  on  a  knowledge  of  the  intimate 
nature  of  the  magnetizable  substances:  it  is  only  the  expression 
of  an  hypothesis  introduced  for  the  sake  of  bi-inging  calculation 
to  bear  on  the  phenomena.  We  shall  return  to  the  physical 
theory  of  magnetization  in  Chapter  VI. 

•  [Ewiug  {I'liil.  Tran:,  F»rt  ii.  18SS )  Iim  )be*ra  Llut  wfl  iron  tree  from  viliratioiu 
anil  lieinagDeUxing  fynta  wit  nUin  a  luger  pniportion  of  its  nugntstuoii  thao  Uia 
liftrdsit  itMl.} 
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425.]  At  present  we  shall  inveatigato  the  temporaiy  magnet- 
isation  on  the  assumptioQ  tJiat  the  magnetization  of  any  particle 
of  the  substance  depends  solely  on  the  magnetic  force  acting  on 
that  particle.  This  magnetic  force  may  arise  partly  from  external 
causes,  and  partly  from  the  temporary  magnetization  of  netgh- 
boming  particles. 

A  body  thus  magnetized  in  virtue  of  the  action  of  magnetic 
force  is  8aid  to  be  magnetized  by  induction,  and  the  magnetization 
is  said  to  be  induced  by  the  magnetizing  foice. 

The  magnetization  induced  by  a  given  magnetizing  force  differs 
in  different  substances.  It  is  greatest  in  the  purest  and  softest 
iron,  in  which  the  ratio  of  the  magnetization  to  the  magnetic 
force  may  reach  tho  value  32,  or  even  45*. 

Other  substances,  such  as  the  metals  nickel  and  cobalt,  are 
capable  of  an  inferior  degree  of  magnetization,  and  all  substances 
when  subjected  to  a  sufficiently  strong  magnetic  force  are  found 
to  give  indications  of  polarity. 

When  the  magnetization  is  in  th«  same  direction  as  the  mag- 
netic force,  OS  in  iron,  nickel,  cobalt,  &c.,  the  substance  is  called 
Paramagnetic,  Ferromagnetic,  or  more  simply  Magnetic.  When 
the  induced  magnetization  is  in  the  direction  opposite  to  the 
magnetic  force,  as  in  bismuth,  &c.,  the  substance  is  said  to  be 
Diamagnetic. 

In  all  these  diamagnetic  substances  the  ratio  of  the  magnetiza- 
tion to  the  magnetic  force  which,  produces  it  is  exceetUngly 
small,  being  only  about  — tWsi;?  i*^  ^^^  ^^^^  ^^  bismuth,  which 
is  the  most  highly  diamagnetic  substance  known. 

In  crystallized,  strained,  and  organ i zed  substances  the  direction 
of  the  magnetization  does  not  always  coincide  with  that  of  the 
tDSgnetic  force  which  produces  it.  The  relation  between  the 
oomponents  of  magnetization,  referred  to  axes  fixed  in  the  body, 
and  those  of  the  magnetic  force,  may  be  expressed  by  a  system 
of  three  linear  equations.  Of  the  nine  coefficients  involved  in 
these  equations  wo  shall  shew  that  only  six  are  independent. 
The  phenomena  of  bodies  of  this  kind  are  classed  under  the  name 
of  M&gnecT}- stall ic  phenomena. 

When  placed  in  a  field  of  magnetic  force,  crystals  tend  to  set 

"  ThuWn.  .Vera  Jp/n,  Bt.j,  Sop.  Se..  Upfal,.  1S83.  {Ewing  (Jot.  eit.)  tui  Bhewn 
ihU  h  lUf  be  u  gfeU  it  2ifl,  and  that  if  llie  nire  be  ilukea  whUe  the  liMgattiMiOg 
bnt  b  applied  it  ui>;  rUe  to  u  much  u  laoo.  | 
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themRolves  m  that  the  axis  of  greatest  paramagnetic,  or  of  least 
(liainagnetic,  induction  is  parallel  to  the  lines  of  magnetic  force. 
See  Art.  436. 

In  soft  iron,  the  direction  of  the  magnetization  coincides  with 
that  of  the  magnetic  force  at  the  point,  and  for  small  values  of 
the  mngnotic  force  the  magnetization  is  nearly  proportional  to  it*. 
As  the  magnetic  force  increases,  however,  the  magnetization  in- 
creases more  slowly,  and  it  would  appear  from  experiments 
cloBcril)ed  in  Chap.  VI,  that  there  is  a  limiting  value  of  the 
magnetization,  beyond  which  it  cannot  pass,  whatever  be  the 
value  of  the  magnetic  force. 

In  the  following  outline  of  the  theory  of  induced  magnetism, 
wo  shall  begin  by  supposing  the  magnetization  proportional  to 
the  magnetic  force,  and  in  the  same  line  with  it. 

Definition  of  the  Coefficient  of  Induced  Magnetization. 

426.]  Lot  ^  be  the  magnetic  force,  defined  as  in  Art  398,  at 
any  point  of  the  body,  and  let  3  be  the  magnetization  at  that 
point  then  the  ratio  of  3  to  ^  is  called  the  Coefficient  of  In- 
duced Magnetization. 

Denoting  this  coefficient  by  ic,  the  fundamental  equation  of 
inducctl  magnetism  is 

3  =  '^4?-  (1) 

The  coefficient  k  is  positive  for  iron  and  paramagnetic  sub- 
stances, and  negative  for  bismuth  and  diamagnetic  substances. 
It  reaches  the  value  {1600}  in  iron,  and  it  is  said  to  be  large  in 
the  case  of  nickel  and  cobalt,  but  in  all  other  cases  it  is  a  verj' 
small  quantity,  not  greater  than  0«00001. 

The  force  ^  arises  partly  from  the  action  of  magnets  extexnal 
to  the  IkkIv  magnetized  by  induction,  and  partly  from  the 
induce<l  magnetization  of  the  body  itself.  Both  parts  satisfy 
the  condition  of  having  a  potential. 

427.]  Ix^t  V  ho  the  potential  due  to  magnetism  ertemaJ  to 
the  Iwly,  and  let  Q,  be  that  due  to  the  induced  magnetization, 
then  if  U  is  the  actual  potential  due  to  both  causes 

r=r^n.  (2: 

Let  the  components  of  the  magnetic  force  *^,  resolved  in  the 

*  -;  liord  RAyleigh,  PhiJ.  Mag.  2S,  p.  22.^,  1S87,  hw  shown  that  when  the  m*p- 
netising  foroe  w  lew:  than  '^  of  ike  earth >  borixontal  ma^etic  foroe.  the  magnetizatian 
w  firoportional  to  the  magnetising  foroe,  and  that  it  oeasee  to  be  so  when  the  force  if* 
greater.) 
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directions  of  x,  y,  z,  be  a,  /3,  y,  and  let  those  of  the  magnet- 
LzatioD  3  be  A,  B,  C,  then  by  equation  {!), 
A  =  Ka.. 

B=K^,\  (3) 

C  =  KyJ 

Multiplying  these  equations  by  dx,  dy,  dz  respectively,  and 
addiag,  we  find 

Adx  +  Bdy  +  Cih  =  k  (adx  +  lidy-hydz). 
But  since  a,  /i  and  y  are  derived  from  the  potential   U,  we 
may  write  the  second  member  —KilU. 

Hence,  if  k  is  constant  throughout  the  eubslance,  the  first 
member  must  also  be  a  complete  diSerential  of  a  function  of  x, 
y  and  z,  which  we  shall  call  ^,  and  the  equation  becomes 

d<p  =  ~KdU,  (4) 

where        A  =  ^,    B=^,     C  =  ^.  (5) 

dx  ay  dz  '  ' 

The  magnetization  is  therefore  lamellar,  as  defined  in  Art  412. 

It  was  shewn  in  Art.  385  that  if  p  is  the  volume-density  of 
free  magnetism, 

,dA      dB     dC. 

'=-yd2-^d^^Tz)' 

which  becomes  in  virtue  of  equations  (3), 

fda       d$        dy^ 

''--"^d^^-dy^d^r 


But,  by  Art.  77, 


d,      dfi 

dx*  ds* 

Hence 

(1+4 

p  =  0  (6) 

throughout  the  substance,  and  the  magnetization  ia  therefore 
solenoidal  as  well  as  lamellar.     See  Art.  407. 

There  is  therefore  no  free  magnetism  except  on  the  bounding 
surface  of  the  body.     If  ii  be  the  normal  drawn  inwards  from 
the  surface,  the  magnetic  surface-density  is 
_  _d^ 
°~     dv' 


(7) 
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The  potential  Q,  due  to  this  magnetization  at  any  point  may 
therefore  be  found  from  the  surface-integral 

SL^JJUS.  (8) 

The  value  of  XI  will  be  finite  and  continuous  everywhere,  and 

will  satisfy  Laplace's  equation  at  every  point  both  within  and 

without  the  surface.    If  we  distinguish  by  an  accent  the  value 

of  XI  outside  the  surface,  and  if  /  be  the  normal  drawn  outwards, 

we  have  at  the  surface 

X2'=a;  (9) 

'■^-  +  -7-7  =  —  47r<r,  by  Art.  786, 
dv       dif  '     ^  ' 

/dV     dQ.\    ,     ,^v 

We  may  therefore  write  the  second  surface-condition 

,,     ,     .do.  .  dOf     ,      dV     ^  ,,^. 

^  ^  dv       dv  dv  ^     ' 

Hence  the  determination  of  the  magnetism  induced  in  a 
homogeneous  isotropic  body,  bounded  by  a  surface  Sy  and  acted 
upon  by  external  magnetic  forces  whose  potential  is  V ,  may  be 
reduced  to  the  following  mathematical  problem. 

We  must  find  two  functions  X2  and  Qf  satisfying  the  following 
conditions : 

Within  the  surface  /S,  X2  must  be  finite  and  continuous,  and 
must  satisfy  Laplace's  equation. 

Outside  the  surface  5,  X2'  must  be  finite  and  continuous,  it 
must  vanish  at  an  infinite  distance,  and  must  satisfy  Laplace's 
equation. 

At  every  point  of  the  surface  itself,  X2  =  X2',  and  the  derivatives 
of  X2,  Of  and  V  with  respect  to  the  normal  must  satisfy  equation 
(10). 

This  method  of  treating  the  problem  of  induced  magnetism 
is  due  to  Poisson.  The  quantity  k  which  he  uses  in  his  memoirs 
is  not  the  same  as  x,  but  is  related  to  it  as  follows  : 

4  7rK(A;-l)+3A;  =  0.  (11) 


y_ . 
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The  coefficient  k  which  we  have  here  used  was  introduced  hy 
F.  E.  Neumann. 

428.]  The  problem  of  induced  magnetiBm  may  be  treated  in 
a  diflei-ent  manner  by  introducing  the  quantity  which  we  have 
called,  with  Farailay,  the  Magnetic  Induction, 

The  relation  between  93,  the  magnetic  induction,  ^,  the  mag- 
netic force,  and  3,  the  magnetization,  ia  expressed  by  the 
equation  S  =  ^  +  47i3.  (12) 

The  equation  wliich  expreaaea  the  induced  magnetization  in 
terms  of  the  magnetic  force  ia 

3=>*-  (13) 

Hence,  eliminating  3,  we  find 

S8  =  {l  +  4,r«),&  (14) 

as  the  relation  between  the  magnetic  induction  and  the  magnetic 
force  in  subetanceB  whose  magnetization  is  induced  by  magnetic 
force. 

In  the  most  general  caao  k  may  be  a  function,  not  only  of  the 
position  of  the  point  in  the  substance,  but  of  the  direction  of  the 
vector  §,  but  in  the  case  which  we  are  now  considering  k  is  a 
numerical  quantity. 

If  we  next  wiite  u  =  1  +  4nK,  (15) 

we  may  define  fi.  as  the  ratio  of  the  magnetic  induction  to  the 
magnetic  force,  and  we  may  call  this  ratio  the  matmetin  induc- 
tive capacity  of  the  substance,  thus  distinguialiing  it  from  k,  the 
coefficient  of  induced  magnetization. 

If  we  write  U  for  the  total  magnetic  potential  compounded 
of  y,  the  potential  due  to  external  causes,  and  il  that  due  to 
the  induced  magnetization,  we  may  express  a,  h,  c,  the  com- 
ponenta  of  magnetic  induction,  and  a,  ^,  y,  the  components  of 
magnetic  force,  as  follows : 

dU  \ 


dU 


(16) 


dz    I 
The  components  a,  b,  e  satisfy  the  solenoidal  condition 

da     db     dc      „  „-. 
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Hence,  the  potential  U  must  satisfy  Laplace's  equation 

ilx^       di/       its- 
at  every  point  where  y.  is  constant,  that  is,  at  every  point  within 
the  homogeneous  substance,  or  in  empty  space. 

At  the   surface  itself,  if  n   is  a  normal  di'awn  towards  the 
magnetic  substance,   and  v    one    drawn  outwards,  and  if  the 
symbols  of  quantities  outside  the  substance  are  distinguished  by 
accents,  the  condition  of  continuity  of  the  magnetic  induction  is 
dx      ,dy        dz        ,dx      ,,dy       ,  dz       „  ,,„, 

dv       dv       dp        dv        dv        dis  ^    ' 

or,  by  equations  (16), 

^r.^^d7  =  '-  ^^^^ 

ii',  the  coefBcient  of  induction  outside  the  magnet,  will  be 
unity  unless  the  surrounding  medium  be  magnetic  or  dia- 
magnetic. 

If  we  substitute  for  U  its  value  in  terms  of  V  and  li,  and  for 
H  its  value  in  teims  of  k,  we  obtain  the  same  equation  (10)  as 
we  arrived  at  by  Poisson's  method. 

The  problem  of  induced  magnetism,  when  considered  with 
respect  to  the  relation  between  magnetic  induction  and  magnetic 
force,  corresponds  exactly  with  the  problem  of  the  conduction 
of  electric  currents  through  heterogeneous  medio,  as  given  in 
Art.  310. 

The  magnetic  force  is  derived  from  the  magnetic  potential, 
precisely  as  the  electric  force  is  derived  from  the  electric 
potential. 

Tho  magnetic  induction  ia  a  quantity  of  the  nature  of  a  flux, 
and  satisfies  tho  same  conditions  of  continuity  as  the  electric 
current  does. 

In  isotropic  media  the  magnetic  induction  depends  on  the 
magnetic  force  in  a  manner  which  exactly  corresponds  with 
that  in  which  the  electric  current  depends  on  the  electromotive 
force. 

The  specific  magnetic  inductive  capacity  in  the  one  problem 
corresponds  to  the  specific  conductivity  in  the  other.  Hence 
Thomson,  in  his  Theonj  of  Ivuhwfd  Magnetism  {Reprint,  1872, 
p.  4  84),  has  called  this  quantity  the  jicrmeabUity  of  the  medium. 


We  are  now  prepared  to  consider  the  theory  of  induced  mag- 
netism from  what  I  conceive  to  be  Faraday's  point  of  view. 

When  magnetic  force  acta  on  any  medium,  wliether  magnetic 
or  diamagnetic,  or  neutral,  it  produces  within  it  a  phenomenon 
called  Magnetic  Induction. 

Magnetic  induction  ia  a  directed  quantity  of  the  nature  of  a 
dux,  and  it  satisfies  the  same  conditions  of  continuity  as  electric 
cuiTenta  and  other  Suxes  do. 

In  isotropic  media  the  magnetic  force  and  the  magnetic  in- 
duction are  in  the  same  dii-ection,  and  the  magnetic  induction 
13  the  product  of  the  magDetie  force  into  a  quantity  called  the 
coefficient  of  induction,  which  we  have  expressed  by  /x. 

In  empty  apace  the  coefficient  of  induction  ia  unity.  In  bodies 
capable  of  induced  magnetization  the  coefficient  of  induction  ia 
1  +4wic  =  li,  where  k  is  the  quantity  ah'eady  defined  as  the  co- 
efficient of  induced  magnetization. 

429.]  Let  IX,  jx  be  the  values  of  ft  on  opposite  eides  of  a  surface 

separating  two  media,  then  if  V,  V  are  the  potentials  in  the  two 

media,  the  magnetic  forces  towards  the  surface  in  the  two  media 

dV      ^  dV 

are  -r-  and  -;-,■ 

tlv  dv 

The  quantities  of  magnetic  induction  through  the  element  of 

dV  dV 

surface  dS  are  u--^dS  and  u.'  -r-rdS  in  the  two  media  reapect- 

'^  dv  dv  ^ 

ively  reckoned  towards  d&. 

Since  the  total  flux  towards  ciS  ib  zero, 
dV      ,dV'      „ 

^Tv^^d-^^""- 

But  by  the  theory  of  the  potential  near  a  suiface  of  density  a, 
dV     dV      , 
dv      dv 

dv  ^  IX  ' 

If  icj  ia  the  ratio  of  the  supei-iicial  magnetization  to  the  normal 
force  in  the  first  medium  whoac  coefficient  is  fi,  we  have 


Hence  «,  will  be  positive  or  negative  according  as  m  is  greater 
r  less  than  fi'.     If  we  put  ;*=  4  7rK  +  1  and  ix'  =  4^/+  1, 
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In  this  expression  k  and  /  are  the  coefficients  of  induced 
magnetization  of  the  first  and  second  media  deduced  from  ex- 
periments niadi;  in  air,  and  k,  is  the  coefficient  of  induced 
magnetization  of  the  first  medium  when  surrounded  by  the 
second  medium. 

If  k'  is  greater  than  k,  then  k,  is  negative,  or  the  apparent 
magnetization  of  the  fu^st  medium  ia  in  the  opposite  direction 
to  the  magnetizing  force. 

Thus,  if  a  vessel  containing  a  weak  aqueous  solution  of  a 
paramagnetic  salt  of  iron  is  suspended  in  a  stronger  solution 
of  the  same  salt,  and  acted  on  by  a  magnet,  the  vessel  movew 
as  if  it  were  magnetized  in  the  opposite  direction  from  that  in 
which  a  magnet  would  set  itself  if  suspended  in  the  same  place. 

This  may  be  explained  by  the  hypothesis  that  the  solution  in 
the  vessel  is  really  magnetized  in  the  same  direction  as  the 
magnetic  force,  but  that  the  solution  which  surrounds  the  vessel 
is  magnetized  more  strongly  in  the  same  direction.  Hence  the 
vessel  is  like  a  weak  magnet  placed  between  two  strong  ones  all 
magnetized  in  the  same  direction,  so  that  opposite  poles  are  in 
contact.  The  north  pole  of  the  weak  magnet  points  in  the 
same  direction  as  those  of  the  strong  ones,  but  since  it  is  in 
contact  with  the  south  pole  of  a  stronger  magnet,  there  is  an 
excess  of  south  magnetism  in  the  neighbourhood  of  its  north 
pole,  which  causes  the  weak  magnet  to  appear  oppositely  mag- 
netized. 

In  some  substancesj  however,  the  apparent  magnetization  is 
negative  even  when  they  are  suspended  in  what  is  called  a 


If  we  assume  k  =  0  for  a  vaonnm,  it  will  be  negative  for 
these  eubstiincL's.     No  substauoe,  however,  has  been  discovered 

for  which  k  has  a  negative  value  numerically  greater  that  — . 
and  therefore  for  all  known  substances  p.  is  positive. 

Substances  for  which  k  is  negative,  and  therefore  p.  less  than 
unity,  are  called  Diamagnotic  substances.  Those  for  which  «  U 
positive,  and  li  greater  than  unity,  are  called  Paramagnetic. 
Ferromagnetic,  or  simply  magnetic,  substances. 

We  shall  consider  the  physical  theory  of  the  diamagnetic  and 
paramagnetic  properties  when  we  come  to  electromagnetism, 
Arta.  832-845. 
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430.]  The  mathcmfttical  theory  of  magnetic  iniluction  was 
first  given  by  Poiasrjn*.  The  physical  bypothesia  on  which  he 
fouuiled  his  theory  was  that  of  two  magnetic  iluitis,  an  hypothesis 
■which  has  the  same  mathematical  advantages  and  phyeical 
difGcultics  as  tJie  theory  of  two  electric  fluids.  In  order,  how- 
ever, to  explain  the  fact  that,  though  a  piece  of  soft  iron  can  be 
magnetized  by  induction,  it  cannot  be  charged  with  unequal 
quantities  of  the  two  kinds  of  magnetism,  be  supposes  that  the 
substance  in  general  is  a  non-conductor  of  these  fluids,  and  that 
only  certain  small  portions  of  the  substance  contain  the  fluids 
under  circumstances  in  which  they  are  free  to  obey  the  forces 
which  act  on  them.  These  small  magnetic  elements  of  the  sub- 
stance contain  each  precisely  equal  quantities  of  the  two  fluids, 
and  within  each  element  the  fluids  move  with  perfect  freedom. 
but  the  fluids  can  never  pass  from  one  magnetic  element  to 
another. 

The  problem  therefore  is  of  the  same  kind  as  that  relating  to 
a  number  of  small  conductors  of  electricity  disseminated  through 
a  dielectric  insulating  medium.  The  conductors  may  be  of  any 
form  provided  they  are  email  and  do  not  touch  each  other. 

If  they  arc  elongated  bodies  all  turned  in  the  same  general 
tiirection,  or  if  they  are  crowded  more  in  one  direction  than 
another,  the  medium,  ae  Polsson  himself  sliews,  will  not  be 
isotropic.  Poisson  therefore,  to  avoid  useless  intiicacy,  examines 
the  case  in  which  each  magnetic  element  is  spherical,  and  the 
elements  are  disseminated  without  regard  to  axes.  He  supposes 
that  the  whole  volume  of  all  the  magnetic  elements  in  unit  of 
volume  of  the  substance  is  k. 

Wo  have  already  considered  in  Art.  314  the  electric  conduc- 
tivity of  a  medium  in  which  small  spheres  of  another  medium 
are  distributed. 

If  the  conductivity  of  the  medium  is  fi,,  and  that  of  the 
spheres  /i^,  we  have  found  that  the  conductivity  of  the  com- 
posite system  is  ,  , 

2h  +  ft,-i(,i,-|,,) 
Putting  li,  =  I  and  ii^  =  a> ,  thia  becomes 
1  +  2A 

•  Mtmoirn  <lr  rimlU«l,  1824.  p.  2*7. 
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This  quantity  (i  is  the  eleotrio  conductivity  of  a  medium  con- 
sisting of  perfectlyconducting  spheres  disseminated  through  a 
medium  of  conductivity  unity,  the  a^regato  volume  of  the 
spheres  in  unit  of  volume  being  h. 

The  symbol  m  also  represeDta  the  coefficient  of  magnetic  in- 
duction of  a  medium,  consisting  of  spheres  for  which  the  per- 
meability is  infinite,  disseminated  through  a  medium  for  which 
it  is  unity. 

The  symbol  k,  which  we  shall  call  Poisson's  Magnetic  Co- 
effieient,  represents  the  ratio  of  the  volume  of  the  magnetic 
elements  to  the  wholo  volume  of  the  substance. 

The  symbol  k  is  known  as  Neumann's  Coefficient  of  Magnet- 
ization by  Induction.     It  is  more  convenient  than  Poisson's. 

The  symbol  /i  we  shall  call  the  Coefficient  of  Magnetic  Induc- 
tion. Its  advantage  is  that  it  facilitates  the  transformation  of 
magnetic  problems  into  problems  relating  to  electricity  and  beat, 

The  relations  of  these  three  symbols  are  as  follows : 

;,         *"  i^l'z}. 


tl  =  iTK+l. 


4,  4.(l_i)' 

'"-rat' 

If  we  put  K  =  32,  the  value  given  by  Thal^n's*  experiments 
on  soft  iron,  we  find  i  =  J5J.  This,  according  to  Poisson's 
theory,  is  the  ratio  of  the  volume  of  the  magnetic  molecules  to 
the  wholo  volume  of  the  iron.  It  is  impossible  to  pack  a  space 
with  equal  spheres  so  that  the  ratio  of  their  volume  to  the  whole 
space  shall  be  so  nearly  unity,  and  it  is  exceedingly  improbable 
that  so  large  a  propoition  of  the  volume  of  iron  is  occupied  by 
solid  molecules,  whatever  be  their  form.  This  is  one  reason 
why  we  must  abandon  Poisson's  hy3>otheei8.  Otht-rs  will  be 
stated  in  Chapter  VI.  Of  course  the  value  of  Poisson's  mathe- 
matical investigations  remains  unimpaired,  as  tliey  do  not  rest 
on  his  hypothesis,  but  on  the  experimental  fact  of  induced 
magnetization. 

*  SfeitreAis  «ir  let  PropriUti  MapUtiqva  du/ir.  A'ova  Aeta,  Upul,  1S63. 
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A  Hollov.'  SpheH^al  Shdl, 

431.]  The  first  example  of  the  complete  solution  of  a  problem 
in  magnetic  induction  was  that  given  by  Poisson  for  the  case 
of  a  hollow  spherical  shell  acted  on  by  any  magnetic  forces 
whatever. 

For  simplicity  we  shall  suppose  the  origin  of  the  magnetic 
forces  to  be  in  the  space  outside  the  shell. 

If  V  denotes  the  potential  due  to  the  external  magnetic 
system,  we  may  expand  F  in  a  series  of  solid  harmonics  of  the 
form  V=C^.%  +  C\S,r  +  Sic.  +  C,S,r'  +  ...,  (I) 

where  r  is  the  distance  from  the  centre  of  the  shell,  S^  is  a 
fiurface  harmonic  of  order  i,  and  Cj  is  a  coefficient. 

This  series  will  be  convergent  provided  r  is  less  than  the 
distance  of  the  neareat  magnet  of  the  system  which  produces 
this  potential.  Hence,  for  the  hoUow  spherical  shell  and  the 
apaco  within  it,  this  expansion  is  convergent. 

Let  the  external  radius  of  the  shell  be  a,,  and  the  inner  radius 
Hj,  and  let  the  potential  duo  to  its  induced  magnetism  be  tl. 
The  form  of  the  function  il  will  in  general  be  different  in  the 
hollow  space,  in  the  substance  of  the  shell,  and  in  the  space 
beyond.  If  we  expand  these  functions  in  harmonic  series,  then, 
confining  our  attention  to  those  terms  which  involve  the  surface 
harmooic  iS\,  we  shall  find  that  if  ii,  is  that  which  corresponds 
to  the  hollow  space  within  the  shell,  the  expansion  of  ili  must 
he  in  positive  hai-monica  of  the  form  .diiS^r*,  because  the  po- 
tential must  not  become  infinite  within  the  sphere  whose  radius 
is  a,. 

lu  the  subetance  of  the  shell,  whei-e  r  lies  between  a,  and  a,, 
the  aeries  may  contain  both  positive  and  negative  powers  of  r, 
of  the  form  A^Stv' +  B,8,7^<'* 
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Outside  the  shell,  where  r  is  greater  than  a2,  since  the  series 
must  be  convergent  however  great  r  may  be,  we  must  have  only 
negative  powers  of  r,  of  the  form 

The  conditions  which  must  be  satisfied  by  the  function  XI  are : 
It  must  be  1®  finite,  and  2^  continuous,  and  3®  must  vanish  at 
an  infinite  distance,  and  it  must  4®  everywhere  satisfy  Laplace's 
equation. 

On  account  of  1®,  £1  =  0. 

On  account  of  2^,  when  r  =  a^y 

{A,-A,)a,^'*^-B,=  0,  (2) 

and  when  r  =  ag, 

(^-il3)a22'+^4-5,-£3=  0.  (3) 

On  account  of  3^,  -43  =  0,  and  the  condition  4®  is  satisfied 

everywhere,  since  the  functions  are  harmonic. 

But,  besides  these,  there  are  other  conditions  to  be  satisfied  at 

the  inner  and  outer  surfaces  in  virtue  of  equation  (10),  Art.  427. 
At  the  inner  surface  where  r  =  a^ 

0+4.«)^-^+4.K^  =  0,  (4) 

and  at  the  outer  surface  where  r  =  Og, 

.(l+4..)-^  +  -^-4..  —  =0.  (o) 

From  these  conditions  we  obtain  the  equations 

and  if  we  put 

-'^'i  = ; „   2<+K'      W 

{l+4^K){2i+\f  +  {4vKfi{i+l}(l-Q)       ) 
we  find 

A,=  -{4vKfi{i+l)(l-Qf*')N,C„  (9) 

A^=-4^Ki\2i+l  +  4i,K{i+l){l-Qf*')\N;C„     (10) 

B,=  4irK»(2i+l)o«*»iV,Cj,  (11) 

£3=-4irKi{2i+l+4irK(i+l)}(«,«'+»-a«+i)iV';C,.     (12) 

These  quantities  being  substituted  in  the  harmonic  expansions 

give  the  part  of  the  potential  due  to  the  magnetization  of  the 

shell.    The  quantity  N^  is  always  poeitiTe,  ainoe  1  +  4tic  can 
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■  be  negative.  Hence  j4,  is  always  negative,  or  in  other 
words,  the  action  of  the  magnetized  shell  on  a  point  within  it  is 
always  opposed  to  that  of  tlie  external  magnetic  force,  whether 
the  shell  be  pai-amagnctic  or  diamagnutlc.  The  actual  value  of 
the  resultant  potential  within  the  ahell  is 

or         (l+47rK){2i+l)-iV.C,5,r'.  (13) 

433.]  When  k  is  a  lai^  number,  as  it  is  in  the  cose  of  soft 
iron,  then,  unless  the  shell  is  very  thin,  the  magnetic  force 
within  it  is  but  a  small  fraction  of  the  external  force. 

In  this  way  Sir  W.  Thomson  has  rendered  his  marine  galva- 
nometer independent  of  cstejnal  magnetic  force  by  enclosing  it 
in  a  tube  of  soft  iron. 

438.]  The  case  of  greatest  practical  importance  is  that  in 
which  i  =  1.     In  this  case 


^1 


9(l  +  4,r-c)+2(4,0"(l-(^))' 

B3  =  - 4  WK (3  +  8  w^  (V-«/} ^\Ci. 

"the  magnetic  force  within  the  hollow  shell  i 
uniform  and  equal  in  magnitude  to 

9(l-H47rK} 


Ci  +  ^j  = 


-Cj. 


(14) 


(15) 


(16) 


If  we  wish  to  deteimine  k  by  measuring  the  magnetic  force 
within  a  hollow  ahell  and  comparing  it  with  the  external  mag- 
netic force,  the  best  value  of  the  thickness  of  the  shell  may  be 
found  from  the  equation 

»,-       2  {4")-  '     ■" 

•'    (         A,} 

<1  ■+  y^\  a  maximum,  so  that  for 


{This  value  of  - 


a  given  error  1 


makes  -r- 


the  corresponding  i 


small  as  possible.]     The  magnetic  force  inside  the  shell  is  then 
hi^f  of  its  value  outside. 


Wj  maont/ik;  I'ifOfjLKMH.  [434, 

I'.inrf.  ill  llif'  rtiw^  nf  iron,  k  JH  a  niirntK^r  )>ctwocn  20  and  30, 
Mm*  fliirlMiiKH  of  IIm^  hIhOI  oif^lii  io  Ih)  about  tho  two  hundredth 
|ifif  I.  ol'  tin  MiiliiiM.  TliiM  iiH^MifMl  Ih  a|)pli(*.a))lo  only  when  the  value 
nt  »  in  Iftfpriv  Wlioii  it  in  very  Hiiiall  tin;  value  of  A^  becomeH 
iitnMiMililii.  Hiiirn  it  f|i'poii(|f4  oil  tli(;  Hfjiian^  of  K. 

I'nt  a  iiiwii  ly  Molid  M|ilirn«  w'ltli  a  very  hiiiall  spherical  hollow 


(18) 


,  y(l7rK)-  ^,      ^ 

'  '  (:i  ♦  ■l7rK)(a4-H7rK)    *' 

'V\\%^  >vl)ii|o  of  tluM  iuvostijifntion  ini^ht  have  been  deduced 
«liHv(l\  Im^iu  i\u\{  of  oouiluotion  through  a  sphorical  shelL  as 
^i\iM\  \\\  \\{  :M';.  |iv  puttiu);  k\  --  ^l  +  ItkU^  in  the  expressions 
MiiMv  f;)\on.  ivn\oiul»onU};  that  A^  and  .4^.  in  the  problem  of 
t\Muhto(iou  niv  ^spnxnlout  (o  i\  -k  .1,  and  <\  +  «-t2  in  the  problem 
«'f  u)A>;u«'(\o  \u«luo(iou. 

iiU.  I  VI\o  **\M»\vi|SM\diu4r  ssxhaiou  in  I  wo  dimensions  is  graphic 
^■^l\^\  uy'.v^ou^xl  \u  Ki»:.  \V.  at  tho  cud  of  this  volume.  The 
■•.t\/.%  K*<  \\\.\\w\  s^w    \\\\w)\  At  a  ^v.siaukV  :rv^:v.  the  ctiitre  of  ihr 

^    «  •  m 

..  .  *  »••... 

•  v     •» »«.  ■     »•• w    '  '"^''^X  ■■•****•    V     ^"*   '     V    *^**'»  *     '  •*     •"<    ■'i*S"*l"*' 

»•      «.•«.'•*•        x"-'    *•     •*'.   .    *...   .^    ^-•■.  •.*.      ••••     -'-•^    <V«i'V—*     *•    "•  ."^  " 

-w*..  .'   »         •*■..    '«.>«•»•     i..^.^r     .»,.".    .,...>,  <!.■•*'<    •  *■•"    ii-**""  '^     ■"    L 

.    ■  kv      ,  ,  •    .  •    « '>^    •!       «■■«        ■■■*.r      ••       ••      .......  f—m       V  .  ^  ■  «^T 

X .  \K  A.  ,1. .       .■.-..*..  ,^.-.  X  •.■  ■ '. .  '.••i-      •  ■ .  >  -*.  V .-.  -<».  V ;  :u  -:  -v :.-.  n*L^  i*:  l.  - 

m 

\  .    ^^  .V      ...«*'.♦■        '.1.     ...*'.-        ..'•.'>    .".      ..■■..'.••..  ■jV     iS^:     '.-iVI    Zi:!^"*^' 

:.'s^« .  '■.      -^  *■     "•^.  ;.v .!..'•.■»,■    »*  '•    J.:-     .".  .  vi.iT.:*:  :.!»>    *.;--:u.*vrr 

*...   v.,i  •*  .»      1.  '  '1  .    I  .li  \   :  "•     .'•.   v»k."i.  ■..^kji'.''". ':  :    ..:•:■:••    vi.L!a. 

"'X    »    .*.    .  *H.    ■  '«.        »■    I        ".il      »'".»;^        lit.*.,'      1      II. 

)i»xv.   li   vK    li-Ni'   fkhw-   vJw  ^-ncv   yi    »  ^-'liiwMr   nitirn:iw2.*t  m 
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versely  anil  placed  in  the  positiou  of  unstabla  equilibrium 
among  the  lines  of  force,  which  it  causes  to  diverge.  In  the 
second  place,  considering  the  large  dotted  circle  as  the  section 
of  ft  diamagnetic  cylinder,  the  dotted  straight  lines  irithin  it, 
together  with  the  lines  external  to  it,  represent  the  effect  of  a 
diamagnetic  Bubetance  in  separating  the  lines  of  induction  and 
drawing  together  the  cquipotential  surfaces,  such  a  substance 
being  a  worse  conductor  of  magnetic  induction  than  the  sur- 
rounding medium. 


Case  of  a  Sp/tere  in  which  tJte  Coe^icienta  of  MarjTietization  are 
Different  in  Different  Directions. 

435.]  I^t  a,  /3,  y  be  the  components  of  magnetic  force,  and 
A,  S,  C  those  of  the  magnetization  at  any  point,  then  the  most 
general  linear  relation  between  these  quantities  is  given  by  the 
equations  a  =  r^a  +  p.,ff  +  q,y,  1 

B  =  q^a  +  r^p  +  p,y,\  (1) 

where  the  coefficients  r,  p,  q  are  the  nine  coefficients  of  magnet- 
ization. 

Let  us  now  suppose  that  these  are  the  conditions  of  magnet- 
ization within  a  sphere  of  radius  a,  and  that  the  magnetization 
at  every  point  of  the  substance  is  uniform  and  in  the  same 
direction,  having  the  components  A,  B,C. 

Let  UB  also  suppose  that  the  external  magnetizing  force  is 
also  uniform  and  parallel  to  one  direction,  and  has  for  its  com- 
ponenta  X,  Y,  Z. 

The  value  of  V  is  therefore 

K=-(Ji+ys,+zj),  (2) 

and  that  of  12',  the  potential  outside  the  sphere  of  the  mag- 
netization, is  by  Art.  391, 

ii'=^^lM^  +  j5tf+C4  (3) 

The  value  of  ft,  the  potential  within  the  sphere  of  the  mag- 
uetization,  ia  4  . 

Tlif  actual  potential  within  the  sphere  is  V+li,  so  that  we 
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shall  have  for  the  components  of  the  magnetic  force  within  the 
sphere  a  =  X-*  i,A,  \ 

p^Y-^vB,  (5) 

Hence 

iiiq^A  +  {\-\-^itr^B+        ivpiC  =  q^X +  rJ'+piZ,  ■    (6) 
iitPtA+        ivqiB  +{l+iirr3)C  =  p^X +qiY+rsZ. , 

Solving  these  equations,  we  find 

5  =  y/X  +  r/r+jp/^,  .  (7) 

where  l>'r/=  ri+t7r(r3ri-/>5j?2  +  n^2~/>8?3)  +  (5^)*A 

&c., 

where  D  is  the  determinant  of  the  coefficients  on  the  right  side 
of  equations  (6),  and  1/  that  of  the  coefficients  on  the  left. 

The  new  system  of  coefficients  p\  g',  r'  will  be  symmetrical 
only  when  the  system  p,  9,  r  is  symmetrical,  that  is,  when  the 
coefficients  of  the  form  j)  ai'e  equal  to  the  corresponding  ones  of 
the  form  q, 

436.]  *The  moment  of  the  couple  tending  to  turn  the  sphere 
about  the  axis  of  x  from  y  towards  z  is  found  by  considering 
the  couples  arising  from  an  elementary  volume  and  taking  the 
sum  of  the  moments  for  the  whole  sphere.     The  result  is 

=  i7ra3{;>/Z«-9/F^+(r/-r30rZ+.Y(?3'^-/>/F)}.    (9) 

*  [The  equality  of  the  coefficient*  p  and  q  mfty  be  ehewn  as  followt :  Let  the  foroea 
acting  on  the  ^pliore  tin n  it  alK>ut  a  diameter  whose  direction-coftinds  are  kyfi^r  through 
:m  angle  i$;  then,  if  Jl*  <1enote  the  energy  of  the  sphere,  we  have,  by  Art.  436, 

Hnt  if  the  axes  of  coordinates  be  fixed  in  the  sphere  we  have  in  c<»aequenoe  of  the 
rotation  8  X  -  ( IV -  Z/x^  8«,  etc 

Hence  we  mav  put 

That  the  revolvinjr  p]»h"rc  may  nt^t  K-conic  a  gonrce  of  energy,  the  expre«uon  cm  the 
right-han«l  of  Uio  last  o<]uation  mu^t  l)e  a  i>orfect  ditfcrentlHl.  Hence,  since  A,  B,  C 
Are  linear  functions  of  A',  1',  Z,  it  ft>llow«  that  W*  is  a  quailratic  function  of  X,  F,  Z, 
and  the  requirt»<l  renult  is  at  once  deiiuced. 

See  also  Sir  W.  Thomson's  Reprint  of  Paptf  on  BltctmtUaiot  amd  Magttitm, 
pp.  480-4S1.] 
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If  we  make 

X=0,        y=FcoBe,        Z=Fsm0, 
tbis  correspoada  to  a  magnetic  force  F  in  the  plane  of  yz,  and 
iuclined  to  ^  at  an  angle  d.     If  we  now  turn  the  sphere  while 
thia  force  remains  constant  the  work  done  in  turning  the  sphere 

will  be  /  Lj0  in  each  complete  revolution.  But  thia  is  equal  to 
U'<i'F^p,'-q,').  (10) 

Henoe,  in  order  that  the  revolving  sphere  may  not  become  an 
inexhaustible  source  of  energy,  p^  =  q{,  and  similarly  p^  =  q^ 
and  p^=  q^'. 

These  conditions  shew  that  in  the  original  equations  the  co- 
efficient of  B  in  the  third  equation  is  equal  to  that  of  C  in  the 
second,  and  so  on.  Hence,  the  system  of  equations  ia  sym- 
metrical, and  the  equations  become  when  referred  to  the  prin- 
cipal axes  of  magnetization, 


B  = 


l+Jir, 


(") 


-  Z. 


The  moment  c 
th«  axis  of  X  is 


the  couple  tending  to  turn  the  sphere  round 


,7Z. 


In  most  cases  the  differences  between  the  coefficients  of 
magnetization  in  different  directions  are  very  small,  so  that  we 
may  put,  if  r  represents  the  mean  value  of  the  coefficients. 


■ii'^ai 


(13) 


This  is  the  force  tending  to  turn  a  crystalline  sphere  about 
the  axis  of  x  from  y  towards  z.  It  always  tends  to  place  the 
axis  of  greatest  magnetic  coefficient  {or  least  diamagnetic  oo- 
efficieut)  parallel  to  the  line  of  magnetic  force. 

The  corresponding  case  in  two  dimensions  is  represented  in 
Fig.  XVI. 

If  we  suppose  the  upper  side  of  the  figure  to  be  towards  the 
north,  the  figure  represents  the  lines  of  force  and  equipotential 
surfaces  as   disturbed  by  a  transversely  magnetized   cylinder 

VOL.  u.  p 
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placed  with  the  north  side  eastwards.  The  resultant  force  tends 
to  turn  the  cylinder  from  east  to  north.  The  large  dotted  circle 
represents  a  section  of  a  cylinder  of  a  crystalline  substance 
which  has  a  larger  coefficient  of  induction  along  an  axis  from 
north-east  to  south-west  than  along  an  axis  from  north-west  to 
south-east.  The  dotted  lines  within  the  circle  represent  the 
lines  of  induction  and  the  equipotential  surfaces,  which  in  this 
case  are  not  at  right  angles  to  each  other.  The  resultant  force 
on  the  cylinder  tends  evidently  to  turn  it  from  east  to  north. 

437.]  The  case  of  an  ellipsoid  placed  in  a  field  of  uniform  and 
parallel  magnetic  force  has  been  solved  in  a  very  ingenious 
manner  by  Poisson. 

If  F  is  the  potential  at  the  point  {x^  y,  z),  due  to  the  gravita- 

dV 
tion  of  a  body  of  any  form  of  uniform  density  p,  then  —  -7— 

is  the  potential  of  the  magnetism  of  the  same  body  if  uniformly 

magnetized  in  the  direction  of  x  with  the  intensity  I^  p, 

dV 
For  the  value  of  — r— 5a;  at  any  point  is  the  excess  of  the 

value  of  F,  the  potential  of  the  body,  above  F',  the  value  of 

the  potential  when  the  body  is  moved  —8  a;  in  the  direction 

of  X. 

If  we  supposed  the  body  shifted  through  the  distance  —bx, 

and  its  density  changed  from  p  to  —  p  (that  is  to  say,  made  of 

dV 
repulsive  instead  of  attractive  matter),  then  — j-bx  would  be 

the  potential  due  to  the  two  bodies. 

Now  consider  any  elementary  portion  of  the  body  containing 

a  volume  bv.     Its  quantity  is  p6r,  and  corresponding  to  it  there 

is  an  element  of  the  shifted  body  whose  quantity  is  —  p6i'  at  a 

distance  —  6.r.     The  effect  of  these  two  elements  is  equivalent  to 

that  of  a  magnet  of  strength  pbv  and  length  bx.     The  intensity 

of  magnetization  is  found  by  dividing  the  magnetic  moment  of 

an  element  by  its  volume.     The  result  is  pbx. 

/I'' 
Hence  — j-bx  is  the  magnetic  potential  of  the  body  mag- 

,  .  .  dV 

netized  with  the  intensity  pbx  in  the  direction  of  x,  and  — r— 

is  that  of  the  l>ody  magnetized  with  intensity  p. 

This  potential  may  be  also  considered  in  another  light.     The 

body  was  shifted  through  the  distance  —5  a;  and  made  of  density 
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—p.     Throughout  that  part  of  space  common  to  tho  body  m  its 

two  positions  the  density  ia  zero,  for,  as  far  as  attraction  is 

concerned,  the  two  equal  and  opposite  donsities  annihilate  each 

other.     There  remains  therefore  a,  shell  of  positive  matter  on 

one  side  and   of  negative  matter  on  the   other,  and  wo  may 

regard  the  resultant  potential  as  due  to  these.     The  thickneas  of 

the  shell  at  a  point  where  the  normal  drawn  outwards  makes 

an  angle  e  with  the  axis  of  x  is  8a:  cos  e  and  ita  density  is  f>. 

The  surface-density  ia  therefore  pbxcoat,  and,  in  the  case   in 

dV 
which  the  potential  ia  — — ,  the  surface-density  is  p  cos  (. 

In  this  way  we  can  find  the  magnetic  potential  of  any  hody 
uniformly  magnetized  parallel  to  a  given  direction.  Now  if 
this  uniform  magnetization  is  due  to  magnetic  induction,  the 
magnetizing  force  at  all  points  within  the  body  must  also  be 
uniform  and  parallel. 

This  force  consists  of  two  parts,  one  due  to  external  causes, 
and  the  other  due  to  the  magnetization  of  tho  bofly.  If  there- 
fore the  external  magnetic  force  ia  uniform  and  parallel,  the 
magnetic  force  due  to  the  magnetization  must  also  be  uniform 
and  parallel  for  all  points  within  the  body. 

Hence,  in  order  that  this  method  may  lead  to  a  solution  of 

dV 
the  problem  of  magnetic  induction,  -j-  must  be  a  linear  function 

of  the  coordinates  x,  y,  z  within  the  body,  and  therefore  V  must 
be  a  quadratic  function  of  the  coordinates. 

Now  the  only  cases  with  which  we  are  acquainted  in  which  V 
is  a  quadratic  function  of  the  coordinates  within  the  body  are 
those  in  which  tho  body  ia  bounded  by  a  complete  surface  of 
the  second  degree,  and  the  only  case  in  which  such  a  body  is  of 
finite  diraensions  is  when  it  is  an  ellipsoid.  We  shall  therefore 
apply  the  method  to  the  case  of  an  ellipsoid. 

Let  -,+S+^-i=>  (•) 

a*     y     *r 
bo  the  equation  of  the  ellipsoid,  and  let  *„  denote  the  definite 
integral 


'  Soo  TlioniM.ii  iinil  T.il'B  is'xlarat  Phihtoiiliy,  i  526,  2jd  Edili 


(2) 
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Tli^^n  if  WO  mftko 

/.  =  inaln,^^y       M^i.<J>c,^*^y      N=inabcl^y    (3) 

ill*'  valun  of  Uio  pototitiftl  within  the  ellipsoid  will  be 

IJ  =  -  f  (Lx»  +  Mf + Ns")  +  conflt.  (4) 

If  tlm  olli]im»i(l  M  tnagnotizod  with  uniform  intensity  /  in  a 
<lhvoU(m  iimklng  ftngUw  whoHo  cosinoa  are  /,  m,  n  with  the  axes 
of  iV,  ;/,  2,  f^o  that  tho  ODinpononts  of  magnetization  are 

A  =  //.        n  =  /?« ,        C  =  In, 
tho   imtontlal  duo  to  this  magnctijeation  within  the  ellipsoid 
will  l»o  a  =^  -  /  (Z Ar  +  Mmy  +  iViij).  (5) 

If  tho  oxtoriml  nuiguotiKing  force  is  «^,  and  if  its  components 
mv  A\  W  i,  itn  potontial  will  bo 

r=-(X4'+ry+ir4  (e) 

Tl\^  0x>m|H>n<>utA  of  the  actual  magnetising  force  at  any  point 
wUiiiu  tho  KhIv  an>  Uiotv>fort> 

.V^  AL        Y^BXr.        jr+OX  (7) 

X\w  uh\M  jjv'uoral  tvUlions  Ivtwvvn  tho  magnotuEation  and 
U\o  u>ajiuo<4wujf  t\mv  aix^  giwn  by  throo  linear  equations, 
\u\oUiuj?  uiue  vsvffioiont;!^  It  is  nccos^ury.  howovor,  in  order 
to  fultil  tho  <SM^ditiou  of  the  oons>ervation  of  eneT§\%  that  in 
tho  ^>ji>y<>  of  u>ap>etie  indx^etion  thiw  of  liie^^  should  be  equal 
ivv^vs"»t\\Tl\  to  ^v(hor  tinwVs  s^^  t.h*t  we  should  have 

r  ~  V  , .V  -  /J  -  K. . r - RA:'"  ^y. ./- r vv- • 

I^^^T^^  th.\^^  ^v.viAtioTis  wf  Ti*kA^"  *^M<'mvlTje  A,  S  jiDvi  (^  in  t-frms 

ft  « 

o1    V    V.  ^...  aT>,;  <>.!>  ^"il*.  ci^*^  ^^f'  w>c*«  cC':T}OTi^  ^^ctlxiUoz.  of  ibe 
^v,«oNk*7r» 

4^."    T)u  oit]\  <»^>v  *'»:  T»nioi.i*-»4i.'.  iniwcttoiw-  i^  xitiA  ii.  wiach 
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We  have  then  A  =  - — ^-X', 

1  —K^L 


\  (10) 


^  ^    ^ XT^'    I 

l—K^N         I 

If  the  ellipsoid  has  two  axes  equal,  and  is  of  the  planetary 

or  flattened  form,  ^ 

h  =  c  = 


V\  -e' ' 


(11) 


^  =  -^'t i5— sin  'e).  \ 

Jlf  =  JV  =  - 2w  (  ^^5^  sin-'e- ^)  .  ) 


(12) 


If  the  ellipsoid  is  of  the  ovary  or  elongated  form, 

a  =  6=  Vn^c;  (13) 

Z  =  JI/  =  -2.(i--V-flogl±-') 


^=-^'i^-')(W,-e-'y 


(H) 


In  the  case  of  a  sphere,  when  <?  =  0, 

Z  =  3f=JV^  =  -47r.  (15) 

In  the  case  of  a  very  flattened  planetoid  L  becomes  in  the 

limit  equal  to  —  47r,  and  M  and  iV  become  —  tt^  -  • 

In  the  case  of  a  very  elongated  ovoid  L  and  M  approximate 
to  the  value  —  2  tt,  while  N  approximates  to  the  form 

and  vanishes  when  6=1. 

It  appears  from  these  results  that — 

(1)  When  K,  the  coefficient  of  magnetization,  is  very  small, 
whether  positive  or  negative,  the  induced  magnetization  is 
nearly  equal  to  the  magnetizing  force  multiplied  by  jc,  and  is 
almost  independent  of  the  form  of  the  body. 

(2)  When  k  is  a  large  positive  quantity,  the  magnetization 
depends  principally  on  the  form  of  the  body,  and  is  almost 
independent  of  the  precise  value  of  k,  except  in  the  case  of  u 
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hnigitudinal  force  acting  on  an  ovoid  so  elongated  that  Nk  is 
a  Hinall  (juantity  though  k  is  large. 

(3)  If  the  value  of  k  could  be  negative  and  equal  to  —  we 

Hhould  have  an  infinite  value  of  the  magnetization  in  the  case 
ol*  a  nuignoti/iing  force  acting  normally  to  a  flat  plate  or  disk. 
The  absurdity  of  this  result  confirms  what  we  said  in  Art.  428. 

Hence,  experiments  to  determine  the  value  of  k  may  be  made 
on  botlius  of  any  form,  provided  k  is  very  small,  as  it  is  in 
tlu)  case  of  all  diamagnetic  bodies,  and  all  magnetic  bodies 
fxc(*pt  iron,  nickel  and  cobalt. 

If,  however,  as  in  the  case  of  iron,  k  is  a  large  number, 
cxperinionts  made  on  spheres  or  flattened  figures  are  not 
Kuitablo  to  determine  k;  for  instance,  in  the  case  of  a  sphere 
the  ratio  of  the  magnetization  to  the  magnetizing  force  is  as 
I  to  •1*22  if  K  =  SO,  as  it  is  in  some  kinds  of  ii*on,  and  if  k  were 
inthiito  the  ratio  would  bo  as  1  to  4-19,  so  that  a  very  small 
cri\)r  in  the  determination  of  the  magnetization  would  introduce 
a  very  largo  one  in  the  value  of  k. 

Hut  if  wo  make  use  of  a  piece  of  iron  in  the  form  of  a 
viM'v  oU)ngatod  ovoid,  then,  as  long  as  Xk  is  of  moderate  value 
oomimivd  with  unity,  wo  may  deduce  the  value  of  k  from  a 
dotonuinatiou  of  the  magnetization,  and  the  smaller  the  value 
of  X  tho  nioiv  aoourato  will  Ih>  the  vahie  of  k. 

In  fnot,  if  Sk  bo  uuulo  small  enough,  a  small  error  in  the 
vuhio  of  X  itself  will  not  intro<iuco  much  error,  so  that  we 
mm  use  anv  elonu^ated  lH)dv,  such  as  a  wire  or  lonjx  rod,  instead 
v>f  an  ovoid*. 

We  must  unnemln^r,  however,  that  it  is  onlv  when  the 
\M\Hluet  .V  »<  is  small  eompar^nl  with  unity  that  this  substitution 
i^  allowaMe.  In  faet  the  distribution  of  magnetism  on  a  long 
e\liuvler  with  tlat  euvls  d^^n^s  not  n-semble  that  on  a  long 
oNvud,  for  the  free  uiaijnetism  is  verv  much  concentrate**! 
lowanls  the  euvis  of  the  ovliuvier.  whereas  it  varies  liirectlv  as 
tl;o  viisiAuee  fivia  the  is^uator  in  the  ease  of  the  ovoid. 

Tho  vlistriouiion  of  eUvtrieitv  on  a  ev limit  n  however,  is  r^allv 

•  •  • 

iviui>Hn\b!e  witli  that   on  an  ovoid,  as  we  have  already  seen. 
Art.  lo2, 
These  nsult^?  als^.^  enable  us  10  understand  why  the  magnetic 

i 
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moment  of  a  permanent  mn^et  can  be  made  so  much  greater 
when  the  magnet  has  an  elongatod  form.  If  wo  were  to 
magnetize  a  disk  with  intensity  /  in  a  direction  normal  to 
ita  surface,  and  then  leave  it  to  itself,  the  inteiior  particles 
would  experience  a  constant  demagnetizing  force  equal  to  ■IttI. 
and  thia,  if  not  sufficient  of  itself  to  destroy  part  of  the  mag- 
netization, would  soon  do  ao  if  aided  by  vibrations  or  changes 
of  temperature*. 

If  we  were  to  magnetize  a  cylinder  transversely  the  demag- 
netizing force  would  be  only  2Tr/, 

If  the  magnet  were  a  sphere  the  demagnetizing  force  would 
heUJ- 

In  a  dask  magnetized  transversely  the  demagnetizing  force  is 

v*-I,  and  in  an  elongated  ovoid  magnetized  longitudinally  it 
is  least  of  all,  being  ■!  tt  -^  /  log  — 

Hence  an  elongated  magnet  is  less  likely  to  lose  its  magnetism 
than  a  shoit  thick  one. 

The  moment  of  the  force  acting  on  an  ellipsoid  having 
different  magnetic  coefficients  for  the  three  axes  which  t^nda 
to  turn  it  about  the  axis  of  x,  is 

Hence,  if  k.^  and  k^  are  small,  this  force  will  depend  principally 
on  the  crj-stalline  quality  of  the  body  and  not  on  its  shape,  pro- 
vided its  dimensions  are  not  very  unequal,  but  if  k^  and  k^  are 
considerable,  as  in  the  case  of  iron,  the  force  will  depend 
principally  on  the  shape  of  the  body,  and  it  will  turn  bo  as 
to  set  its  longer  axis  parallel  to  the  lines  of  force, 

If  a  sufficiently  strong,  yet  uniform,  field  of  magnetic  force 
could   be   obtained,   an   elongated   iijotropic    diamagnetic  body 

•   [The  magnetic  forca  in  llie  disk  -  X  f  AL 
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would  al80  Bot  itself  with  its  longest  dimension  parallel  to  the 
linoH  of  magnetic  force*. 

430.]  The  (jnestion  of  the  distribution  of  the  magnetization  of 
an  ellipsoid  of  revolution  under  the  action  of  any  magnetic 
forooH  has  boon  investigated  by  J.  Neumann  f.  KirchhoflFJ  has 
extended  the  method  to  the  case  of  a  cylinder  of  infinite  length 
acted  on  by  any  force. 

(Jroon,  in  the  1 7th  section  of  his  Essay,  has  given  an  investiga- 
tion of  the  distribution  of  magnetism  in  a  cylinder  of  finite 
length  acted  on  by  a  uniform  external  force  X  parallel  to  its  axis. 
Though  some  of  the  steps  of  this  investigation  are  not  very 
rigorous,  it  is  probable  that  the  result  represents  roughly  the 
actual  magnetization  in  this  most  important  case.  It  certainly 
oxproBses  very  fairly  the  transition  from  the  case  of  a  cylinder 
for  which  k  is  a  large  number  to  that  in  which  it  is  very  small, 
but  it  fails  entirely  in  the  case  in  which  k  is  negative,  as  in 
diainngnetic  sulvstancos. 

Oroen  finds  that  the  linear  density  of  free  magnetism  at  a 
dii^tance  x  from  the  middle  of  a  cylinder  whose  radius  is  a  and 
whose  length  is  2  /» is 

X  =  ttkXjhi 


—  f 

tl 

t^ 

yi 

f« 

-f  / 

• 

whoiv  p  is  a  numerical  quantity  to  l>e  found  from  the  equation 

0-231 803- 2  Wi) 4- 2/)  =  —    ^. 

The  toUow'uigaro  a  few  of  the  corivsponding  valuee  of/>and  k. 
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When  the  length  of  the  cylinder  is  great  compared  with  its 
radiuH,  the  whole  quantity  of  free  magnetism  on  either  side  of 
the  middle  of  the  cjUnder  is,  as  it  ought  to  be, 

Of  tliis  1  pM  is  on  the  flat  end  of  the  cylinder*,  and  the  dietance 
of  the  centre  of  gravity  of  the  whole  quantity  M  from  the  end 

of  the  cyUnder  ie  -  ■ 
P 

When  K  is  very  small  p  is  large,  and  nearly  the  whole  free 
magnetism  is  on  the  ends  of  the  cylinder.  As  k  inci'easos  p 
diminishes,  and  the  free  magnetism  is  spread  over  a  greater 
distance  from  the  ends.  When  k  is  infinite  the  free  magnetism 
at  any  point  of  the  cylinder  is  simply  proportional  to  its  distance 
from  the  middle  point,  the  distribution  being  similar  to  that  of 
free  electricity  on  a  conductor  in  a  field  of  uniform  force. 

440.]  In  all  substances  except  iron,  nickel,  and  cobalt,  the 
coefficient  of  maj^netization  is  so  small  that  the  induced  mag- 
netization of  the  body  produces  only  a  very  slight  alteration  of  the 
forces  in  the  magnetic  field.  We  may  therefore  assume,  as  a 
first  approximation,  that  the  actual  magnetic  force  within  the 
body  ia  the  same  as  if  the  body  had  not  been  there.  The  super- 
ficial magnetization  of  the  body  is  therefore,  as  a  first  approx- 
imation. K  -J-,  whure  -.-  is  the  rate  of  increase  of  the  magnetic 

potential  due  to  the  external  magnet  along  a  normal  to  the 
surface  drawn  inwards.  If  we  now  calculate  the  potential  due 
to  this  superficial  distribution,  we  may  use  it  in  proceeding  to  a 
second  approximation. 

To  find  the   mechanical   energy   due   to  the   distribution   of 

■ide  of  the 
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tunffnatmu  on  thiH  fir8t  approximation  we  must  find  the  surface- 

(.tikctn  ovftr  tho  whole  Hurfacc  of  the  body.     Now  we  have  shewn 
ill  Art.  100  that  thin  in  equal  to  the  volume-integral 


f2 


dV 


dV{ 


taknii  iliroiigli  the  whole  Hpace  occupied  by  the  body,  or,  if  i2  is 
the  n^Hultiuit  inagiietic  force, 

Now  Hinci^  th(i  work  done  by  the  magnetic  force  on  the  body 
(hiring  a  dinplacenieut  hx  is  Xhx  where  X  is  the  mechanical 
foreo  in  the  direction  of  Xy  and  since 

I  XbX'\-E  =i  constant, 

which  Hhows  that  tho  force  acting  on  the  body  is  as  if  every  part 
of  it  tomloil  to  movo  tVoni  places  whoR>  lir  is  loss  to  places  where 
it  is  groaU^r.  with  a  t\)roo  which  on  every  unit  of  volume  is 

dx 

It'  K  is  noi^ntivo,  lu;  in  diamagnotie  bodies,  this  force  is,  as 
Faraday  tii-st  showed,  from  strvnii^^r  to  weaker  parts  of  the 
u\ai:iiotio  tield.  Mv»st  of  tho  actions  obsorvoil  in  the  case  of 
*hai\\ai;neUo  Iwlies  vlepeuvl  on  this  pn^jvrty. 

ni.'  Ahwvv^i  evorv  i\u*i  of  uifti^netio  soionco  tiuds  iii^  use  in 
luiNi^ntivUi.  ri'.o  vlirwiiNo  action  of  tho  earth's  mairnotism  on 
the  c\^iui>as>-iuv\Ue  U  t{;e  ou!y  iuethv\i  of  ascertaining  the  ship's 
Cvusrso  wV*v.'ii  I  lie  <uu  aiul  >tars  an:^  hid.  The  dicliuation  of  the 
luwlle  fiviu  tV.o  t:u,*  uivV^li.vu  scvuuni  at  tir>t  to  Iv  a  hinvirance 
tv»  tho  av\^u\-*tiou  v*f  i:u'  ov^iiu>asci  to  uav:r^::o'i,  but  after  this 
viirticu;t>  V.a;  Iwu  v^\orvv»ue  bv  tho  cvni>truc:iou  of  uuiiniotic 
diArts  it  aj^ivar^vl  l:koly  t*:iat  the  dvvliiuitiv^u  i:;>vlf  would  3i2<>Lst 
the  luariuor  iu  dcUTUiiuiiij:  hi*  *iup  5  placv. 
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The  greatest  difficulty  in  navigation  had  always  been  to  ascer- 
tain the  longitude ;  but  since  the  declination  is  different  at 
di^rent  points  on  the  same  parallel  of  latitude,  an  observation  of 
the  declination  together  with  a  knowledge  of  the  latitude  would 
enable  the  mariner  to  find  his  position  on  the  magnetic  chart. 

But  in  recent  times  iron  is  so  largely  used  in  the  construction 
of  ships  that  it  has  become  impossible  to  use  the  compass  at  all 
without  taking  into  account  the  action  of  the  ship,  as  a  magnetic 
body,  on  the  needle. 

To  determine  the  distribution  of  magnetism  in  a  mass  of  iron 
of  any  form  under  the  influence  of  the  earth's  magnetic  force, 
even  though  not  subjected  to  mechanical  strain  or  other  disturb- 
ances, is,  as  we  have  seen,  a  very  difficult  problem. 

In  this  case,  however,  the  problem  is  simplified  by  the  following 
considerations. 

The  compass  is  supposed  to  bo  placed  with  its  centre  at  a  fixed 
point  of  the  ship,  and  so  far  from  any  iion  that  the  magnetism 
of  the  needle  does  not  induce  any  perceptible  magnetism  in  the 
ship.  The  size  of  the  compass-needle  is  supposed  so  small  that 
we  may  regard  the  magnetic  force  at  every  point  of  the  needle  as 
the  same. 

The  iron  of  the  ship  is  supposed  to  be  of  two  kinds  only, 

(1)  Hard  iron,  magnetized  in  a  con.stant  manner. 

(2)  Soft  iron,  the  magnetization  of  which  is  induced  by  the 
earth  or  other  magnets. 

In  strictness  we  must  admit  that  the  hardest  iron  is  not  only 
capable  of  induction  but  that  it  may  lose  part  of  its  so-called 
permanent  magnetization  in  various  ways. 

The  softest  iron  is  capable  of  retaining  what  is  called  residual 
magnetization.  The  actual  properties  of  iron  cannot  be  accurately 
rapresented  by  supposing  it  compounded  of  the  hard  iron  and 
the  soft  iron  above  defined.  But  it  has  been  found  that  when  a 
ship  is  acted  on  only  by  the  earth's  magnetic  force,  and  not 
Bubjeci«d  to  any  extraordinary  strc-as  of  weather,  the  supposition 
that  the  magnetism  of  the  ship  is  due  partly  to  permanent  mag- 
netisation and  partly  to  induction  leads  to  sufficiently  accurate 
results  when  applied  to  the  correction  of  the  compass. 

The  equations  on  which  the  theory  of  the  variation  of  the 
Dompaas  is  founded  were  given  by  Poissou  in  the  fifth  volume  of 
tils  Mimoiree  de  Vhi^'itut,  p.  633  (1 824). 
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The  only  assumption  relative  to  induced  magnetism  which  is 
involved  in  these  equations  is,  that  if  a  magnetic  force  X  due  to 
external  magnetism  produces  in  the  iron  of  the  ship  an  induced 
magnetization,  and  if  this  induced  magnetization  exerts  on  the 
compass  needle  a  disturbing  force  whose  components  are  X\  Y\ 
2j^  then,  if  the  external  magnetic  force  is  altered  in  a  given  ratio, 
the  components  of  the  disturbing  force  will  be  altered  in  the 
same  ratio. 

It  is  true  that  when  the  magnetic  force  acting  on  iron  is  very- 
great  the  induced  magnetization  is  no  longer  proportional  to  the 
external  magnetic  force,  but  this  want  of  proportionality  is 
insensible  for  magnetic  forces  of  the  magnitude  of  those  due  to 
the  earth's  action. 

Hence,  in  practice  we  may  assume  that  if  a  magnetic  force 
whose  value  is  unity  produces  through  the  intervention  of  the 
iron  of  the  ship  a  disturbing  force  at  the  compass-needle  whose 
components  are  a  in  the  direction  of  rv,  d  in  that  of  j/,  and  g  in 
that  of  Zy  the  components  of  the  disturbing  force  due  to  a  force  X 
in  the  direction  of  x  will  be  aX^  dX,  and  gX, 

If  therefore  we  assume  axes  fixed  in  the  ship,  so  that  x  is 
towards  the  ship's  head,  y  to  the  starboard  side,  and  z  towards 
the  keel,  and  if  X,  F,  Z  represent  the  components  of  the  earth's 
magnetic  force  in  these  directions,  and  X\  Y\  Z  the  components 
of  the  combined  magnetic  force  of  the  earth  and  ship  on  the 
compass-needle, 

r=  F+rf.Y  +  6F+/^+Q,(  (1) 

In  these  equations  a,  i,  0,  (Z,  e?, /,  g,  h,  k  arc  nine  constant  co- 
efficients depending  on  the  amount,  the  arrangement,  and  the 
capacity  for  induction  of  the  soft  iron  of  the  ship. 

P,  Q,  and  R  are  constant  quantities  depending  on  the  per- 
manent magnetization  of  the  ship. 

It  is  evident  tliat  these  equations  are  sufficiently  general  if 
magnetic  induction  is  a  linear  function  of  magnetic  force,  for 
they  are  neither  more  nor  less  than  the  most  general  expression 
of  a  vector  as  a  linear  function  of  another  vector. 

It  may  also  be  shown  that  they  are  not  too  general^  for,  by  a 
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proper  arrangement  of  iron,  any  one  of  the  coefficient  may  be 
made  to  vary  iniJependently  of  the  othera. 

Thas,  a  long  thin  rod  of  iron  under  the  action  of  a  longitudinal 
magnetic  force  acquires  poles,  the  strength  of  each  of  which  is 
Qumerically  equal  to  the  cross-section  of  the  rod  multiplied  by 
the  magnetizing  force  and  hy  the  coefficient  of  induced  magnet- 
magnetic  force  transverse  to  the  rod  produces  a  much 
magnetization,  the  effect  of  which  is  almost  insensible  at 
ice  of  a  few  diameters. 

iron  i-od  be  placed  fore  and  aft  with  one  end  at  a 
distance  x  from  the  com  pass -neodle,  measured  towards  the  ship's 
head,  then,  if  the  section  of  the  rod  is  A,  and  its  coefficient  of 
magnetization  k,  the  strength  of  the  pole  will  be  AkX,  and,  if 

A  =  — ■,  the  force  exerted  by  this  pole  on  the  compass-needle 

will  he  aX.  The  rod  may  be  supposed  so  long  that  the  effect  of 
the  other  pole  on  the  compass  may  be  neglected. 

We  have  thus  obtained  the  means  of  giving  any  required 
value  to  the  coefficient  a. 

If  we  place  another  rod  of  section  B  with  one  extremity  at 
the  same  point,  distant  x  from  the  compass  toward  the  head  of 
the  vessel,  and  extending  to  starboard  to  such  a  distance  that  the 
distant  pole  produces  no  sensible  efl'ect  on  the  compass,  the  dis- 
turbing force  due  to  this  rod  wiU  be  in  the  direction  of  x,  and 

BkY 
eqaal  to  —j- ,  or  if  B  = 

This  rod  therefore  introduces  the  coefficient  b. 

A  third  rod  extending  downwards  from  the  same  point  will 
introduce  the  coefficient  c. 

The  coefficients  d,  e,  f  may  be  produced  by  three  rods 
extending  to  head,  to  starboard,  and  downward  from  a  point 
to  starboard  of  the  compass,  and  g.  A,  k  by  three  rods  in  parallel 
directions  fi-om  a  point  below  the  compass. 

Hence  each  of  the  nine  coefficients  can  be  separately  varied 
by  means  of  iron  rods  properly  placed. 

The  quantities  P,  Q,  R  are  simply  the  components  of  the 
force  on  the  compass  arising  from  the  permanent  magnetization 
of  the  ship  together  with  that  part  of  the  induced  mngnetization 
whtoh  is  due  to  the  action  of  this  permanent  magnetization. 

A  complete  discussion  of  the  equations  (1),  and  of  the  relation 
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between  the  true  magnetic  course  of  the  ship  and  the  course 
as  indicated  by  the  compass,  is  given  by  Mr.  Archibald  Smith  in 
the  Admiralty  Alanual  of  the  Deviation  of  the  Compass. 

A  valuable  graphic  method  of  investigating  the  problem  is 
there  given.  Taking  a  fixed  point  as  origin,  a  line  is  drawn 
'*^  from  this  point  representing  in  direction  and  magnitude  the 
horizontal  part  of  the  actual  magnetic  force  on  the  compass- 
needle.  As  the  ship  is  swung  round  so  as  to  bring  her  head 
into  different  azimuths  in  succession,  the  extremity  of  this  line 
describes  a  curve,  each  point  of  which  corresponds  to  a  par- 
ticular azimuth. 

Such  a  curve,  by  means  of  which  the  direction  and  magnitude 
of  the  force  on  the  compass  is  given  in  terms  of  the  magnetic 
course  of  the  ship,  is  called  a  Dygogram. 

There  are  two  varieties  of  the  Dygogram.  In  the  firat,  the 
curve  is  traced  on  a  plane  fixed  in  space  as  the  ship  turns 
round.  In  the  second  kind,  the  curve  is  traced  on  a  plane 
fixed  with  respect  to  the  ship. 

The  dygogram  of  the  first  kind  is  the  Lima^on  of  Pascal, 
that  of  the  second  kind  is  an  ellipse.  For  the  construction 
and  use  of  these  curves,  and  for  many  theorems  as  interesting 
to  the  mathematician  as  they  are  important  to  the  navigator, 
the  reader  is  referred  to  the  Admiralty  Manual  of  the  Deviation 
of  the  Compass, 
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442.]  We  have  seen  that  Poiseon.  supposed  tho  m&^etization 
I  of  Iron  to  consist  in  a  separation  of  the  magnetic  fluids  within 
I  each  magnetic  molecule.     If  we  wish  to  avoid  the  aasumption 
[  of  the   existence   of  magnetic  tlui<]s,  we  may  state  the  same 
[  theory  in  another  form,  by  saying  that  each  molecule  of  the 
[  iroai,  when  the  magnetizing  force  acts  on  it,  becomes  a  magnet. 
Weber's  theory  differs  from  this  in  assuming  that  the  mole- 
cules of  the  iron  are  always  magnets,  even  before  the  appli- 
cation of  the    monetizing   force,    but   that   in   ordinary   iron 
the  ma^etic  axes  of  the  moleculea  are  turned  indirtbrently  in 
every  direction,  so  that  the  iron  as  a  whole  exhibits  no  magnetic 
i  properties. 

When  a  magnetic  force  acta  on  the  iron  it  tends  to  turn  the 
axes  of  the  molecules  all  in  one  direction,  and  so  to  cause  the 
iron,  as  a  whole,  to  become  a  magnet. 

If  the  axes  of  all  the  molecules  were  set  parallel  to  each 
j  other,  the  iron  would  exhibit  the  greatest  intensity  of  mag- 
netization of  which  it  is  capable.  Hence  Weber's  theory  implies 
I  the  existence  of  a  limiting  intensity  of  magnetization,  and  the 
I  experimental  evidence  that  such  a  limit  exisis  is  therefore 
I  necessary  to  tho  theory,  Expei-imonts  shewing  an  approach 
f  to  a  limiting  value  of  magnetization  have  been  made  by  Joule*. 
I  J.  Miillerf,  and  Ewing  and  LowJ. 

The   experiments   of   Beetz^   on   electrotype   iron   deposited 

•  AH«,iUo/E!Kt,-!cify,iy.p.  131,  1839;  W,7.  Vtfoj.  [<]  iii.  p.  53, 

t  P"8g.,  Jnn.  luii.  p.  837,  IMEO. 

I  I'liiL  Trans.  1889.  A.  p.  321.  i  Pogg.  exi.  1660. 
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under  the  action  of  magnetic  force  funiish  the  moat  complete 
evidence  of  this  limit ; — 

A  silver  wire  was  varmehod,  and  a  very  narrow  line  on  the 
metal  was  laid  bare  by  mailing  a  fine  longitudinal  scratch  on 
the  varnish.  The  wire  was  then  immersed  in  a  solution  of  a 
salt  of  iron,  and  placed  in  a  magnetic  field  with  the  scratch 
in  the  direction  of  a  line  of  magnetic  force.  By  making  the 
wire  the  cathode  of  an  electric  current  through  the  solution, 
iron  was  deposited  on  the  narrow  exposed  surface  of  the  wire, 
molecule  by  molecule.  The  filament  of  iron  thus  formed  waa 
then  examined  magnetically.  Its  magnetic  moment  was  found 
to  be  very  great  for  so  small  a  mass  of  iron,  and  when  a  power- 
ful magnetizing  force  was  made  to  act  in  the  same  direction 
the  increase  of  temporary  magnetization  was  found  to  be  very 
small,  and  the  permanent  magnetization  was  not  altered.  A 
magnetizing  force  in  the  reverse  direction  at  once  reduced  the 
filament  to  the  condition  of  iron  magnetized  in  the  ordinary  way. 

Weber's  theory,  which  supposes  that  in  this  case  the  mag- 
netizing force  placed  the  axis  of  each  molecule  in  the  same 
direction  during  the  instant  of  its  deposition,  agrees  very  well 
with  what  is  observed. 

Beetz  found  that  when  the  electrolysis  is  continued  under 
the  action  of  the  magnetizing  force  the  intensity  of  ma^et- 
ization  of  the  subsequently  deposited  iron  diminishes.  The 
axes  of  the  molecules  are  probably  deflected  from  the  line  of 
magnetizing  force  when  they  arc  being  laid  down  aide  by  side 
witii  the  molecules  already  deposited,  so  that  an  approximation 
to  parallelism  can  be  obtained  only  in  the  case  of  a  very  thin 
filament  of  iron. 

If,  as  Weber  supposes,  the  molecules  of  iron  are  already 
magnets,  any  magnetic  force  sufiicient  to  render  their  sxea 
parallel  as  they  are  electrolytically  deposited  wiU  be  sufficient 
to  produce  the  iiighest  intensity  of  magnetization  in  the  de- 
posited filament. 

If,  on  the  other  hand,  the  molecules  of  iron  are  not  magnets, 
but  are  only  capable  of  magnetization,  the  maguotization  of  the 
deposited  filament  will  depend  on  the  magnetizing  force  in  the 
same  way  in  wliieh  that  of  soft  iron  in  general  depends  on 
it.  The  experiniuuts  of  Bcetz  leave  no  room  for  the  latter 
hypothesis. 
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443.]  We  shall  now  assume,  with  Weber,  that  in  every  unit 
of  volume  of  the  iron  there  are  n  magnetic  molecules,  and  that 
the  magnetic  moment  of  each  is  ■ni.  If  the  axes  of  all  the 
molecules  were  placed  parallel  to  one  another,  the  magnetic 
moment  of  the  unit  of  volume  would  be 

M  =  n  «t, 
and  this  would  be  the  greatest  Intensity  of  magnetization  of 
which  the  iron  ia  capable. 

In  the  unmagnetized  state  of  ordinary  iron  Weber  supposes 
the  axes  of  its  molecules  to  be  placed  indifferently  in  all 
directions. 

To  express  this,  we  may  suppose  a  sphere  to  be  described, 
and  a  radius  drawn  from  the  centre  parallel  to  the  direction 
of  the  axis  of  each  of  the  n  molecnlea.  The  distribution  of  the 
extremities  of  these  radii  will  represent  that  of  the  axes  of  the 
moleculea.  In  the  case  of  ordinary  iron  these  n  points  are 
equally  distributed  over  every  part  of  the  surface  of  the  sphere, 
80  that  the  number  of  moleculea  whose  axes  make  an  angle  less 
than  a  with  the  axis  of  x  ia 

|(l-coaa), 

and  the  number  of  molecules  whose  axes  make  angles  with  that 
of  a:  between  a  and  a  +  da  is  therefore 

Jan.,;.. 

This  b  the  arrangement  of  the  molecules  in  a  piece  of  iron 
which  has  never  been  magnetized. 

Let  us  now  suppose  that  a  magnetic  force  X  is  made  to 
act  on  the  iron  in  the  direction  of  the  axis  of  x,  and  let  us 
eonsider  a  molecule  whose  axis  was  originally  inclined  a  to  the 
axis  of  X. 

If  this  molecule  is  peifectly  free  to  turn,  it  will  place  itself 
with  its  axis  parallel  to  the  axis  of  .c,  and  if  all  the  molecules 
did  so.  the  very  slightest  magnetizing  force  would  be  found 
enfficient  to  develope  the  very  highest  degree  of  magnetization. 
This,  however,  ia  not  the  case. 

The  moleculea  do  not  tm-n  with  their  axes  parallel  to  x,  and 
tliiB  is  either  because  each  molecule  is  acted  on  by  a  force 
tending  to  preserve  it  in  its  original  direction,  or  because  an 
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ii/|tjivAh)rii  iitfftot  m  produced  by  the  mntaal  action  of  the  entire 
Mypitorn  of  fnol»cuh)ii. 

Witlxir  ad(;i;iH  the  former  of  the^e  RuppositionB  as  the  simplest, 
and  NijppoHdN  that  mch  molecule,  when  deflected,  tends  to  return 
to  iU  original  poNition  with  a  force  which  is  the  same  as  that 
whloli  A  iria((iioti<!  force  I),  acting  in  the  original  direction  of  its 
ax  In,  would  produce. 

Thn  poHitioii  whinh  the  axis  actually  assumes  is  therefore 
In  tlio  dirootioii  of  the  resultant  of  X  and  D. 

\A)i  AVH  roproHont  a  section  of  a  sphere  whose  radius  re- 
pnvinniN,  on  a  cortain  soaloi  the  force  D. 

U«l  tlu)  radiuM  OP  bo  parallel  to  the  axis  of  a  particulai- 
uioKhiuIo  in  its  original  position. 


VH|:  .V  Fig.  6. 

lot  v^>*  ivptvvsoni  on  tho  samo  scale  the  magnetizing  force  X 
\\  \\w\\  i54  sup)\x$\\i  lo  Aot  tVxnu  v^"  towanls  0.  Then,  if  the  mole- 
cule is  »eu\l  ow  bv  the  tVnv  A'  in  the  dir>M*tion  iS(\  and  bv  a 
tWw  V  \\\  A  vUi^viieu  isamltel  to  OP^  the  original  direction  of 
UsH  ,"^\\s,  \i5i  A\is  will  5s<^t  itsk^lt  in  the  iiirectiv>n  <SP.  that  of  the 
x\>suUAUt  o:  X  and  l^ 

^wxy^.'^  tho  AX^N^i  v^f  the  ti\o\vules  arv  orii::ixalIv  in  all  dirvctioikSw 
r  uiAN  Iv  a:  *v.\   IV. u5  v^t  thv  *i^liK're  iudiArvntlw     In  Fi^.  5, 

x^vj^N   Iv   IV,   *v,>    ,v.r\v'v;.ix  w>.jk:<rvvr.  bu;  r.o<  indifer^ntlT.  rVr 
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Let      a  =  AOP,  the  original  inclination  of  the  axis  of  a  mole- 
cule to  the  a-xis  of  x. 
6  =  ASP,  the  incliiiatioD  of  the  axis  when  deflected  by 

the  force  X. 
j3  =  SPO,  the  angle  of  deflexion. 
SO  =  X  *,  the  magnetizing  force. 

OP  =  D,  the  force  tending  towards  the  original  position. 
aP  =  M,  the  resultant  of  X  and  /;. 
in  =  magnetic  moment  of  the  molecule. 
Then  the  moment  of  the  statical  couple  due  to  X,  tending  to 
diminish  the  angle  0,  is 

mi  =  mXBmO, 

and  the  moment  of  the  couple  due  to  D,  tending  to  increase  fl,  is 

viL  =  mDainii. 

Equating  these  values,  and  remembering  that  j3  =  o  —  fl,  we  find 

tan9  =  -= — n (1 

X  +  Dcoaa  ^  ' 

to  determine  the  direction  of  the  axis  after  deflexion. 

We  have  next  to  find  the  intensity  of  magnetization  produced 
in  the  mass  by  the  force  A',  and  for  this  purpose  we  must 
resolve  the  magnetic  moment  of  every  molecule  in  the  dii'ection 
of  w,,  and  add  all  these  resolved  parts. 

The  resolved  part  of  the  moment  of  a  molecule  in  the  direc- 
tion of  IT  is  ,,1  COB  e. 

The  number  of  molecules  whose  original  inclinations  lay 
between  a  and  a  +  ti  a  is  ^ 

We  have  therefore  to  integrate 

,       r'mn       ,  .        ,  /„! 

1=         '— cosflsma(/a,  (2) 

remembering  that  8  is  &  function  of  a, 

*  {The  tntce  acting  oD  a  msgnetic  pole  ioaide  &  magnet  la  indefinite,  dependiog  on 
ths  •hi.|«  of  tbe  «Tiiy  in  which  the  pole  ii  placed.  Tlie  force  X  ia  thus  indeSuite, 
for  rincv  ve  kuc^v  nutbing  abont  the  Bh&pe  or  diflposition  of  these  molecular  magnetfl 
there  doea  not  •eem  an;  rt^»•01l  for  siauaiing  that  the  force  is  that  in  a  cavity  of  one 
■bftpa  rather  than  another.  Thaa  it  would  avem  that  nnleui  furllier  auumptions  arv 
aiMe  ne  oagbC  to  put  JT  —  X,  *pli  where  X,  ii  the  eitomol  mngsetio  force  and  p  k 
Mnelant,  of  which  all  we  can  aayiathat  it  must  lie  between  0  and  4  v.  This  nnceriainty 
about  the  value  of  X  is  the  more  embarraaring  from  the  fact  that  in  icon  /  ja  very 
ninoh  gtrMter  than  X,,  so  that  the  term  about  which  there  is  the  ancerlaiiity  may  lie 
cfa  the  more  important  of  tbe  two.  | 

a  2 
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We  may  express  both  6  and  a  in  terms  of  R,  and  the  ex- 
pression to  be  integrated  becomes 

-^I,i^+^-D')dR,  (3) 

the  general  integral  of  which  is 

-:g|^(iP  +  3Z*-32)»)  +  C.  (4) 

In  the  first  case,  that  in  which  X  is  less  than  JD,  the  limits  of 
integration  are  from  i2  =  i)  +  XtoiJ  =  -D— -X^.  In  the  second 
case,  in  which  X  is  greater  than  jD,  the  limits  are  from 
l?  =  Z  +  2)  to  ii  =  Z-jD. 


When  X  is  less  than  JD, 

When  X  is  equal  to  jD, 

When  X  is  greater  than  Z), 
and  when  X  becomes  infinite, 


-      2  Tan  «. 

1  =  -mil. 
3 

7  =  m7i(l  -^ju^); 


/  =  Tim. 


(6) 

(7) 
(8) 


According  to  this  form  of  the  theory,  which  is  that  adopted 
by  Weber  *,  as  the  magnetizing  force  increases  from  0  to  i),  the 
magnetization  increases  in  the  same  proportion.  When  the 
magnetizing  force  attains  the  value  J9,  the  magnetization  is 
two-thirds  of  its  limiting  value.  When  the  magnetizing  force 
is  further  increased,  the  magnetization,  instead  of  increasing 
indefinitely,  tends  towards  a  finite  limit. 


J. 

o 


20 


30 


4-0 


Fig. 


The  law  of  magnetization  is  expressed  in  Fig.  7,  where  the 
magnetizing  force  is  reckoneil  from  0  towards  the  right,  and  the 

*  There  i«»  M-^me  mi^lAke  in  the  fomiuU  piven  by  WeWr  ^Abbnodlun^n  der  Kgj, 
SAch9-(iesell»ohAft  dor  Wi««n^  i.  p.  57*2  U^.^2  ,  *v  1*«^-,  Ann.,  Ixxxrii.  \\.  167  U^«'>2\ 
M  the  re*ult  of  tlii*  iute^Tation,  the  steps  of  which  nre  not  ^ven  bv  him.    llu  formnU 

ig  /-  mu    / *         -    ^   -  . 
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magnet  17^ tioQ  is  expressed  by  tlie  vertical  ordinates.  Weber's 
own  expeiimenta  give  results  in  aatiafactory  accordance  with 
this  law.  It  is  probable,  however,  that  the  value  of  i)  is  not 
the  Hame  for  all  the  molecules  of  the  aame  piece  of  iron,  so  that 
the  transition  from  the  straight  line  from  0  to  S  to  the  curve 
beyond  E  may  not  be  so  abrupt  as  is  here  represented. 

444.]  The  theory  in  this  foi'm  gives  no  account  of  the  residual 
magnetization  which  is  found  to  exist  after  the  magnetizing 
force  is  removed.  I  have  therefore  thought  it  desirable  to 
examine  the  results  of  making  a  further  assumption  relating  to 
the  conditions  under  which  the  position  of  equilibrium  of  a 
molecule  may  bo  permanently  altered. 

Let  us  suppose  that  the  axis  of  a  magnetic  molecule,  if  de- 
fleeted  through  any  angle  ^  less  than  ^^,  will  return  to  its 
original  position  when  the  deflecting  force  is  removed,  but  that 
if  the  deflexion  ji  exceeds  fi^,  then,  when  the  deflecting  force  is 
removed,  the  axis  will  not  return  to  its  original  position,  but 
will  be  permanently  deflected  through  an  angle  ^  — ^oi  which 
m»y  be  called  the  permanent  set  of  the  molecule  *, 

This  assumption  with  respect  to  the  law  of  molecular  de- 
flexion is  not  to  be  regarded  as  founded  on  any  exact  knowledge 
of  the  intimate  structure  of  bodies,  but  is  adopted,  in  our 
ignorance  of  the  true  state  of  the  case,  as  an  assistance  to  thu 
imagination  in  following  out  ttic  speculation  suggested  by 
Weber. 

Let  L  =  Z)siii;3(,,  {9J 

then,  if  the  moment  of  the  couple  acting  on  a  molecule  is 
lees  than  niL,  there  will  be  no  permanent  deflexion,  hut  if  it 
exceeds  'diL  there  wiU  be  a  penaanent  change  of  the  position  of 
eqnilihriuiti. 

To  trace  the  results  of  this  supposition,  describe  a  sphere 
whose  centre  is  0  and  radius  OL  =  L. 

As  long  as  X  is  less  than  L  everything  will  be  the  same  m 
in  the  coae  already  considered,  but  as  soon  as  X  exceods  L  it 
will  begin  t^  produce  a  permanent  deflexion  of  some  of  the 
molocules. 

Let  us  tuke  the  case  of  Fig.  8,  in  which  X  is  greater  than  L 
bob  less  than  D.     Through  6'  aa  vertex  draw  a  double  cone 

*  (Tb*  waumpltun  renlly  mado  by  Maxwell  seema  Dot  to  b«  Itmt  in  lliu  pUHgrof))^. 
bat  tbkt  muDctated  in  the  foot-note  to  Art.  115.} 
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touching  the  sphere  L.  Let  this  cone  meet  the  sphere  D  m  P 
and  Q.  Then  if  the  axis  of  a  molecule  in  its  original  position 
lies  between  OA  and  OP,  or  between  OB  and  OQ,  it  will  be 


Fig.  8.  Fig.  9. 

deflected  through  an  angle  less  than  )3o,  and  will  not  be  perma- 
nently deflected.  But  if  the  axis  of  the  molecule  lies  originally 
between  OP  and  OQ,  then  a  couple  whose  moment  is  greater 
than  L  will  act  upon  it  and  will  deflect  it  into  the  position  SP, 
and  when  the  force  X  ceases  to  act  it  will  not  resume  its 
original  direction,  but  will  be  permanently  set  in  the  direction 
OP. 

Let  us  put 

L  =  .Y  sin  Oq     where     ^0  =  I'S^  or  QSB, 
then  all  those  molecules  whose  axes,  on  the  former  hypothesis, 
would  have  values  of  0  between  6^  and  t:  —  6q  will  be  made  to 
have  the  value  0^  during  the  action  of  the  force  A'. 

During  the  action  of  the  force  A'^,  therefore,  those  molecules 
whose  axes  when  deflected  lie  within  either  sheet  of  the  double 
cone  whose  semivertieal  angle  is  6^  will  be  arranged  as  in  the 
former  case,  but  all  those  whose  axes  on  the  former  theory 
would  lie  outside  of  these  sheets  will  be  permanently  deflected, 
so  that  their  axes  will  form  a  dense  fringe  round  that  sheet  of 
the  cone  which  lies  towards  A, 

As  A"  increases,  the  number  of  molecules  belonging  to  the 
cone  about  D  continually  diminishes,  and  when  A'  becomes 
ei[ual  to  D  all  the  niolocuKs  have  l>een  wivnched  out  of  their 
former  positions  of  equilibrium,  and  have  l>ei>n  forced  into  the 
fringe  of  the  cone  round  ^4,  so  that  when  A"  becomes  greater 
than  D  all  the  molecules  form  part  of  the  cone  round  A  or  of 
its  fringe. 
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^Vhen  the  force  A'  is  removed,  then  in  the  case  in  which  A'  is 
less  than  L  everything  returns  to  its  primitive  atate.  When  X 
is  between  L  and  /),  then  there  ia  a  cone  round  A  whose  angle 

AOF-=e^  +  ^^, 

and  another  cone  round  B  whose  angle 

Within  these  cones  the  axes  of  the  molecules  are  distributed 
uniformly.  But  all  the  molecules,  the  original  direction  of 
whose  axes  lay  outside  of  both  these  cones,  have  been  wrenched 
from  their  primitive  positions  and  form  a  iringe  round  the  cone 
iibout  A. 

If  X  is  greater  than  D,  then  the  cone  round  B  is  completely 
dispersed,  and  all  the  molecules  which  formed  it  are  converted 
into  the  fringe  round  A,  and  are  inclined  at  the  angle  C„  +  /3|]. 

445.]  Treating  this  case  in  the  same  way  as  before  *  we  find 

•  [Th«  reiulU  ffifen  in  the  text  m»y  le  obUined,  with  one  ilight  eioeption,  by 
the  proeeMe*  given  below,  the  atatement  of  the  modifieil  theory  of  Art.  144  being  «■ 
foUovi;  The  Kiiiofa  nuigDetio  molecule,  if  deflected  throngh  &□  angle  0  tea*  than  P„ 
will  retam  to  iU  origiwCl  position  when  the  deflecting  furce  ie  removed;  but  when 
tbe  deflexioD  eioeeda  0,  ths  force  tending  to  oppoae  the  deflexion  (fives  w>T  uid 
permiU  the  molecule  to  be  deflected  into  Uie  nme  direction  u  those  whose  danexjon 
it  P,,  and  when  tbe  deflecting  force  is  remnved  the  molecule  takes  up  a  direction 
parallel  to  that  of  the  molecule  whose  deSeiion  was  P,.  This  direction  may  be 
vailed  the  permanent  set  of  the  molecules. 

In  the  case  jr>L<i>,  the  expresiion  f  for  the  magnetic  moment  cotutisti  of  two 
oarta,  the  first  of  which  is  due  to  the  molecule*  within  the  cones  ^  O/',  BOQ,  and  is  to 
be  (baod  precisely  as  in  Art.  443,  due  regard  being  had  to  the  limits  of  integration, 
Befsrring  to  Fig.  6  we  find  fur  the  aeaoad  pkrt,  according  to  the  above  atatement  of 
tbe  tk«ary. 

Projection  of  QP  on  BA 
OP 
Tbe  two  parti  together  when  reduced  give  tho  result  in  the  leil. 

When  X>D,  the  integral  again  cooBists  of  two  parta.  one  of  which  is  to  be  taken 
ovw  the  cono  AOl'  u  in  Art,  443,     The  aooond  part  is,  (Fig.  9), 
_,^„     Projection  of -BP  on  flJ 
Inacos^SPx ^ 

Hw  valoe  of  /  in  this  ouse,  when  reduced,  diiTen  from  the  valne  given  in  tbe  text 

in  tbe  third  torin.  vii. ;  we  have  than  —  ^  yi  instead  "^  —  g  ^  ■    '•T"  *B«>'  "'  ""i" 

ehange  m  the  table  of  numsriDal  valnea  givea  in  the  text  will  be  thnt  when  X  —  0, 
7,  8,  tbe  corresponding  values  of  I  will  be   687.  917,  93fl.     Three  changes  do  not 
idtai  the  general  charooter  of  the  carve  of  Tompunu-y   MagnetiEatioQ   given  in 
Fig.  10. 
TTie  value  of  /'  in  the  case  of  Fig.  P  is 


yiASPx 


■If 


Tbe  value  of  /'  in  the  cose  of  Fig.  9  mny  bs  found  in  like  i 
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for  tho  intensity  of  the  temporary  magnetization  during  the 
action  of  the  force  X^  which  is  supposed  to  act  on  iron  which 
has  never  before  been  magnetized, 

2  X 
When  X  is  less  than  L,      /  =  -  Jf  -pr  • 

3  D 

When  X  is  equal  to  Z,        -'^  =  « -^ ts  • 
When  X  is  between  L  and  i), 

When  X  is  equal  to  jD, 
When  X  is  greater  than  jD, 

When  X  is  infinite,  I  =  M, 

When  A"^  is  less  than  L  the  magnetization  follows  the  former 
law,  and  is  proportional  to  the  magnetizing  force.  As  soon  as 
X  exceeds  L  the  magnetization  assumes  a  more  rapid  rate  of 
increase  on  account  of  the  molecules  l>eginning  to  be  transferred 
from  the  one  cone  to  the  other.  This  rapid  increase,  however, 
soon  comes  to  an  end  as  the  number  of  molecules  forming  the 
negative  cone  diminishes,  and  at  last  the  magnetization  reaches 
the  limiting  value  M, 

If  wo  were  to  assume  that  the  values  of  L  and  of  D  are 
ditfon^nt  for  ditiorent  molecules,  we  should  obtain  a  result  in 
wlnoh  tho  ditloront  stages  of  magnetization  are  not  so  distinctly 
markiHl. 

Tlio  residual  magiiotization,  /',  proviuced  by  the  magnetizing 
force  .V.  and  obsorvod  after  the  force  has  K-en  removed,  is  a;* 
follows: 

When  A"  is  loss  than  A,  No  residual  magnetization. 

When  -V  is  Ivtwivn  /.  an^l  A 

7  2  12 

Whon  -Y  is  i\jual  to  />, 
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When  X  is  greater  than  jD, 


89 


When  X  is  infinite, 
If  we  make 

■ 

i/=1000,         Z=3,         jD=5, 
we  find  the  following  values  of  the  temporary  and  the  residual 
magnetization : — 


X 

Temporary 
Magnetizatioii. 

/ 

Residual 
Magnetisation. 

r 

0 

0 

0 

1 

133 

0 

2 

267 

0 

3 

400 

0 

4 

729 

280 

5 

837 

410 

6 

864 

485 

7 

882 

537 

8 

897 

575 

00 

1000 

810 

These  results  are  laid  down  in  Fig.  10. 


vVirWsn(a»     MTmy^mtixatimn 


'Xkximvm  "^^iJutil  ^MkfnwHrakan 
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Fig.  10. 

The  curve  of  temporary  magnetization  is  at  first  a  straight 
line  from  JT  =  0  to  J  =  i.  It  then  rises  moi-e  rapidly  till 
X  ^  Dy  and  as  X  increases  it  approaches  its  horizontal  asymptote. 
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The  curve  of  residual  magnetization  begins  when  X  ^  Ly  and 
approaches  an  asymptote  whose  ordinate  =  -81  M, 

It  must  be  remembered  that  the  residual  magnetism  thus 
found  corresponds  to  the  case  in  which,  when  the  external  force 
is  removed,  there  is  no  demagnetizing  force  arising  from  the 
distribution  of  magnetism  in  the  body  itself.  The  calculations 
are  therefore  applicable  only  to  very  elongated  bodies  magnet- 
ized longitudinally.  In  the  case  of  shoi-t  thick  bodies  the 
residual  magnetism  will  be  diminished  by  the  reaction  of  the 
free  magnetism  in  the  same  way  as  if  an  external  reversed 
magnetizing  force  were  made  to  act  upon  it"**". 

446.]  The  scientific  value  of  a  theory  of  this  kind,  in  which 
we  make  so  many  assumptions,  and  introduce  so  many  adjust- 
able constants,  cannot  be  estimated  merely  by  its  numerical 
agreement  with  certain  sets  of  experiments.  If  it  has  any  value 
it  is  because  it  enables  us  to  form  a  mental  image  of  what  takes 
place  in  a  piece  of  iron  during  magnetization.  To  test  the 
theory,  we  shall  apply  it  to  the  case  in  which  a  piece  of  iron, 
after  being  subjected  to  a  magnetizing  force  X^^  is  again  sub- 
jected to  a  magnetizing  force  X^, 

If  the  new  force  X^  acts  in  the  same  direction  as  that  in 
which  Xq  acted,  which  we  shall  call  the  positive  direction,  then 
Xi,  if  less  than  X^,  will  produce  no  permanent  set  of  the 
molecules,  and  when  X^  is  removed  the  residual  magnetization 
will  be  the  same  as  that  produced  by  Xq  .  If  X^  is  greater  than 
JSTq,  then  it  will  produce  exactly  the  same  efiect  as  if  X^  had  not 
acted. 

But  let  us  suppose  X^  to  act  in  the  negative  direction,  and  let 

us  suppose        Z,  =  icosec^o,    and    X^  = -Zcosec^i- 

*  (Consider  the  case  of  a  piece  of  iron  subjected  to  a  magnetic  force  in  the  positive 
direction  which  increases  from  zero  to  a  value  X«  sufficient  to  produce  permanent 
magnetization,  then  let  the  magnetic  force  diminish  again  to  zero,  it  is  evident  that 
on  the  preceding  theory  the  intensity  of  magnetization  will  in  consequence  of  the 
permanent  set  given  to  some  of  the  molecular  magnets  be  greater  for  a  given  value  of 
the  magnetizing  force  when  this  force  is  decreasing  than  when  it  was  increasing. 
Thus  the  behaviour  of  the  iron  in  the  ma^etic  field  will  depend  upon  its  previous 
treatment.  This  effect  has  been  called  hysteresis  by  Ewing  and  has  b€«n  very 
fully  investigated  by  him  (see  7Vti7.  Trans.  Part  II,  1885\  The  theory  given  in 
Art.  445  will  not  however  explain  all  the  phenomena  discovered  by  Ewing,  for  if  in 
the  above  case  after  decreasing  the  magnetic  force  we  increase  it  again,  the  value  of 
the  intensity  of  magnetization  for  a  value  A",  <  X^  of  the  magnetic  force  ought  to  be 
the  same  as  when  the  force  was  first  decreased  to  X).  Ewing's  researches  shew 
however  that  it  is  not  so.  A  short  account  of  these  and  similar  researches  wiU  be 
given  in  the  Supplementary  Volmne. } 
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As  X,  increases  nuincricaUy,  0^  dimmishes.  The  first  mole- 
cules on  which  X,  will  produce  a  permanent  deSexion  are  those 
irbicb  form  the  fringe  of  the  cone  round  A  *,  and  these  have  an 
ineUnation  when  undeflected  o!6g  +  ^„. 

As  soon  as  8,—fia  becomes  less  than  flu4-j3„  the  proceaa  of  de- 
magnetization will  commence.  Since,  at  this  instant,  0,  =  8g+28o, 
X),  the  force  required  to  begin  the  demagnetization,  is  less  than 
Xf„  the  force  which  produced  the  magnetization. 

If  the  values  of  D  and  of  L  were  the  same  for  all  the  mole- 
cules, the  slightest  increase  of  Xj  would  wrench  the  whole  of 
the  fringe  of  molecules  whose  axes  have  the  inclination  &^,  +  fia 
into  a  position  in  which  their  axes  are  inclined  6i  +  fi„  to  the 
negative  axis  OB. 

Though  the  demagnetization  does  not  take  place  in  a  manner 
!>o  sudden  as  this,  it  takes  place  so  rapidly  as  to  afford  some 
confirmation  of  this  modo  of  explaining  the  process. 

Let  ua  now  suppose  that  by  giving  a  proper  value  to  the 
reverse  force  Xj  we  have  on  the  removal  of  X,  exactly  demag- 
netized the  piece  of  iron. 

The  axes  of  the  molecules  will  not  now  be  arranged  indiffer- 
ently in  all  directions,  as  in  a  piece  of  iron  which  has  never 
been  magnetized,  but  will  form  three  groups. 

(1)  Within  a  cone  of  semiangle  ^i  — /3o  suiTounding  the  poai- 
Uve  pole,  the  axes  of  the  molecules  remain  in  their  primitive 
positions. 

(2)  The  same  is  the  case  within  a  cone  of  semiangle  O^  —  jSg 
surrounding  the  negative  pole. 

(3)  The  directions  of  the  axes  of  all  the  other  molecules  form 
a  conical  sheet  suiTOunding  the  negative  pole,  and  are  at  an 
inclination  dj  +  f^g. 

When  Xj  is  greater  than  D  the  second  group  is  absent.  When 
X,  ts  greater  than  D  the  first  group  is  also  absent. 

The  state  of  the  iron,  therefore,  though  apparently  demagnet- 
ized, is  different  from  that  of  a  piece  of  iron  which  has  never 
been  magnetized. 

To  shew  this,  let  us  consiiler  the  effect  of  a  magnetizing  force 
X^  acting  in  either  the  positive  or  the  negative  direction.  The 
first  permanent  effect  of  such  a  force  will  be  on  the  third  group 

*   [This  aesuQiu  that  in  <ij^.  S  ami  U  P  i^  tn  the  right  of  C-] 
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of  molecules,  whose  axes  make  angles  =  O^^  +  Pq  with  the  nega- 
tive axis. 

If  the  force  X2  acts  in  the  negative  direction  it  will  begin  to 
produce  a  peimanent  effect  as  soon  as  ^2  +  i^o  becomes  less  than 
^i  +  i^o)  ^^^^  ^^9  ^  soon  as  X2  becomes  greater  than  X^.  But  if 
X^  acts  in  the  positive  direction  it  will  b^n  to  remagnetize  the 
iron  as  soon  as  O.^—Pq  becomes  less  than  O^  +  Pq,  that  is,  when 
^2  =  ^1  +  2)3q,  or  while  JCg  is  still  much  less  than  X^ . 

It  appears  therefore  from  our  h3rpothesis  that — 

When  a  piece  of  iron  is  magnetized  by  means  of  a  force  Xq  , 
its  residual  magnetism  cannot  be  increased  without  the  applica- 
tion of  a  force  greater  than  Xq.  A  reverse  force,  less  than  Xq, 
is  sufficient  to  diminish  its  residual  magnetization. 

If  the  iron  is  exactly  demagnetized  by  the  reversed  force  X^ , 
then  it  cannot  be  magnetized  in  the  reversed  direction  without 
the  application  of  a  force  greater  than  X^,  but  a  positive  force 
less  than  X^  is  sufficient  to  begin  to  remagnetize  the  iron  in  itti 
original  direction. 

These  results  are  consistent  with  what  has  been  actually 
observed  by  Ritchie  *,  Jacobi  t,  Marianini  J,  and  Joule  § . 

A  very  complete  account  of  the  relations  of  the  magnetization 
of  iron  and  steel  to  magnetic  forces  and  to  mechanical  strains  is 
given  by  Wiedemann  in  his  Galvanisvius.  By  a  detailed  com- 
parison of  the  effects  of  magnetization  with  those  of  torsion,  he 
shows  that  the  ideas  of  elasticity  and  plasticity  which  we  derive 
from  experiments  on  the  temporary  and  permanent  torsion  of 
wires  can  be  applied  with  equal  propriety  to  the  temporary  and 
permanent  magnetization  of  iron  and  steel. 

447.]  Matteucci  ||  found  that  the  extension  of  a  hai'd  iron  bar 
during  the  action  of  the  magnetizing  force  increases  its  temporary 
magnetism^.  This  has  been  confirmed  by  Wertheim.  In  the 
case  of  soft  iron  bars  the  magnetism  is  diminished  by  extension. 

The  permanent  magnetism  of  a  iron  bar  increases  when  it  is 
extended,  and  diminishes  when  it  is  compressed. 

♦  Phil.  Map.  3,  lv^33.  t  l^^i:^r.,  Ann.,  31,  867,  1834. 

X  Aun.  de  Chimie  tt  tie  Pht/sitjtie,  10,  pp.  436  and  44S,  1>46. 

§    /'Ai7.  Trttns.,  1856.  p.  *2ar.     ||  Ann.  de  Chimie  ef  de  i^Av^i^Mf,  58,  p.  385,  1858. 

%  •[  Villari  H)iowetl  that  this  ia  only  true  whou  the  ina^ietieing  torce  is  less  than  a 
certain  critical  value,  but  when  it  exceeila  this  vnlue  an  extension  preducea  a 
diminution  on  the  intensity  of  magnet ir^tion  ;  ri»iri;.,  Ann.  1'26,  p.  87,  1865. 

The  statenu-nt  in  the  text  as  to  the  behanour  of  iK)ft  iron  bars  doea  not  hold  for 
small  strain -«  and  low  nu^netlc  fields  j. 
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Hence,  if  a  piece  of  iron  is  first  magnetized  in  one  direction, 
and  then  extended  in  another  direction,  tho  direction  of  magnet- 
ization will  tend  to  approach  the  direction  of  extension.  If 
[  it  be  compressed,  the  direction  of  magnetization  will  tend  to 
become  nonnal  to  the  direction  of  compreaeion. 

This  explains  the  result  of  an  experiment  of  Wiedemann's. 
A  current  was  passed  downward  through  a  vertical  wire.  If, 
cither  during  the  passage  of  the  current  or  after  it  has  ceased, 
the  wire  he  twisted  in  the  direction  of  a  right-handed  screw,  the 
lower  end  becomes  a  north  pole. 


Tig.  11. 


Fig.  12, 


[ere  the  downward  current  magnetizes  every  part  of  the  wire 
in  a  tangential  direction,  as  indicated  by  the  Jetters  NS. 

The  twisting  of  tho  wire  in  the  direction  of  a  right-handed 
screw  causes  the  portion  ABCD  to  be  extended  along  the 
diagonal  AC  and  compressed  along  the  diagouol  J5D.  The 
f  direction  of  magnetization  therefore  tends  to  approach  AC  and 
to  recede  hom  BD,  and  thus  the  lower  end  becomes  a  north  pole 
and  the  upper  end  a  south  pole. 

Effect  of  Magnetization  on  the  Dimensions  of  the  Magnet. 
448.]  Joule*,  in  1842,  found  that  an  iion  bar  becomes  length- 
ened when  it  is  rendered  magnetic  by  an  electric  cuirent  in  a 
I  coil  which  surrounds  it.     He  afterwards  t  shewed,  by  placing 
I  the  bar  in  water  within  a  glass  tube,  that  the  volume  of  the  iron 
is  not  augmented  by  this  magnetization,  and  concluded  that  its 
transverse  dimensions  wore  contracted. 

Finally,  he  passed  an  electric  current  through  the  axis  of  on 
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ii-oD  tube,  and  back  outside  the  tube,  bo  as  to  make  the  tube 
into  a  closed  magnetic  solenoid,  the  magnetization  being  at  right 
angles  to  the  axis  of  the  tube.  The  length  of  the  axis  of  the 
tube  was  found  in  this  caae  to  be  shortened. 

He  found  that  an  iron  rod  under  longitudinal  pressure  is  also 
elongated  when  it  is  magnetized.  When,  however,  the  rod  is 
under  considerable  longitudinal  tension,  the  effect  of  magnet- 
ization is  to  shorten  it. 

This  was  the  caae  with  a  wire  of  a  quarter  of  an  inch 
diameter  when  the  tension  exceeded  600  pounds  weight. 

In  the  case  of  a  hard  steel  wire  the  effect  of  the  magnetizing 
force  was  in  every  caae  to  shorten  the  wire,  whether  the  vrii-e 
was  under  tension  or  pressure.  The  change  of  length  lasted 
only  as  long  as  the  magnetizing  force  was  in  action,  no  altera- 
tion of  length  was  observed  due  to  the  permanent  magnetization 
of  the  steel. 

Joule  found  the  elongation  of  iron  wires  to  be  nearly  pro- 
portional to  the  square  of  the  actual  magnetization,  ao  that  the 
first  effect  of  a  demagnetizing  current  was  to  shorten  the  wire*. 

On  the  other  hand,  he  found  that  the  shortening  effect  on 
wires  under  tension,  and  on  steel,  varied  as  the  product  of  the 
magnetization  and  the  magnetizing  current. 

Wiedemann  found  that  if  a  vertical  wire  is  magnetized  with 
its  south  end  uppermost,  and  if  a  current  is  then  passed  down- 
wards through  the  wire,  the  lower  end  of  the  wire,  if  free, 
twists  in  the  direction  of  the  hands  of  a  watch  as  seen  from 
above,  or,  in  other  words,  the  wire  becomes  twisted  like  a 
right-handed  screw  if  the  relation  between  the  longitudinal 
current  and  the  magnetizing  current  is  right-handed. 

In  this  case  the  resultant  magnetization  due  to  the  action 
of  the  current  and  the  previously  existing  magnetization  is  in 
the  direction  of  a  right-handed  screw  round  the  wire.  Hence  the 
twisting  would  indicate  that  when  the  iron  is  magnetized  it 
expands  in  the  direction  of  magnetization  and  contracts  in 
directions  at  right  angles  to  the  magnetization.  This  agrees  with 
Joule's  results. 

For  further  developments  of  the  theory  of  magnetization,  see 
Arts.  832-B4fi. 

*  !  SLelford  Biilvell  bu  Khewn  tliat  wliaii  the  migneliiing  force  ii  very  (treat,  Uic 
ItDgtb  of  the  nu^oet  dimiaUlies  u  the  mAgnetinng  ftirce  incrciwei.    Froe.  Soy.  Soe. 

.i.p.i»».j 
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449.]  The  principal  magnetic  measurements  are  the  deter- 
mination of  the  magnetic  axis  and  magnetic  moment  of  a 
magnet,  and  that  of  the  direction  and  intensity  of  the  magnetic 
force  at  a  given  place. 

Since  these  meaauremente  are  made  near  the  surface  of  the 
earth,  the  magnets  are  always  acted  on  by  gravity  as  well  as  by 
terrestrial  magnetism,  and  since  tbc  magnets  are  made  of  steel 
their  magnetiBm  is  partly  permanent  and  partly  induced.  The 
permaneut  magnetism  is  altered  by  changes  of  temperature,  by 
strong  induction,  and  by  violent  blows ;  the  induced  magnetism 
varies  with  every  variation  of  the  external  magnetic  force. 

The  most  convenient  way  of  observing  the  force  acting  on  a 
magnet  is  by  making  the  magnet  free  to  turn  about  a  vertical 
axis.  In  ordinary  compasses  this  is  done  by  balancing  the 
magnet  on  a  vertical  pivot.  The  finer  the  point  of  the  pivot 
the  smaller  is  tlie  moment  of  the  friction  which  interferes  with 
tJio  action  of  the  magnetic  force.  Tot  more  refined  observations 
the  magnet  is  suspended  by  a  thread  composed  of  a  silk  fibre 
without  twist,  either  single,  or  doubled  on  itself  a  sufficient 
Dumber  of  times,  and  so  formed  into  a  thread  of  parallel  fibres, 
each  of  which  suppoi-ts  as  nearly  as  possible  an  equal  pait  of 
the  weight.  Thu  force  of  torsion  of  such  a  thread  is  much  less 
than  that  of  a  metal  wire  of  equal  strength,  and  it  may  be 
calculated  in  terms  of  the  observed  azimuth  of  the  magnet, 
which  is  not  the  case  with  the  force  arising  from  the  friction  of 
a  pivot. 

The  suspension  fibre  can  be  raided  or  lowei^ed  by  turning  a 
horizontal  screw  which  works  in  a  fixed  nut.  The  fibi'e  is 
wound  round  the  thi-ead  of  the  screw,  so  that  when  the  screw 
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is  turned  the  suspension  fibre  always  hangs  in  the  same  vertical 
line. 

The  suspension  fibre  carries  a  small  horizontal  divided  circle 
called  the  Torsion-circle,  and  a  stirrup  with  an  index,  which  can 
be  placed  so  that  the  index  coincides  with  any  given  division  of 
the  torsion  circle.  The  stirrup  is  so  shaped  that  the  magnet  bar 
can  be  fitted  into  it  with  its  axis  horizontal,  and  with  any  one 
of  its  four  sides  uppermost. 

To  ascertain  the  zero  of  torsion  a  non-magnetic  body  of  the 

same  weight  as  the  magnet  is  placed 
in  the  stirrup,  and  the  position  of 
the  torsion  circle  when  in  equi- 
librium ascertained. 

The  magnet  itself  is  a  piece  of 
hard-tempered  steeL  According  to 
Gauss  and  Weber  its  length  ought 
to  be  at  least  eight  times  its  greatest 
transverse  dimension.  This  is  neces- 
sary when  permanence  of  the  direc- 
tion of  the  magnetic  axis  within  the 
magnet  is  the  most  important  con- 
sideration. Where  promptness  of 
motion  is  required  the  magnet  should 
be  shorter,  and  it  may  even  be  ad- 
visable in  observing  sudden  altera- 
tions in  magnetic  force  to  use  a  bar 
magnetized  transversely  and  sus- 
pended with  its  longest  dimension 
vertical*. 

450.]  The    magnet    is   provided 
with  an  arrangement  for  ascertain- 
ing its  angular  position.     For  or- 
dinary purposes  its  ends  are  pointed, 
^^-  ^^'  and  a  divided  circle  is  placed  below 

the  ends,  by  which  their  positions  are  read  off  by  an  eye  placed 
in  a  plane  throug-h  the  suspension  thread  and  the  point  of  the 

needle. 

For  more  accurate  observations  a  plane  mirror  is  fixed  to  the 
magnet,  so  that  the  normal  to  the  mirror  coincides  as  nearly  as 

♦  Joale,  Proe.  Phil.  Soe.,  Manchester,  Nov.  29,  1864. 
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possible  with  the  axis  of  magnetizatioiL  This  ia  the  method 
adopted  by  Gauss  and  Weber. 

Another  method  is  to  attach  to  one  end  of  the  magnet  a  lens 
and  to  the  other  end  a  scale  engraved  on  glass,  the  distance  of 
the  lens  from  the  scale  being  ef[ual  to  the  principal  focal  length 
of  the  lens.  The  straight  line  joining  the  zero  of  the  scale  with 
the  optical  centre  of  the  lens  ought  to  coincide  as  nearly  as 
possible  with  the  magnetic  axis. 

As  these  optical  methods  of  ascertaining  the  angular  position 
of  suspended  apparatus  are  of  great  importance  in  many  physical 
researches,  we  shall  here  consider  once  for  all  their  mathematical 
theory. 

Theory  of  the  Mirror  Method. 

We  shall  suppose  that  the  apparatus  whose  angular  position 
is  to  be  determined  is  capable  of  revolving  about  a  vertical  axis. 
Thifl  axis  ia  in  general  a  fibre  or  wii-e  by  which  it  is  suspended. 
The  mirror  should  be  truly  plane,  so  that  a  scale  of  milUmetres 
may  be  seen  distinctly  by  reflexion  at  a  distance  of  several 
metres  from  the  mirror. 

The  normal  through  the  middle  of  the  mirror  should  pass 
through  the  axis  of  suspension,  and  should  be  accurately 
horizontal.  We  shall  i-efer  to  this  normal  as  the  line  of  colli- 
mation  of  the  apparatus. 

Having  roughly  ascei-tained  the  mean  direction  of  the  line  of 
collimation  during  the  experiments  which  are  to  be  made,  a  tele- 
scope is  erected  at  a  convenient  distance  in  front  of  the  min'or, 
and  a  little  above  the  level  of  the  mirror. 

The  telescope  is  capable  of  motion  in  a  vertical  plane,  it  is 
directed  towards  the  suspension-fibre  just  above  the  mirror,  and 
a  Sxed  mark  is  erected  in  the  line  of  vision,  at  a  horizontal 
distance  from  the  object-glass  equal  to  twice  the  distance  of  the 
mirror  from  the  objoct-glaas.  The  apparatus  should,  if  possible, 
be  so  arranged  that  this  mark  is  on  a  wall  or  other  fixed  object. 
In  order  to  see  the  mark  and  the  suspension -fibre  at  the  same 
time  through  the  telescope,  a  cap  may  be  placed  over  the  object- 
glass  having  a  slit  along  a  vertical  diameter.  This  should  be 
removed  for  the  other  observations.  The  telescope  is  then 
adjusted  so  that  the  mark  is  seen  distinctly  to  coincide  with 
the  vertical  wire  at  the  focus  of  the  telescope.     A  plumb-Une  is 

TOL.  IT.  H 


98 


MAQNETIO  MEASUEEMENTS. 


[450- 


then  a4]U8ted  so  as  to  pass  close  in  front  of  the  optical  centre  of 
the  object-glass  and  to  hang  below  the  telescope.  Below  the 
telescope  and  just  behind  the  plumb-line  a  scale  of  equal  parts 
is  placed  so  as  to  be  bisected  at  right  angles  by  the  plane  through 
the  mark,  the  suspension-fibre,  and  the  plumb-line.  The  sum 
of  the  heights  of  the  scale  and  the  object-glass  from  the  floor 
should  be  equal  to  twice  the  height  of  the  mirror.  The  telescope 
being  now  directed  towards  the  mirror,  the  observer  will  see  in  it 
the  reflexion  of  the  scale.  If  the  part  of  the  scale  where  the 
plumb-line  crosses  it  appears  to  coincide  with  the  vertical  wire  of 
the  telescope,  then  the  line  of  collimation  of  the  mirror  coincides 
with  the  plane  through  the  mark  and  the  optical  centre  of  the 
object-glass.  If  the  vertical  wire  coincides  with  any  other 
division  of  the  scale,  the  angular  position  of  the  line  of 
collimation  is  to  be  found  as  follows : — 


-v 


^sl'^ • 


Kg.  14. 

Let  die  plane  of  the  paper  be  horizontal^  and  let  the  various 
)H>int«  W  projected  on  this  plane.  Let  0  be  the  centre  of  the 
object-glass  of  the  telescope,  P  the  fixed  mark:  P  and  the 
vertical  wire  of  the  telescope  are  conjugate  foci  with  respect 
to  the  object -gla&&.  Let  J/  be  the  point  where  OP  cuts  the 
plane  of  the  mirror.  Let  }iS  be  the  nonual  to  the  mirror ;  then 
OyiS  =  (*  is  the  angle  which  the  line  of  collimation  makes  with 
the  fixeii  plane.  Let  J/^"  Iv  a  line  in  the  plane  of  OJtf  and  JI/-V, 
such  that  -^'J/^'  =  t^J/X  then  ^  will  W  the  part  of  the  scale 
which  will  Iv  s<vn  bv  reflexion  to  coincide  with  the  vertical 
wire  of  the  ioh>tf<v>po.  Now,  since  yiS  is  horizontal,  the  pro- 
jocteil  angles  OyiS  and  ^V.V^  in  the  figoits  are  equal,  and 
Oyi&  ^  2(».    Hence  Oi$  =  OJf  tan  2(^. 
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We  have  therefore  to  measure  OM  in  terms  of  the  diviaions 
of  the  scale  ;  then,  if  «„  is  the  division  of  the  scale  which  coincides 
with  the  ptiunb-line,  and  s  the  observed  division, 

8-So=  0ATian2e, 
whence   0   m&y  be   found.      In   measuring   OM  we   must   re- 
member that  if  the  mirror  is  of  glass,  silvei-ed  at  the  back,  the 
Tirtual    reflecting  surface   is   at   a.  distance   behind  the  fixint 

surface  of  the  glass  =  -  j  where  (  is  the  thickness  of  the  glass, 

I* 
and  I*  is  the  index  of  refraction. 

We  must  also  remember  that  if  the  line  of  suspension  does  not 
pass  through  the  point  of  reflexion,  the  position  of  M  will  alter 
with  6.  Hence,  when  it  is  possiblti,  it  is  advisable  to  make  the 
centre  of  the  mirror  coincide  with  the  line  of  suspension. 


Fig.  15. 

It  is  also  advisable,  especially  when  large  angular  motions 
have  to  be  observed,  to  make  the  acale  in  the  form  of  a  concave 
cylindric  surface,  whose  axis  is  the  line  of  suspension.  The 
angles  are  then  oliserved  at  once  in  circular  measure  without 
reference  to  a  table  of  tangents.  The  scale  should  be  carefully 
adjusted,  so  that  the  axis  of  the  cylinder  coincides  with  the 
suspension-fibre.  The  numbers  on  the  scale  should  always  run 
from  the  one  end  to  the  other  in  the  same  direction  so  as  to 
avoid  negative  readings.  Fig.  15  represents  the  middle  portion 
of  a  scale  to  be  used  with  a  mirror  and  an  inverting  telescope. 

This  method  of  observation  is  the  best  when  the  motions  are 
slow.  The  observer  sits  at  the  telescope  and  sees  the  imago  of 
the  scale  moving  to  right  or  to  left  past  the  vertical  wire  of  the 
telescope.  With  a  clock  beside  him  he  can  note  the  instant  at 
which  a  given  division  of  the  scale  passes  the  wire,  or  the 
division  of  the  scale  which  is  passing  at  a  given  tick  of  the; 
n  a 
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clock,  and  be  can  also  record  the  extreme  limits  of  each 
oecillatioQ. 

When  the  motion  is  more  rapid  it  becomes  impoaaible  to  read 
the  divisions  of  the  scale  except  at  the  instants  of  rest  at  the 
extremities  of  an  oscillation.  A  conspicuous  mark  may  be 
placed  at  a  known  division  of  the  scale,  and  the  instant  of 
transit  of  this  mark  may  be  noted. 

Wben  the  apparatus  is  very  light,  and  the  forces  variable, 
the  motion  is  so  prompt  and  swift  that  observation  through  a 
telescope  would  be  useless.  In  this  case  the  observer  looks  at 
the  scale  directly,  and  observes  the  motions  of  the  image  of  the 
vertical  wire  thrown  on  the  scale  by  a  lamp. 

It  is  manifest  that  since  the  image  of  the  scale  reflected  by 
the  mirror  and  refracted  by  the  object-glass  coincides  with  the 
vertical  wire,  the  image  of  the  vertical  vrire,  if  sufficiently 
illuminated,  will  coincide  with  the  scale.  To  observe  this  the 
room  is  darkened,  and  the  concentrated  lays  of  a  lamp  are 
thrown  on  the  vertical  wire  towards  the  object-glass.  A  bright 
patch  of  light  crossed  by  the  shadow  of  the  wire  is  seen  on  the 
scale.  Its  motions  can  he  followed  by  the  eye,  and  the  division 
of  the  scale  at  which  it  comes  to  rest  can  be  fixed  on  by  the  eye 
and  read  off  at  leisure.  If  it  be  desired  to  note  the  instant  of  the 
passage  of  the  bright  spot  past  a  given  point  on  the  scale,  a  pin 
or  a  bright  metal  wire  may  be  placed  there  so  aa  to  flash  out  at 
the  time  of  passage. 

By  substituting  a  small  bole  in  a  diaphragm  for  the  cross-wire 
the  image  becomes  a  small  illuminated  dot  moving  to  right  or  left 
on  the  scale,  and  by  substituting  for  the  scale  a  cylinder  revolving 
by  clock-work  about  a  horizontal  axis  and  covered  with  photo- 
graphic paper,  the  spot  of  light  traces  out  a  curve  which  can  be 
afterwards  rendered  visible.  Each  abscissa  of  this  curve  cor- 
responds to  a  particular  time,  and  the  ordinate  indicates  the 
angular  position  of  the  mirror  at  that  time.  In  this  way  an 
automatic  system  of  continuous  registration  of  all  the  elements 
of  terrestrial  magnetism  has  been  established  at  Kew  and  other 
observatories. 

In  some  cases  the  telescope  is  dispensed  with,  a  veiiical  wire 
is  illuminated  by  a  lamp  placed  l>ehind  it,  and  the  mirror  la  a 
concave  one,  which  forms  the  image  of  the  wire  on  the  scale  as 
:  a  dark  Une  across  a  patch  of  light. 
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451.]  In  the  Kew  portable  apparatus,  the  magnet  is  made  in 
the  form  of  a  tube,  having  at  one  end  a  lens,  and  at  the  other  a 
glass  scale,  so  adjusted  as  to  be  at  the  principal  focus  of  the 
Jena.  Light  is  admitted  from  behind  the  scale,  and  after  passing 
through  the  lens  it  is  viewed  by  means  of  a  telescope. 

Since  the  scale  ia  at  tho  principaJ  foeus  of  the  lens,  rays  from 
any  division  of  the  scale  emerge  from  the  lens  parallel,  and  if 
the  telescope  is  adjusted  for  celestial  objects,  it  wiU  shew  the 
scale  in  optical  coincidence  with  the  cross-wires  of  the  telescope. 
,  If  a  given  division  of  the  scale  coincides  with  the  intersection  of 
the  cross-wires,  then  the  line  joining  that  division  with  the 
optical  centre  of  the  lens  must  be  parallel  to  the  line  of  colli- 
matioD  of  the  telescope.  By  fixing  the  magnet  and  moving  the 
telescope,  we  may  ascertain  the  angular  value  of  the  divisions  of 
the  scale,  and  then,  when  the  magnet  is  suspended  and  the 
position  of  the  telescope  known,  we  may  determine  the  position 
of  the  magnet  at  any  instant  by  reading  off  the  division  of  the 
scale  which  coincides  with  the  cross-wires. 

The  telescope  is  supported  on  an  arm  which  is  centred  in  the 
line  of  the  suspension- fibre,  and  the  position  of  the  telescope  is 
read  off  by  verniers  on  tho  azimuth  circle  of  the  instrument. 

This  arrangement  is  suitable  for  a  small  portable  magneto- 
meter in  which  the  whole  apparatus  is  supported  on  one  tripod, 
and  in  which  the  oscillations  due  to  accidental  disturbances 
rapidly  subside. 

I         JDelerTnination  of  the  Direction  of  the  Axis  of  the  Magnet, 
I  mid  of  the  Direction  of  Terrestrial  Magnetism. 

I       452.]  Let  a  system  of  axes  be  drawn  in  a  magnet,  of  which 
[  the  axis  of  s  is  in  the  direction  of  the  length  of  the  bar,  and 
X  and  y  perpendicular  to  the  sides  of  the  bar  supposed  a  paral- 
I  lelopiped. 

I  Let  I,  m,  n  and  \,  /i,  v  be  the  angles  which  the  magnetic  axiH 
I  aad  the  line  of  collimation  make  with  these  axes  respectively. 
I  Let  M  be  the  magnetic  moment  of  the  magnet,  let  H  be  the 
horizontal  component  of  terrestiial  magnetism,  let  Z  be  the 
vertical  component,  and  let  8  be  the  azimuth  in  which  H  acts, 
I  reckoned  from  the  north  towards  the  west. 
I  Let  f  be  the  observed  admuth  of  the  line  of  collimation,  let  a 
I  be  the  azimuth  of  the  stirrup,  and  fi  the  reading  of  the  index  of 
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the  torsion  circle,  then  o  — ^  ia  the  azimuth  of  the  lower  end  of 
the  suspension- fibre- 
Let  y  be  the  value  of  o  — 0  when  there  is  no  torsion,  then  the 
moment  of  the  force  of  torsion  tending  to  diminish  a  will  be 

where  r  is  a  coefficient  of  torsion  depending  on  the  nature  of  the 
fibre. 

To  determine  X,,  the  angle  between  the  axis  ot  x  and  the  pro- 
jection of  the  line  of  collimation  on  the  plane  of  xz,  fix  the  stirrup 
BO  that  y  is  vertical  and  upwards,  s  to  the  north  and  x  to  the 
west,  and  observe  the  azimuth  C  of  the  lino  of  collimation.  Then 
remove  the  magnet,  turn  it  through  an  angle  w  about  the  axU 
of  3  and  replace  it  in  this  inverted  position,  and  observe  the 
azimuth  f  of  the  line  of  collimation  when  y  ta  downwards  and 
X  to  the  east,  w 

f  ="+!-*..  w 

f  =  "l+K-  (8) 

Hence  K=l  +  l{S'-0-  (3) 

Next,  hang  the  stirrup  to  the  suspension-fibre,  and  place  the 
ma^et  in  it,  adjusting  it  carefully  so  that  y  may  be  vertical  and 
upwards,  then  the  moment  of  the  force  tending  to  increase  a  is 

Jlf5.mm8m(8-.-|  +  g-T(a-/3-y);  (4) 

where  l^  is  the  angle  between  the  axia  of  x  and  the  projection  of 
the  magnetic  axis  on  the  plane  of  xz. 

But  if  f  is  the  observed  azimuth  of  the  line  of  collimation 

so  that  the  force  may  be  written 

JlfHsinmHin(8-f+Z,— *,)— T(i  +  A^-^-^-y).         (6) 

When  the  apparatus  is  in  equilibrium  this  quantity  is  zero  for 
a  particular  value  of  f 

When  the  apparatus  never  comes  to  rest,  hut  must  be  observed 

in  a  state  of  vibration,  the  val  ue  of  (  corresponding  to  the  position 

of  equilibrium  may  ho  calculated  by  a  method  which  will  be 

described  in  Art.  735, 

;       When  the  force  of  torsion  is  small  compared  with  the  moment 
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of  the  magnetic  force,  we  may  put  8  —  f  +  i,  —  A,  for  the  sine  of 
that  angle. 

If  we  give  to  y3,  the  reading  of  the  torsion  circle,  two  different 
valaes,  p^  and  ^^,  and  if  Ci  and  Ct  &re  the  corresponding  values 


off.  MHiC^. 

or,  if  we  pot 


£)« 


'(■ri-&-ft+A), 


--  =  /,     then     r  =  r'UHsin  m. 


and  equation  (6)  becomea,  dividing  by  MHa'mii 
If  we  now  reverse  the  magnet  ao  that  i 


c)  =  o. 


(8) 
(9) 


downwards,  and 
adjust  the  apparatus  till  y  ia  exactly  vertical,  and  if  ('  is  the 
new  value  of  the  azimuth,  and  8'  the  corresponding  declination, 

^'~C-h  +  K~r'{C-K  +  l-^-Y)  =  0.  (10) 

B  +  8' 


whence 


=  i(f+r)+ir'{c+f'- 


{0  +  y)h  (11) 

The  reading  of  the  torsion  circle  should  now  bo  adjusted,  80 
that  the  coefficient  of  /  may  be  as  nearly  as  possible  zero.  For 
this  purpose  we  must  determine  y,  the  value  of  a  — j3  when  there 
ia  no  torsion.  This  may  be  dono  by  placing  a  non-magnetic 
bar  of  the  same  weight  as  the  magnet  in  the  stirrup,  and  deter- 
mining a  — /3  when  there  is  equilibrium.  Since  /  is  small,  great 
accuracy  is  not  required.  Another  method  is  to  use  a  torsion 
bar  of  the  same  weight  as  the  magnet,  containing  within  it  a 

very  small  magnet  whose  magnetic  moment  is  —  of  that  of  the 

principal  magnet.    Since  r  remains  the  same,  r'  will  become  «/, 
and  if  fi  and  f,'  are  the  values  of  f  as  found  by  the  torsion  bar, 

^=l(f.  +  !r.')  +  l'"'(f,  +  A'-2(;3  +  y)l-  (12) 

Subtracting  this  equation  from  (11), 

2(«-i)0+,)  =  (»  +  i,)(!:,+f,')-(i  +  ^,)(c+n-   (") 

Having  found  the  value  of  y3  +  y  in  this  way,  /3,  the  reading  of 
the  torsion  (urcle,  should  be  altered  till 

f+C'-2(/3  +  y)  =  0,  (14) 

as  nearly  as  possible  in  the  ordinary  position  of  the  apparatus. 
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Then,  since  t'  is  a  very  small  numerical  quantity,  and  since  its 
coefficient  is  very  small,  the  value  of  the  second  term  in  the  ex- 
pression for  8  will  not  vary  much  for  small  errors  in  the  values 
of  t'  and  y,  which  are  the  quantities  whose  values  are  least  ac- 
curately known. 

The  value  of  6,  tho  magnetic  declination,  may  be  found  in  this 
way  with  considerable  accuracy,  provided  it  remains  constant 
during  the  experimenta,  so  that  we  may  assume  6'=  B, 

When  great  accuracy  is  required  it  is  necessary  to  take 
account  of  the  variations  of  6  during  the  experiment.  For  this 
purpose  observations  of  another  suspended  magnet  should  be 
made  at  the  same  instants  tbat  the  different  values  of  C  bJ'^ 
observed,  and  if  tj,  tj'  are  tho  observed  azimuths  of  the  second 
magnet  corresponding  to  (  and  f,  and  if  fi  and  8'  are  the  corre- 
sponding values  of  6,  then 

8'-S  =  V-'J.  (16) 

Hence,  to  find  the  value  of  5  we  must  add  to  (l  1}  a  cori'ection 

The  declination  at  the  time  of  the  first  observation  is  therefore 
«  =  UC+f'  +  ')-l'}+i^'(^+C-2^-2y).  (16) 

To  find  the  direction  of  the  magnetic  asia  within  the  magnet 
subtract  (10)  from  (9)  and  add  (15), 

By  repeating  the  experiments  with  the  bar  on  its  two  edges, 
so  that  the  axis  of  x  is  vertically  upwards  and  downwards,  we 
can  find  the  value  of  7)i.  If  the  axis  of  collimation  is  capable  of 
adjustment  it  ought  to  be  made  to  coincide  with  the  magnetic 
axis  as  nearly  as  possible,  so  that  the  error  arising  from  the 
magnet  not  being  exactly  inverted  may  be  as  small  as  possible*. 

On  the  Measurement  0/ Magnetic  Forces. 

453.]  The  most  important  nseasurements  of  magnetic  force  are 
those  which  determine  M,  the  magnetic  moment  of  a  magnet, 
and  H,  the  intensity  of  the  horizontal  component  of  terrestrial 
magnetism.  This  is  generally  done  by  combining  the  results  of 
two  experiments,  one  of  which  determines  the  ratio  and  the 
other  the  product  of  these  two  quantities. 

The  intensity  of  the  magnetic  force  due  to  an  infinitely  small 

,   iDvenuaD,'   by  W,  SwM.     Trant.   R.  S,   Edia., 
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magnet  whose  magnetic  moment  is  if,  at  a  point  distant  r  from 
the  centre  of  the  magnet  in  the  positive  direction  of  the  axis  of 
the  magnet,  is  „  _  ^  J/  . 

—  -  ,,j  \  I 

and  is  in  the  direction  of  r.  If  the  magnet  is  of  finite  size  but 
spherical,  and  magnetized  uniformly  in  the  direction  of  ita  axis, 
thJB  value  of  the  force  will  still  be  exact.  If  the  magnet  is  a 
Bolenoidal  bar  magnet  of  length  2L, 

^  =  2j(l  +  2^;+3,^  +  fa)-  (2) 

If  the  magnet  be  of  any  kind,  provided  its  dimensions  are  all 
small,  compared  with  r, 

ii  =  2^(l+J.^  +  ^,i+lto.),  (3) 

where  Aj,  A.^,  &a.  are  coefficients  depending  on  the  distribution 
of  the  magnetization  of  the  bar. 

Let  H  be  the  intensity  of  the  horizontal  part  of  terrestrial 
magnetism  at  any  place.  H  is  directed  towards  magnetic  north. 
Let  J"  be  measured  towards  magnetic  west,  then  the  magnetic 
force  at  the  extremity  of  r  will  be  H  towards  the  north  and  R 
towards  the  west.  The  resultant  force  will  make  an  angle  0 
with  the  magnetic  meridian,  measured  towards  the  west,  and 
such  that  ii  =  /rtanfl.  (4) 

Hence,  to  determirae  jy  we  proceed  as  follows : — 

The  direction  of  the  magnetic  north  having  been  ascertained,  a 
magnet,  whoso  dimensions  should  not  be  too  great,  is  suspended  as 
in  the  former  experiments,  and  the  deflecting  magnet  AJ  is  placed 
so  that  its  centre  is  at  a  distance  r  from  that  of  the  suspended 
magnet,  in  the  same  horizontal  plane,  and  due  magnetic  eaat. 

The  axis  of  M  is  carefully  adjusted  so  as  to  bo  horizontal  and 
in  the  direction  of  r. 

The  suspended  magnet  is  observed  before  M  is  brought  near 
and  also  after  it  ia  placed  in  position.  If  0  is  the  observed 
deflexion,  wc  have,  if  we  use  the  approximate  formula  (l), 

or,  if  we  use  the  formula  (3), 

if  r't,m»=l+^,!;+J  i,  +  !te.  (0) 
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Here  we  must  bear  in  mind  that  though  the  deflexion  0  can  be 
observed  with  great  accuracy,  the  distance  r  between  the  centres 
of  the  magnets  is  a  quantity  which  cannot  be  precisely  determined, 
unless  both  magnets  are  fixed  and  their  centres  defined  by  marks. 

This  difficulty  is  overcome  thus : 

The  magnet  M  is  placed  on  a  divided  scale  which  extends  east 
and  west  on  both  sides  of  the  suspended  magnet.  The  middle 
point  between  the  ends  of  Jlf  is  reckoned  the  centre  of  the 
magnet.  This  point  may  be  marked  on  the  magnet  and  its 
position  observed  on  the  scale,  or  the  positions  of  the  ends  may 
be  observed  and  the  arithmetical  mean  taken*  Call  this  8^  and 
let  the  line  of  the  suspension-fibre  of  the  suspended  magnet 
when  produced  cut  the  scale  at  s^,  then  r^  =  «j— a^,  where  «i 
is  known  accurately  and  Sq  approximately.  Let  $1  be  the  deflexion 
observed  in  this  position  of  M. 

Now  reverse  My  that  is,  place  it  on  the  scale  with  its  ends 
reversed,  then  r^  will  be  the  same,  but  M  and  Ai^  A^^  ftc.  will 
have  their  signs  changed,  so  that  if  ^^  is  the  deflexion  to  the  west, 

Taking  the  arithmetical  mean  of  (6)  and  (7), 

1  TT  1  1 

-^^V(tan^,-tan^^  =  l+^p+J,^  +  &c.  (8) 

Now  remove  M  to  the  west  side  of  the  suspended  magnet, 

and  place  it  with  its  centre  at  the  point  marked  28^— Sj  on  the 

scale.     Let  the  deflexion  when  the  axis  is  in  the  first  position 

be  ^3,  and  when  it  is  in  the  second  0^,  then,  as  before, 

1  If  11 

-  ^  r,»  (tan  0,-tan  <?,)  =  i  +  J  ^  —  +  J,  -,  +  &c.  (9) 

Let  us  suppose  that  the  true  position  of  the  centre  of  the 
suspended  magnet  is  not  Sq  but  Sq  +  a,  then 

r^^V'-a,         r^^r  +  a,  (lO) 

and  l(r,-  +  r/)  =  r-|l+'-?i^^+&c.j;  (11) 


a* 


and  since  -^  may  l>e  neglected  if  the  measurements  are  carefully 

made,  we  are  sure  that  we  may  take  the  arithmetical  mean  of 
rj"  and  r^"  for  r\ 

Hence,  taking  the  arithmetical  mean  of  (8)  and  (9), 
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SM 


^{taa^^-t&n0^  +  to.BO^-t&■n6^)  =  I  +^2-^  +  &c.,      (l2) 

or,  making     \ 

-(tan5,-tanS2  +  tan5a-tani3j)=  D,  (13) 

454.]  We  may  now  regard  D  and  r  bb  capable  of  exact 
determination. 

The  quantity  A2  can  in  no  case  exceed  2Z*,  where  X  is  half 
the  length  of  the  magnet,  so  that  when  r  is  considerable  com- 
pared with  L  we  may  neglect  the  term  in  A^  and  determine 
the  ratio  of  i7  to  Jtf  at  once.  We  cannot,  however,  aaaiime  that 
A^  ia  equal  to  2i^,  for  it  may  be  less,  and  may  even  be  negative 
for  a  magnet  whose  largest  dimensions  are  transverse  to  the  asia. 
The  term  in  A^  and  all  higher  terms  may  safely  be  neglected. 

To    eliminate   A^,    repeat   the    experiment,    using   distances 
r^p  r^,  rj,  &e.,  and  let  the  values  of  D  be  /),,  D^i  -^ai  ^''■i  then 
23/",  1       A,.-.         „        2M ,  1        A.,^      „        , 

If  we  suppose  that  the  probable  errors  of  these  equations  are 
equal,  as  they  will  be  if  they  depend  on  the  determination  of  D 
only,  and  if  there  is  no  uncertainty  about  r,  then,  by  multiply- 
ing each  equation  by  1^^  and  adding  the  results,  we  obtain  one 
equation,  and  by  multiplying  each  equation  by  r~'  and  adding 
we  obtain  another,  according  to  the  general  rule  in  the  theory 
of  the  combination  of  fallible  measurements  when  the  probable 
error  of  each  equation  is  supposed  the  same, 

Let  us  write 

£(C7-')  for  i),r,-'  +  AT''+AT'  +  ^-. 
and  use   similar  expressions  for   the  sums  of  other  groups  of 
symbols,  then  the  two  resultant  equations  may  be  written 


if 


")!. 


whence 

?^(S(r-«)J(r-")-[S(r-)]'J=S(Dr'-)S(>--")-S(Z),-')2(r-'), 

•ad     A,  (X(Cr-")J(i-'")-S(Zli-«)2(r-')] 

=  S(i)r-»)S(,-')-S(D,-')v(,-.). 
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The  value  of  A.^  derived  &om  these  equations  ought  to  be  less 
than  half  the  square  of  the  length  of  the  magnet  M.  If  it  is  not 
we  may  suspect  some  error  in  the  observations.  This  method 
of  observation  and  reduction  was  given  by  Qauss  in  the  *  First 
Report  of  the  Magnetic  Association/ 

When  the  observer  can  make  only  two  series  of  experiments 

2M 
at  distances  r^  and  rg,  the  values  of  -^  and  A^  derived  from 

these  experiments  are 

If  hD^  and  52)2  are  the  actual  errors  of  the  observed  deflexions 
Di  and  D^^  the  actual  error  of  the  calculated  result  Q  will  be 

If  we  suppose  the  errors  hD^  and  hD^io  he  independent,  and 
that  the  probable  value  of  either  is  hD^  then  the  probable  value 
of  the  error  in  the  calculated  value  of  Q  will  be  dQ,  where 

,*.  10  I  -*•  10 

If  we  suppose  that  one  of  these  distances,  say  the  smaller,  is 
given,  the  value  of  the  greater  distance  may  be  determined  so  as 
to  make  5Q  a  minimum.  This  condition  leads  to  an  equation 
of  the  fifth  degree  in  r^^,  which  has  only  one  real  root  greater 
than  r^.     From  this  the  best  value  of  r^  is  found  to  be 

ri=  1.3189  7-2  * 
If  one  observation  only  is  taken  the  best  distance  is  when 

D       ^^  r 

where  6D  is  the  probable  error  of  a  measurement  of  deflexion, 
and  hr  is  the  probable  error  of  a  measurement  of  distance. 

*  See  Airy'e  Magnetism. 

f   ( In  this  case  neglecting  the  term  in  A^  we  have 

and  this  is  a  minimum  when 


METHOD   OF    SINES. 

Metltod  of  Sines. 

455.]  The  metliod  which  we  have  juat  described  may  be  called 
the  Method  of  Tangonts,  because  the  tangent  of  the  defiesion  is 
a  measure  of  the  magnetic  force. 

If  the  lino  r, ,  instead  of  being  measured  east  or  west,  ia 
adjusted  till  it  is  at  right  angles  "with  the  axis  of  the  deflected 
magnet,  then  R  is  the  same  as  before,  but  in  order  that  the 
suspended  magnet  may  remain  peTpendiculai'  to  r,  the  resolved 
part  of  the  force  H  in  the  direction  of  r  must  be  equal  and 
opposite  to  R.     Hence,  if  fl  is  the  deflection,  R  =  H  sin  Q. 

This  method  is  called  the  Method  of  Sinea.  It  can  be  applied 
only  when  R  is  less  than  U. 

In  the  Kew  portable  apparatus  thia  method  is  employed.  The 
suspended  magnet  hangs  fi:om  a  part  of  the  apparatus  which 
revolves  along  with  the  teleacope  and  the  arm  for  the  deflecting 
magnet,  and  the  rotation  of  the  whole  is  measured  on  the  azimuth 
circle. 

The  apparatus  ia  first  adjusted  so  that  the  axis  of  the  teleacope 
coincides  with  the  mean  position  of  the  line  of  collimation  of  the 
magnet  in  its  undisturbed  state.  If  the  magnet  is  vibrating, 
the  true  azimuth  of  magnetic  north  is  found  by  observing  the 
extremities  of  the  oscillation  of  t)ie  transparent  scale  and  making 
the  proper  correction  of  the  reading  of  the  azimuth  circle. 

The  deflecting  magnet  is  then  placed  upon  a  straight  rod 
which  passes  through  the  axis  of  tho  revolving  apparatus  at 
right  angles  to  the  axis  of  the  telescope,  and  is  adjusted  so  that 
the  axis  of  the  deflecting  magnet  is  in  a  line  passing  through  the 
centre  of  tho  suspended  magnet. 

The  whole  of  the  revolving  apparatus  ia  then  moved  till  the 
line  of  collimation  of  the  suspended  magnet  again  coincides  with 
the  axis  of  the  telescope,  and  the  new  a^dmuth  reading  is 
corrected,  if  necessaiy,  by  the  mean  of  the  scale  readings  at 
the  extremities  of  an  oscillation. 

The  diSerence  of  the  corrected  azimuths  givea  the  deflexion, 
after  which  we  proceed  as  in  tho  method  of  tangents,  except 
that  in  the  expression  for  D  we  put  sin  6  instead  of  tan  B. 

In  this  method  there  is  no  correction  for  the  torsion  of  the 
suspending  fibre,  since  the  relative  position  of  the  fibre,  tele- 
scope, and  magnet  is  the  same  at  every  observation. 

The  axes  of  the  two  magnets  remain  always  at  right  angles 


110  MAGNBTIC  MEASCBEMENTS.  [45^- 

iii  this  method,  so  that  the  correction  for  length  can  be  more 
accurately  made. 

456.]  Having  thua  measured  the  ratio  of  the  moment  of  the 
deflecting  magnet  to  the  horizontal  component  of  terrestrial 
magnetism,  we  have  next  to  find  the  product  of  these  quantitiea, 
by  determining  the  moment  of  the  couple  with  which  terrestrial 
magnetism  tends  to  turn  the  same  magnet  when  its  axis  is 
deflected  from  the  magnetic  meridian. 

There  are  two  methods  of  making  this  measurement,  the 
dynamical,  in  which  the  time  of  vibration  of  the  magnet  under 
the  action  of  ten-estrial  magnetism  is  observed,  and  the  statical, 
in  which  the  magnet  is  kept  in  equilibrium  between  a  measure- 
able  statical  couple  and  tho  magnetic  force. 

The  dynamical  method  requires  simpler  apparatus  and  is 
more  accurate  for  absolute  measurements,  but  takes  up  a  con- 
siderable time;  the  statical  method  admits  of  almost  instan- 
taneous measureraent,  and  is  therefore  useful  in  tracing  the 
changes  of  the  intensity  of  the  magnetic  force,  but  requires 
more  delicate  apparatus,  and  is  not  so  accurate  for  absolute 
measurement. 

Method  of  Vibrations, 

The  magnet  is  suspended  with  its  magnetic  axis  horizontal, 
and  is  set  in  vibration  in  small  arcs.  The  vibrations  are 
observed  by  means  of  any  of  the  methods  already  described. 

A  point  on  tho  scale  is  chosen  corresponding  to  the  middle  of 
tho  arc  of  vibration.  The  instant  of  passage  through  thia  point 
of  the  scale  in  the  positive  direction  is  observed.  If  there  is 
sufficient  time  before  the  return  of  the  magnet  to  tho  same 
point,  the  instant  of  passage  through  the  point  in  the  negative 
direction  is  also  observed,  and  the  process  is  continued  till  n+1 
positive  and  n  negative  passages  have  been  observed.  If  tlie 
vibi-ations  are  too  rapid  to  allow  of  every  consecutive  passage 
being  observed,  every  third  or  every  fifth  passage  is  observed, 
care  being  taken  that  the  observed  passages  are  alternately 
positive  and  negative. 

Let  the  observed  times  of  passage  be  7",,  T^,  2^,^.1,  then  if 
vre  put  1 


i(7',+  r,+&c.  +T„ 


+  T.,,)  =  r^,,. 
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r  then  T,^i  is  the  ineaD  time  of  the  positive  paasages,  and  ought 
to  agree  with  I^^+i,  the  mean  time  of  the  negative  paseageB, 
if  the  point  haa  heen  properly  chosen.  The  mean  of  these 
results  is  to  be  taken  as  the  mean  time  of  the  middle  passage. 

After  a  large  number  of  vibrations  have  taken  place,  but 
before  the  vibrations  have  ceased  to  be  distinct  and  regular, 
the  observer  makes  another  series  of  observations,  from  which 
he  deduces  the  mean  tjjno  of  the  middle  passage  of  the  second 
series. 

By  calculating  the  period  of  vibration  either  from  the  fii'st 
series  of  observations  or  from  the  second,  he  ought  to  be  able 
to  be  certain  of  the  number  of  whole  vibrations  which  have 
taken  place  in  the  interval  between  the  time  of  middle  passage 
in  the  two  series.  Dividing  the  interval  between  the  mean 
times  of  middle  passage  in  the  two  series  by  this  number  of 
vibrations,  the  mean  time  of  vibration  is  obtained. 

The  observed  time  of  vibration  is  then  to  be  reduced  £0  the 
time  of  vibration  in  infinitely  small  arcs  by  a  formula  of  the 
same  kind  as  that  used  in  pendulum  observations,  and  if  the 
vibrations  are  found  to  diminish  rapidly  in  amplitude,  there 
is  another  correction  for  resistance,  see  Art.  740.  These  cor- 
rections, however,  are  very  small  when  the  magnet  hangs  by 
a  fibre,  and  when  the  arc  of  vibration  is  only  a  few  degrees. 

The  equation  of  motion  of  the  magnet  is 

A^+MHahi0  +  ffMT'(0-y)  =  o, 

where  B  is  the  angle  between  the  magnetic  axis  and  the  direc- 
tion of  the  force  H,  A  is  the  moment  of  inertia  of  the  magnet 
and  suspended  apparatus,  Al  is  the  magnetic  moment  of  the 
magnet,  II  the  intensity  of  the  hurizontal  magnetic  force,  and 
MHr'  the  coeflicient  of  torsion:  t'  is  determined  as  in  Art.  462, 
and  is  a  very  small  quantity.     The  value  of  6  for  equilibrium  is 

^u  =  - — -; ,  a  very  small  angle, 

and  the  solution  of  the  equation  for  smaJl  values  of  the  ampli- 
tude is  t 

0  =  Ccos(27ry  +a)-\-8^, 

where  T  is  the  periodic  time,  a  a  constant,  C  the  amplitude,  and 


T'  = 


MH{\wy 


[457- 
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whence  we  find  the  value  of  MH, 

Here  T  is  the  time  of  a  complete  vibration  determined  from 
observation.  A.  the  moment  of  inertia,  is  found  once  for  all  for 
the  magnet,  either  by  weighing  and  meastiring  it  if  it  ia  of  a 
regular  figure,  or  by  a  dynamical  process  of  comparison  with 
a  body  whose  moment  of  inertia  is  known. 


.M  , 


Combining  this  value  o{MH  with  that  of  jj-  formerly  obtained, 
we  get 


M^ 


-imd)- 


and 


r'{u 


ttM 


457.]  We  have  supposed  that  II  and  M  continue  constant 
duriiTg  the  two  eeriea  of  experiments.  The  fiuctuationa  of  JT 
may  be  ascertained  by  simultaneous  observations  of  the  bifilar 
magnetometer  to  be  presently  described,  and  if  the  magnet  has 
been  in  use  for  some  time,  and  is  not  exposed  during  the 
experiments  to  changes  of  temperature  or  to  concussion,  the 
part  of  M  which  depends  on  permanent  magnetism  may  be 
assumed  to  be  constant.  All  steel  magnets,  however,  are  capable 
of  induced  magnetism  depending  on  the  action  of  external 
magnetic  force. 

Now  the  magnet  when  emploj'od  in  the  deflexion  experiments 
is  placed  with  its  axis  east  and  west,  ao  that  the  action  of  ter- 
restrial magnetism  is  transverse  to  the  magnet,  and  does  not 
tend  to  increase  or  diminish  M.  When  the  magnet  is  made 
to  vibrate,  its  axis  is  north  and  south,  so  that  the  action  of 
terrestrial  magnetism  tends  to  magnetize  it  in  the  direction 
of  the  axis,  and  therefore  to  increase  its  magnetic  moment  by 
a  quantity  kll,  where  A;  is  a  coefficient  to  be  found  by  experi- 
ments on  the  magnet. 

There  are  two  ways  in  which  this  source  of  error  may 
be  avoided  without  calculating  k,  the  experiments  being  ar- 
ranged BO  that  the  magnet  shall  be  in  the  same  condition 
when  employed  in  deflecting  another  magnet  and  when  iteelf 
swinging. 

We  may  place  the  deflecting  magnet  with  its  axis  pointing 
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I  north,  at  &  diBlance  )■  from  the  centre  of  the  suspended  magnet, 
I  the  line  r  making  an  angle  whose  cosine  is  v'j  with  the 
I  magnetic  meridian.  The  action  of  the  deflecting  magnet  on  the 
I  suspended  one  is  then  at  right  angles  to  its  own  direction,  and 
is  equal  to  Ti_    /2  — 

Here  M  is  the  magnetic  moment  when  the  axis  points  north, 
as  in  the  experiment  of  vibration,  so  that  no  correction  has  to 
be  made  for  induction. 

This  method,  however,  is  extremely  difficult,  owing  to  the 
large  errors  which  would  be  introduced  by  a  slight  displacement 
of  the  deflecting  magnet,  and  as  tho  correction  by  reversing  the 
deflecting  magnet  is  not  applicable  here,  this  method  ia  not 
to  be  followed  except  when  the  object  is  to  determine  the 
coeffident  of  induction. 

The  following  method,  in  which  the  magnet  while  vibrating  ia 
freed  from  the  inductive  action  of  terrestrial  magnetism,  is  due 
to  Dr.  J.  P.  Joule  *. 

Two  magnets  are  prepared  whose  magnetic  moments  are  as 
nearly  equal  as  possible.  In  the  deflexion  experiments  these 
magnets  are  used  separately,  or  they  may  bo  placed  simul- 
taneously on  opposite  sides  of  the  suspended  magnet  to  produce 
a  greater  deflexion.  In  these  experiments  the  inductive  force 
of  terrestrial  magnetism  is  transverse  to  the  axis. 

Let  one  of  the.se  magnets  he  suspended,  and  let  the  other  be 

placed  parallel  to  it  with  its  centre  exactly  below  that  of  the 

I   suspended  magnet,  and  with  its  axis  in  the  same  direction.     The 

force  which  the  fixed  m^net  exerts  on  the  suspended  one  ia 

in  the  opposite  direction  from  that  of  terrestrial  magnetism.     If 

I  the  fixed  magnet  be  gradually  brought  nearer  to  the  suspended 

I  one  the  time  of  vibration  will  increase,  till  at  a  certain  point 

I  the  equilibrium  will  cease  to  be  stable,  and  beyond  this  point 

I  the   suspended   magnet  will   make   oscillations   in  the   reverse 

position.     By   experimenting   in   this   way   a  position   of   the 

fixed  magnet  is  found  at  which  it  exactly  neuti-alizes  the  efl'ect 

of   terrestrial   magnetism   on    the    suspended   one.      The    two 

magnet«  are  fastened  together  so  as  to  be  parallel,  with  their 

axes  turned  the  same  way,  and  at  the  distance  just  found  by 

•  PfW.  Phil.  S.,   JIoF.cir./er,  March  19,  1867. 
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experiment.    They  are  then  suspended  in  the  usual  way  and 
made  to  vibrate  together  through  small  arcs. 

The  lower  magnet  exactly  neutralizes  the  effect  of  terrestrial 
magnetism  on  the  upper  one,  and  since  the  magnets  are  of  equal 
moment,  the  upper  one  neutralizes  the  inductive  action  of  the 
earth  on  the  lower  one. 

The  value  of  M  is  therefore  the  same  in  the  experiment  of 
vibration  aa  in  the  experiment  of  deflexion,  and  no  correction  for 
induction  is  required. 

458.]  The  most  accurate  method  of  ascertaining  the  intensity 
of  the  horizontal  magnetic  force  is  that  which  we  have  just 
described.  The  whole  series  of  experiments,  however,  cannot  be 
performed  with  sufficient  accuracy  in  much  less  than  an  hour,  so 
that  any  changes  in  the  intensity  which  take  place  in  periods  of 
a  few  minutes  would  escape  observation.  Hence  a  different 
method  is  reijuired  for  observing  the  intensity  of  the  magnetic 
force  at  any  instant. 

The  statical  method  consists  in  deflecting  the  magnet  by  means 
of  a  statical  couple  acting  in  a  horizontal  plane.  If  Z  be  the 
moment  of  this  couple,  M  the  magnetic  moment  of  the  magnet, 
//  the  horizontal  component  of  terrestrial  magnetism,  and  0  the 
dotloxion,  MIIsinO^L. 

UciKw  if  L  is  kno^vn  in  terms  of  0,  MH  can  be  found. 

The  oouplo  L  may  be  generated  in  two  waj-s,  by  the  torsional 
ehistioity  of  a  wire,  as  in  the  ordinary  torsion  balance,  or  by  the 
weight  of  tlie  suspended  apparatus,  as  in  the  bifilar  suspension. 

In  the  torsion  IvUance  the  magnet  is  fastened  to  the  end  of  a 
vertical  win\  the  up|x^r  end  of  which  can  be  turned  round,  and 
its  rotation  measurvnl  bv  means  of  a  torsion  circle. 

We  have  then 

L  =  T^a  —  a^  —  e)  =  MHsmB. 
Hen^  ti^»  is  tl\e  value  of  the  reading  of  the  torsion  circle  when  the 
axis  of  the  magnet  coincides  with  the  ma^etic  meridian,  and  a 
is  the  actual  n^adlni:.  If  the  torsion  circle  is  turned  so  as  to 
briuiT  the  nmgnot  nearly  jvrj>endicular  to  the  magnetic  meridian, 
sv>  that 

(»='-(»'.     then     T^^a-a,.-%c>')  =  J/ffO-J^')- 
or     Mil  =  r^l  +  ic»*-\a-a^-^  +  <f). 
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By  observing  6\  the  deOexion  of  the  magnet  when  in  equili- 
briam,  we  can  calculate  MH  provided  we  know  7. 

If  we  only  wiah  to  know  the  relative  value  of  H  at  different 
times  it  ifl  not  necessary  to  know  either  M  or  t. 

We  may  easily  determine  r  in  absolute  measure  by  suspending 

a  non-magnetic  body  from  the  same  wire  and  observing  its  time 

of  oscillation,  then  if  j4  is  the  moment  of  inertia  of  this  body, 

ftnd  T  the  time  of  a  complete  vibration, 

_  4_7rM 

^-     T-'    ' 

The  chief  objection  to  the  use  of  the  torsion  balance  is  that 
the  zero-reading  Op  is  liable  to  change.  Under  the  constant 
twisting  force,  arising  from  the  tendency  of  the  magnet  to  turn 
to  the  north,  the  wire  gi'adually  acquires  a  permanent  twist,  bo 
that  it  becomes  necessary  to  determine  the  zero-roading  of  the 
torsion  circle  afresh  at  short  intervals  of  time. 

Bifilar  Suspension. 

459.]  The  method  of  suspending  the  magnet  by  two  wires  or 
fibres  was  introduced  by  Gauss  and  Weber.  As  the  bifilar 
suspension  is  used  in  many  electrical  inMtniinents,  we  shall 
investigate  it  more  in  detail.  The  general  appearance  of  the 
suspension  is  shewn  in  Fig,  16,  and  Fig.  17  represents  the  pro- 
jection of  the  wires  on  a  horizontal  plane. 

AB  and  A'^  are  the  projections  of  the  two  wires. 

AA'  and  BIf  are  the  lines  joining  the  upper  and  the  lower 
ends  of  the  wires. 

or,  and  h  are  the  lengths  of  the  lines  AA'  and  BB'. 

a  and  /3  their  azimuths. 

W  and  W  the  vertical  components  of  the  tensions  of  the 
wires, 

Q  and  Q'  their  horizontal  components. 

A  the  vertical  distance  between  AA'  and  BB". 

The  forces  which  act  on  the  magnet  are — its  weight,  the 
couple  arising  from  terrestrial  magnetism,  the  torsion  (if  any) 
of  the  wires  and  their  tension.s.  Of  these  the  eflects  of  mag- 
netism and  of  torsion  are  of  the  nature  of  couples.  Hence  the 
resultant  of  the  tensions  must  consist  of  a  vertical  force,  equal 
to  the  weight  of  the  magnet,  together  with  a  couple.  The 
resultant  of  the  vertical  components  of  the  tensions  is  therefore 
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along  the  line  whose  projection  is  0,  the  intersection  of  AA'  and 
BB^^  and  either  of  these  lines  is  divided  in  0  in  the  ratio  of  W 
to  F. 

The  horizontal  components  of  the  tensions  form  a  couple,  and 
are  therefore  equal  in  magnitude  and  parallel  in  direction. 
Calling  either  of  them  Q,  the  moment  of  the  couple  which  they 

form  is  L^q.FT',  (1) 

where  PI^  is  the  distance  between  the  parallel  lines  AB  and 
A'B^. 
To  find  the  value  of  L  we  have  the  equations  of  moments 

q}i^W.AB^W\A'«,  (2) 

and  the  geometrical  equation 

{AB  +  A'«)PF  =  oft  sin  (a-^),  (3) 

whence  we  obtain, 

Z  =  Q.PP'=  ^^^8m(«-/3).  (4) 

If  m  is  ihe  mass  of  the  suspended  apparatus,  and  g  the  inten- 
sity of  gravity,  Tr+Tr  =  m^.  (6) 
If  we  also  write            F-  TT  =  nrng,  (6) 

we  find  Z  =  j(l— n2)m5r -7- sin  (a— j3).  (7) 

The  value  of  L  is  therefore  a  maximum  with  respect  to  n 
when  n  is  zero,  that  is,  when  the  weight  of  the  suspended  mass 
is  equally  borne  by  the  two  wires. 

We  may  adjust  the  tensions  of  the  wires  to  equality  by  ob- 
serving the  time  of  vibration,  and  making  it  a  minimum,  or  we 
may  obtain  a  self-acting  adjustment  by  attaching  the  ends  of 
the  wires,  as  in  Fig.  16,  to  a  pulley,  which  turns  on  its  axis  till 
the  tensions  are  equal. 

The  distance  between  the  upper  ends  of  the  suspension  wires  is 
regulated  by  means  of  two  other  pulleys.  The  distance  between 
the  lower  ends  of  the  wires  is  also  capable  of  adjustment. 

By  this  adjustment  of  the  tension,  the  couple  arising  from  the 
tensions  of  the  wires  becomes 

L  =  -- -7- mgr  sin  (a— )3). 

The  moment  of  the  couple  arising  from  the  torsion  of  the 
wires  is  of  the  form  ^  (y — ^) 

where  r  is  the  sum  of  the  coefficients  of  torsion  of  the  wires. 
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The  wires  ought  to  be  without  torsion  when  a  =  )3,  we  may 
then  make  y:=  a. 

The  moment  of  the  oouple  arising  from  the  horizontal  mag- 
netic force  is  of  the  form 

Jfffsin(d-d), 

where  h  is  the  magnetic  declination,  and  0  is  the  azimuth  of  the 


Fig.  16. 


Fig.  17. 


axis  of  the  magnet.     We  shall  avoid  the  introduction  of  un- 
necessary symbols  without  sacrificing  generality  if  we  assume 
that  the  axis  of  the  magnet  is  parallel  to  BB'y  or  that  p  =  0. 
The  equation  of  motion  then  becomes 

A^  =  Jffi^sin(^-^)  +  ~mflrsin(a-fl)  +  r(a-^).       (8) 
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There  are  three  principal  positions  of  this  apparatus. 

(1)  When  a  is  nearly  equal  to  5.  If  T^  is  the  time  of  a 
complete  oscillation  in  this  position,  then 

4  71^^1      1  ah  T^rTT  /fv\ 

T^  =  jy  w^  +  r  + Jffi:  (9) 

(2)  When  a  is  nearly  equal  to  d  +  ir.  If  Tj  is  the  time  of  a 
complete  oscillation  in  this  position,  the  north  end  of  the  magnet 
being  now  turned  towards  the  south, 

"T^  =  4  y  mgr  +  r-ilf^.  (10) 

The  quantity  on  the  right-hand  of  this  equation  may  be  made 
as  small  as  we  please  by  diminishing  a  or  6,  but  it  must  not  be 
made  negative,  or  the  equilibrium  of  the  magnet  will  become 
unstable.  The  magnet  in  this  position  forms  an  instrument  by 
which  small  variations  in  the  direction  of  the  magnetic  force 
may  be  rendered  sensible. 

For  when  d— 5  is  nearly  equal  to  tt,  sin  (6— d)  is  nearly  equal 
to  d— 6— TT,  and  we  find 

■^j^r)ig  +  T-MH 

By  diminishing  the  denominator  of  the  fraction  in  the  last 
term  we  may  make  the  variation  of  6  very  large  compared  with 
that  of  b.  We  should  notice  that  the  coefficient  of  5  in  this 
expression  is  negative,  so  that  when  the  direction  of  the  mag- 
netic force  turns  in  one  direction  the  magnet  turns  in  the 
opposite  direction. 

(3)  In  the  third  position  the  upper  part  of  the  suspension- 
apparatus  is  turned  round  till  the  axis  of  the  magnet  is  nearly 
perpendicular  to  the  magnetic  meridian. 

If  we  make 

^-S  =  |  +  ^',     and     a--e  =  0^e\  (12) 

the  equation  of  motion  may  be  written 

^-^l2r  =  -^^^ose'+--j-mgBm{fi^e')  +  T(fi^ey         (13) 
If  there  is  equilibrium  when  H=  H^  and  ^  =  0, 

-.Jfflo  +  --^mgrsm^  +  ^r  =  o,  (14) 
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is  the  value  of  the  horizontal  force  con-eapondiiig  to  a 

\       -jmg  BID.  ^  +  Tfi    I 

order  that  the  magnet  may  "be  in  stable  equilibrium  it  is 
necessary  that  the  numerator  of  the  fraction  in  the  second 
member  ahouM  be  positive,  but  the  more  nearly  it  approaches 
zero,  the  moie  sensitive  will  be  the  instrument  in  indicating 
changes  in  the  value  of  the  intensity  of  the  horizontal  com- 
ponent of  teiTestrial  magnetism. 

The  statical  method  of  estimating  the  intensity  of  the  force 
depends  upon  the  action  of  an  instrument  which  of  itself 
assumes  different  positions  of  equilibrium  for  different  values  of 
the  force.  Hence,  by  means  of  a  mirror  attached  to  the  magnet 
and  throwing  a  spot  of  light  upon  a  photographic  surface  moved 
by  clock-work,  a  curve  may  be  traced,  from  which  the  intensity 
of  the  force  at  any  instant  may  be  determined  according  to  a 
scale,  which  we  may  for  the  present  consider  an  arbitrary  one. 

4S0,]  In  an  observatory,  where  e,  continuous  system  of  regis- 
tration of  declination  and  intensity  is  kept  up  either  by  eye- 
observation  or  by  the  automatic  photographic  method,  the 
absolute  values  of  the  declination  and  of  the  intensity,  as  well 
as  the  position  and  moment  of  the  magnetic  axis  of  a  magnet, 
may  be  determined  to  a  great  degree  of  accuracy. 

For  the  declinometer  gives  the  declination  at  every  instant 
affected  by  a  constant  error,  and  the  bifilar  magnetometer  givea 
the  intensity  at  every  instant  multiplied  hy  a  constant  coeffi- 
cient. In  the  experiments  we  substitute  for  3,  5'+ 8,,,  where  6' 
ja  the  reading  of  the  declinometer  at  the  given  instant,  and  \ 
is  the  unknown  but  constant  eiTor,  bo  that  S'  +  ^o  is  the  true 
declination  at  that  instant. 

In  like  manner  for  U,  we  substitute  CH',  where  H'  is  the 
reading  of  the  magnetomotei'  on  its  arbitrary  scale,  and  C  is  an 
unkno^^'n  but  constant  multiplier  which  converts  these  readings 
into  al;soIute  measure,  so  that  CR'  is  the  horizontal  force  at  a 
given  instant. 

The  experimenta  to  detei-mine  the  absolute  values  of  the 
quantities  must  be  conducted  at  a,  sufficient  distance  from  the 
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decline  meter  and  magnetometer,  so  that  the  diflerent  ma^ets 
may  not  Bensiblj  disturb  each  other.  The  time  of  every  obser- 
vation must  be  noted  and  the  corresponding  valueB  of  6'  aiid  II' 
inserted.  The  equations  are  then  to  be  treated  bo  as  to  find  l„, 
the  constant  error  of  the  declinometer,  and  C  the  coefficient  to 
b(!  applied  to  the  reading  of  the  magnetometer.  When  these 
are  found  the  readings  of  both  inetruments  may  be  expressed  in 
absolute  measure.  The  absolute  measurements,  however,  must 
be  frequently  repeated  in  order  to  take  account  of  changes 
which  may  occur  in  the  magnetic  axis  and  magnetic  moment  of 
the  magnets. 

461.]  The  methods  of  determining  the  vertical  component  of 
the  terrestrial  magnetic  force  have  not  been  brought  to  the 
same  degree  of  precision.  The  vertical  force  must  act  on  a 
magnet  which  turns  about  a  horizontal  axis.  Now  a  body 
which  turns  about  a  horizontal  axis  cannot  be  made  so  sensitive 
to  the  action  of  small  forces  as  a  body  which  is  suspended  by  a 
fibre  and  turns  about  a  vertical  axis.  Besides  this,  the  weight  of 
a  magnet  is  so  largo  compared  with  the  magnetic  force  cierted 
upon  it  that  a  small  displacement  of  tho  centre  of  inertia  by 
unequal  dilatation,  &c.  produces  a  greater  eSect  on  the  position 
of  the  magnet  than  a  considerable  change  of  the  magnetic  force. 

Hence  the  measurement  of  the  vertical  force,  or  the  com- 
parison of  the  vertical  and  the  horizontal  forces,  is  the  least 
perfect  part  of  the  system  of  magnetic  measurements. 

The  vertical  part  of  the  magnetic  force  is  generally  deduced 
from  the  horizontal  force  by  determining  the  direction  of  the 
total  force. 

If  i  be  the  angle  which  the  total  force  makes  with  its  hori- 
zontal component,  i  is  called  the  magnetic  Dip  or  Inclination, 
and  if  H  is  the  horizontal  force  already  found,  then  the  vertical 
force  is  U  tan  i,  and  the  total  force  is  H  sec  i. 

The  magnetic  dip  is  found  by  me«ns  of  the  Dip  Needle. 

Tho  theoretical  dip-needle  is  a  magnet  with  an  axis  which 
passes  through  its  centre  of  Inertia  perpendicular  to  the  mag- 
netic axis  of  the  needle.  The  ends  of  its  axis  are  made  in 
the  form  of  cylinders  of  small  radius,  the  axes  of  which  are 
coincident  with  the  line  passing  tlirough  the  centre  of  inertia. 
These  cylindiical  ends  rest  on  two  horizontal  planes  and  arc 
tree  to  roll  on  them. 
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When  the  axis  is  placed  magnetic  east  and  west,  the  needle 
is  free  to  rotate  in  the  plane  of  the  magnetic  meridian,  and  if 
the  instrument  is  in  perfect  adjustment,  the  magnetic  axis  will 
set  iteelf  in  the  direction  of  the  total  magnetic  force. 

It  is,  however,  practieaUy  imposaihle  to  adjust  a  dip-needle  so 
that  its  weight  does  not  influence  its  position  of  equilibrium, 
bocsiiBe  its  centre  of  inertia,  even  if  originally  in  the  lino 
joining  the  centres  of  the  rolling  sections  of  the  cylindrical  ends, 
will  cease  to  be  in  this  line  when  the  needle  is  imperceptibly  bent 
or  unequally  expanded.  Eesidea,  the  determination  of  the  true 
centre  of  inertia  of  a  magnet  is  a  very  difficult  operation,  owing 
to  the  interference  of  the  magnetic  force  with  that  of  gravity. 

Let  us  suppose  one  end  of  the  needle  and  one  end  of  the 
pivot  to  be  marked.  Let  a  lino,  real  or  imaginary,  be  drawn  on 
the  needle,  which  we  shall  call  the  Line  of  CoUimation.  The 
position  of  this  line  is  read  off  on  a  vertical  circle.  Let  6  be  the 
angle  which  this  line  makes  with  the  ludius  to  zero,  which  we 
shall  suppose  to  be  horizontal.  Let  K  be  the  angle  which  the 
m&gnetic  axis  makes  with  the  line  of  coUimation,  so  that  when 
the  needle  is  in  this  position  the  magnetic  axis  is  inclined  d-\-K 
to  the  horizontal. 

Let  p  be  the  perpendicular  from  the  centre  of  inertia  on  the 
plane  on  which  the  axis  rolls,  then  p  will  be  a  function  of  0, 
whatever  be  the  shape  of  the  rolling  Burfaces.  If  both  the 
rolling  sections  of  the  ends  of  the  axis  are  circular  we  have  an 
equation  of  the  form, 

p  =  c—a&m  {S  +  o),  {1} 

where  a  ia  the  distance  of  the  centre  of  inertia  from  the  line 
joining  the  centres  of  the  rolling  sections,  and  a  is  the  angle 
which  this  line  makes  with  the  line  of  coUimation. 

li Mm  the  magnetic  moment,  m.  the  mass  of  the  magnet,  and 
g  the  force  of  gravity,  /  the  total  magnetic  force,  and  i  the  dip, 
then,  by  the  conservation  of  energy,  when  there  is  stable  equi- 
Ubrium  j//goB  {e-\-\~i)-'mgp 

must  be  a  maximum  with  respect  to  6,  or 


(2) 


if  the  ends  of  the  a 


B  cylindrical. 
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A]so,  if  7  be  th6  time  of  vibration  about  the  position  of  eqtd- 

librium,  4v^A 

Ml+mga  an  (fl  4-  a)  =  -=- »  (4) 

where  A  is  the  Moment  of  inertia  of  the  needle  aboat  its  axis  of 
rotation^  and  $  is  determined  by  (3). 

In  determining  the  dip  a  reading  is  taken  witk  the  dip-cirole 
in  the  magnetic  meridian  and  with  the  graduation  towards  the 
west. 

Let  $1  be  this  reading,  then  wo  have 

JlfJsin(0|+X— i)  =  m^acoe(di+a).  (6) 

The  instrument  is  now  turned  about  a  vertical  axis  through 
180^  so  that  the  graduation  is  to  the  east,  and  if  0^  is  the  new 

reading,        j^j  ^  (tf,+x-ir  +  i)  =  mga  cos  (flj+a).  (6) 

Taking  (6)  from  (5),  and  remembering  that  $1  is  nearly  equal 
to  t,  and  02  nearly  equal  to  ir— t,  and  that  X  is  a  small  angle, 
such  that  Tngak  may  be  neglected  in  comparison  with  if/, 

ifj(fli— tfg+ir-2i)=  2m^acostcosa.  (7) 

Now  take  the  magnet  from  its  bearings  and  place  it  in  the 
deflexion  apparatus,  Art.  453,  so  as  to  indicate  its  own  magnetic 
moment  by  the  deflexion  of  a  suspended  magnet,  then 

M=lr^HD,  (8) 

where  D  is  the  tangent  of  the  deflexion. 

Next,  reverse  the  magnetism  of  the  needle  and  determine  its 
new  magnetic  moment  M\  by  observing  a  new  deflexion  the 
tangent  of  which  is  2/,  then  the  distance  being  the  same  as  before, 

Jf'  =  ir3JT2y,  (9) 

whence  MI/  =  iTD.  (10) 

Then  place  it  on  its  bearings  and  take  two  readings,  ^3 
and  ^4,  in  which  0^  is  nearly  w  +  i,  and  0^  nearly  —  i, 

ir/sin(d3  +  X^— w— i)  =  mgra  cos  (^3  + a),  (11) 

if/sin  {0^  +  X'  +  i)        =  mga  cos  (^4  +  a),  (12) 
whence,  as  before, 

ir/(^3  — ^4  — 77  —  2^)  =  —  2mgfacosz  cos  a,  (13) 
and  on  adding  (7), 

Jf/(fli-.tf,  +  7r-2i)  +  ir/(d3-d4-.7r-2i)  =  0,  (14) 

or  2)(di-dg  +  ir-2i)+    2)'(d3-fl4-ir-2i)  =  0,  (16) 
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whence  we  find  the  dip 

'- 2B+2I/ <'^' 

where  D  and  C  are  the  tangents  of  the  deflexions  produced 
by  the  needle  in  ita  first  and  second  magnetizations  reapectively. 

In  taking  ohsei'vations  with  the  dip-circle  the  vertical  axis 
is  carefully  adjusted  so  that  the  plane  bearings  upon  which  the 
axis  of  the  magnet  rests  are  horizontal  in  every  azimuth.  The 
magnet  being  magnetized  so  that  the  end  A  dips,  is  placed  with 
its  axis  on  the  plane  hearings,  and  observations  ai-c  taken  with 
the  plane  of  the  circle  in  the  magnetic  meridian,  and  with 
the  graduated  side  of  the  circle  east.  Each  end  of  the  magnet 
is  observed  by  means  of  reading  microscopes  carried  on  an  arm 
which  moves  concentric  with  the  dip-circle.  The  cross-wires 
of  the  microscope  are  made  to  coincide  with  the  image  of  a 
mark  on  the  magnet,  and  the  position  of  the  arm  ia  then  read 
off  on  the  dip-circle  by  means  of  a  vernier. 

We  thus  obtain  an  observation  of  the  end  A  and  another 
of  the  end  B  when  the  gi-aduationa  are  east.  It  ia  necessary 
to  observe  both  ends  in  order  to  eliminate  any  error  arising 
I  from  the  axle  of  the  magnet  not  being  concentric  with  the  dip- 
circle. 

The  graduated  side  is  then  turned  west,  and  two  more  ob- 
servations are  made. 

The  magnet  is  then  turned  round  so  that  the  ends  of  the  axle 
are  reversed,  and  four  more  observations  are  made  looking  at 
the  other  side  of  the  magnet. 

The  magnetization  of  the  magnet  is  then  reversed  so  that  the 
end  B  dips,  the  magnetic  moment  is  ascertained,  and  eight 
observations  are  taken  in  this  state,  and  the  sixteen  observations 
combined  to  determine  the  true  dip. 

462.]  It  is  found  that  in  spite  of  the  utmost  care  the  dip, 
as  thus  deduced  from  observations  made  with  one  dip-circle, 
differa  perceptibly  from  that  deduced  from  observations  with 
another  dip-circle  at  the  same  place.  Mr.  Broun  has  pointed 
out  the  efiVct  due  to  ellipticity  of  the  bearings  of  the  axle, 
and  how  to  correct  it  by  taking  observations  with  the  magnet 
magnetized  to  difl'erent  stiengths. 

The  principle  of  this  method  may  be  stated  thus.  Wo  shall 
suppose  that  the  error   of  any   one  observation  is  a  small 
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quantity  not  exceeding  a  degree.  We  shall  also  suppose  that 
Bome  unknown  but  regular  force  acts  upon  the  magnet,  dis- 
turbing it  from  its  true  position. 

If  X  is  the  moment  of  this  force,  0,  the  true  dip,  and  6 
the  observed  dip,  then 

i  =  jf/8iii{fl-0j,  (17) 

=  MI  {0-6,),  (18) 

since  $—6^  is  small. 

It  ia  evident  that  the  greater  M  becomes  the  nearer  docs 
the  needle  approach  its  proper  position.  Now  let  the  operation 
of  taking  tlie  dip  be  performed  twice,  first  with  the  magnetiza- 
tion equal  to  J/, ,  the  greatest  that  the  needle  is  capable  of, 
and  next  with  the  magnetization  equal  to  ilf^,  a  much  smaller 
value  but  sufficient  to  make  tie  readings  distinct  and  the  error 
still  moderate.  Let  6,  and  0^  be  the  dips  deduced  from  these 
two  sct6  of  observations,  and  let  L  be  the  mean  value  of  the 
unknown  disturbing  force  for  the  eight  positions  of  each  de- 
termination, which  wc  shall  suppose  the  same  for  both  deter- 
minations.    Then 

X  =  MJ{0^~$^)  =  MJ(e^-0;i.  (19) 

If  we  find  that  several  experiments  give  nearly  equal  values 
for  L,  then  we  may  consider  that  6^  must  be  very  nearly  the 
true  value  of  the  dip. 

463,]  Dr.  Joule  has  recently  constructed  a  new  dip-circle,  in 
which  the  axis  of  the  needle,  instead  of  rolling  on  horizontal 
agate  planes,  is  slung  on  two  filaments  of  silk  or  spider's  thread, 
the  ends  of  the  filaments  being  attached  to  the  arms  of  a 
delicate  balance.  The  axis  of  the  needle  thus  rolls  on  two  loops 
of  silk  fibre,  and  Dr.  Joule  finds  that  its  freedom  of  motion  is 
much  greater  than  when  it  rolls  on  agate  planes. 

In  I'ig.  18,  A'S  is  the  needle,  CC  is  its  axis,  consisting  of  s 
straight  cylindrical  wire,  and  J'C<^,  I"C'Q'  are  the  filaments 
on  which  the  ajiis  rolls.  FOQ  is  the  balance,  consisting  of  a 
double  bent  lover  supported  by  a  wire,  O'O',  stretched  horizont- 
ally between  the  prongs  of  a  forked  piece,  and  having  a  counter- 
poise  ]i  which  can  be  screwed  up  or  down,  so  that  the  b&Uaoe 
is  in  neutral  equilibrium  about  O'O'. 
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In  order  that  the  needle  may  "be  in  Ti(?utral  equilibrium  as 
the  needle  roUs  on  the  tilamenta  the  centre  of  gravity  must 
neither  rise  nor  fall.  Hence  the  distance  OC  must  remain 
constant  as  the  needle  rolls.  This  condition  will  be  fulfilled 
if  the  arms  of  the  balance  OP  and  OQ  are  equal,  and  if  the 
filaments  are  at  right  angles  to  the  arms. 

Dr.  Joule  finds  that  the  needle  should  not  be  more  than  five 
inches  long.  ttTien  it  ia  eight  inches  long,  the  bending  of  the 
needle  tends  to  diminish  the 
apparent  dip  by  a  fraction  of 
a  minute.  The  axis  of  the 
needle  was  originally  of  sfceel 
wire,  straightened  by  being 
brought  to  a  red  heat  while 
stretched  by  a  weight,  but 
Dr.  Joule  found  that  with 
the  new  suspension  it  is 
not  necessary  to  use  steel 
wire,  for  platinum  and  even 
standard  gold  are  hard 
enou^. 

The  balance  is  attached  to 
awireO'0'aboutafoot  long 
stretched  horizontally  be- 
tween the  prongs  of  a  fork. 
This  fork  is  turned  round  in 
azimuth  by  means  of  a  circle 
at  the  top  of  a  tripod  which 
supports  the  whole.  Six 
complete  obaorvations  of  the 
dip  can  be  obtained  in  one 
hour,  and  the  average  error 
of  a  single  observation  ia  a  Fig.  IS. 

iraction  of  a  minute  of  arc. 

It  is  proposed  that  the  dip-needle  in  the  Cambridge  Physical 
Laboratory  shall  be  observed  by  means  of  a  double  image 
instrument,  consisting  of  two  totally  reflecting  prisma  placed 
BB  in  Fig.  19  and  mounted  on  a  vertical  graduated  circle,  so 
that  the  plane  of  refiesion  may  be  turned  round  a  horizontal 
axis  nearly  coinciding  with   the  prolongation   of  the   axis   of 
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the  suspended  dip-needle.  The  needle  is  viewed  by  means  of  a 
telescope  placed  behind  the  prisms,  and  the  two  ends  of  the 
needle  are  seen  together  as  in  Fig.  20.  By  turning  the  prisms 
about  the  axis  of  the  vertical  circle,  the  images  of  two  lines 


Fig.  19. 


Fig.  20. 


/  = 


drawn  on  the  needle  may  be  made  to  coincide.  The  inclination 
of  the  needle  is  thus  determined  from  the  reading  of  the  vertical 
circle. 

The  total  intensity  I  of  the  magnetic  force  in  the  line  of  dip 
may  be  deduced  as  follows  from  the  times  of  vibration  T^^T^^T^y 
1\  in  the  four  positions  already  described, 

Ait^A     CI  1_        1  1  I 

The  values  of  M  and  W  must  be  found  by  the  method  of 
deflexion  and  vibration  formerly  described,  and  A  is  the  moment 
of  inertia  of  the  magnet  about  its  axle. 

The  observations  with  a  magnet  suspended  by  a  fibre  are  so 
much  more  accurate  that  it  is  usual  to  deduce  the  total  force 
from  the  horizontal  force  by  means  of  the  equation 

/=  if  sec  ^, 

where  /  is  the  total  force,  H  the  horizontal  force,  and  6  the  dip. 

464]  The  process  of  determining  the  dip  being  a  tedious  one, 
is  not  suitable  for  determining  the  continuous  variation  of  the 
magnetic  force.  The  most  convenient  instrument  for  continuous 
observations  is  the  vertical  force  magnetometer,  which  is  simply 
a  magnet  balanced  on  knife  edges  so  as  to  be  in  stable 
equilibrium  with  its  magnetic  axis  nearly  horizontal. 

If  ^  is  the  vertical  component  of  the  magnetic  force,  M  the 
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magnetic  momuiit,  and  0  the  small  angle  which  the  magnetic 
axis  makes  with  the  horizon, 

-MZcos6  =  mgacos{a~0}, 
where  m  is  the  maas  of  the  magnet,  g  the  force  of  gravity,  a  the 
distance  of  the  centre  of  gravity  from  the  axis  of  suspension, 
and  a  ihe   angle  which  the  plane  through  the   axis   and  the 
centre  of  gi-avity  makes  with  the  magnetic  axis. 

Hence,  for  the  small  vai-iation  of  vertical  force  i2,  there  will 
be  since  fl  is  very  small  a  variation  of  the  angular  position  of 
the  magnet  66  such  that 

MhZ  ■=  m.ga&\xi  {a  — 6)  hO. 

In  practice  tbia  instrument  is  not  used  to  determine  the 
absolute  value  of  Uie  vertical  force,  but  only  to  register  its 
small  variations. 

For  ibis  purpose  it  is  sufficient  to  know  the  absolute  value 

f^. 
d0 

The  value  of  Z,  when  the  horizontal  force  and  the  dip  are 
known,  ia  found  from  the  equation  Z=HtSia0^,  where  fig  ia 
the  dip  and  H  the  horizontal  force. 

To  find  the  deflexion  due  to  a  given  variation  of  Z,  take  a 
magnet  and  place  it  with  its  axia  east  and  west,  and  with  its 
centre  at  a  known  distance  7'i  east  or  west  from  the  declinometer, 
as  in  experiments  on  deflexion,  and  let  the  tangent  of  deflexion 
beD,. 

Then  place  it  with  its  axis  veiiical  and  with  its  centre  at 
a  distance  r^  above  or  below  tha  centre  of  the  vertical  force 
magnetometer,  and  let  the  tangent  of  the  deflexion  produced 
in  the  magnetometer  be  D,^.  Then,  if  the  moment  of  the 
deflecting  magnet  is  M', 


Hence 


The  actual  value  of  the  vertical  foree  at  any  instant  is 


where  Z^  is  the  value  of  Z  when  0  =  0. 

For  continuous  observations  of  the   variations   of  magnetic 
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force  at  a  fixed  observatory  the  Unifilar  Declinometer,  the 
Bifilar  Horizontal  Force  Magnetometer,  and  the  Balance  Ver- 
tical Force  Magnetometer  are  the  most  convenient  instruments. 
At  several  observatories  photographic  traces  are  now  pro- 
duced on  prepared  paper  moved  by  clock-work,  so  that  a 
continuous  record  of  the  indications  of  the  three  instruments 
at  every  instant  is  formed.  These  traces  indicate  the  variation 
of  the  three  rectangular  components  of  the  force  from  their 
standard  values.  The  declinometer  gives  the  force  towards 
mean  magnetic  west,  the  bifilar  magnetometer  gives  the  varia- 
tion of  the  force  towards  magnetic  north,  and  the  balance 
magnetometer  gives  the  variation  of  the  vertical  force.  The 
standard  values  of  these  forces,  or  their  values  when  these 
instruments  indicate  their  several  zeros,  are  deduced  by  fre- 
quent observations  of  the  absolute  declination,  horizontal  force, 
and  dip. 


CHAPTER  vnr. 


ON   TEERESTRIAL    MAGKETISM. 


465.]  Odr  knowledge  of  Terrestrial  Magnetism  ia  derived 
from  the  study  of  the  distribution  of  magnetic  force  on  the 
earth's  surface  at  any  one  timei  and  of  the  changes  in  that 
diatribiition  at  different  times. 

The  magnetic  force  at  any  one  place  and  time  is  known  when 
its  three  coordinates  are  known.  These  coordinates  may  be 
given  in  the  form  of  the  declination  or  azimuth  of  the  force, 
the  dip  or  inclination  to  the  horizon,  and  the  total  intensity. 

The  most  convenient  method,  however,  for  investigating  the 
general  distribution  of  magnetic  force  on  the  earth's  surface 
is  to  consider  the  magnitudes  of  the  three  components  of  the 
force, 

S  =  Hooai,  directed  due  north,  j 

Y  =  Ssin  8,  directed  due  west,  >  ( 1 ) 

Z  =  if  tan  0,  directed  vertically  downwards,  ) 
where  H  denotes  the  horizontal  force,  S  the  declination,  and  6 
the  dip. 

K  K  is  the  magnetic  potential  at  the  eaith's  surface,  and  if 
we  consider  the  earth  a  sphere  of  rudius  a,  then 

a  dl  acoal  it\  ilt-  ^  ' 

I  where  I  ia  the  latitude,  A  the  longitude,  and  r   the    distance 
from  the  centre  of  the  earth. 

A  knowledge  of  V  over  the  surface  of  the  earth  may  be 
obtained  from  the  observations  of  horizontal  force  alone  oa 
follows. 

Let  ^be  the  value  of  V  at  the  true  north  pole,  then,  taking 
VOL.   II.  K 


Let 
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the  line-integral  along  any  meridian,  yn  find, 

V^-aCxdl+r^,  (3) 

tor  the  yalue  of  the  potential  on  that  meridian  at  latitude  {. 

Thus  the  potential  may  be  found  for  any  point  on  the  earth's 
surface  provided  we  Imow  the  yalue  of  JT,  the  northerly 
component  at  every  point,  and  %y  the  value  of  V  at  the  pole. 

Since  the  forces  depend  not  on  the  absolute  value  of  V  but 
on  its  derivatives,  it  is  not  necessary  to  fix  any  particular  value 
for  V^. 

The  value  of  V  at  any  point  may  be  ascertained  if  we  know 
the  value  of  X  along  any  given  meridian,  and  also  that  of  Y 
over  the  whole  surface. 

Tr=-a^'X(iZ+^,  (4) 

where  the  integration  is  performed  along  the  given  meridian 
from  the  pole  to  the  parallel  {,  then 

F=  Vi^ar  YeosldK,  (6) 

where  the  integration  is  performed  along  the  parallel  {  from  the 

given  meridian  A^  to  the  required  point. 

These  methods  imply  that  a  complete  magnetic  survey  of  the 
earth's  surface  has  been  made,  so  that  the  values  of  X  or  of  F 
or  of  both  are  known  for  every  point  of  the  earth's  surface  at  a 
given  epoch.  What  we  actually  know  are  the  magnetic  com- 
ponents at  a  certain  number  of  stations.  In  the  civilized  parts 
of  the  earth  these  stations  are  comparatively  numerous ;  in  other 
places  there  are  large  tracts  of  the  earth's  surface  about  which 
we  have  no  data. 

Magnetic  Survey.* 

466.]  Let  us  suppose  that  in  a  country  of  moderate  sisse,  whose 
greatest  dimensions  are  a  few  hundred  miles,  observations  of  the 
declination  and  the  horizontal  force  have  been  taken  at  a  con- 
siderable number  of  stations  distributed  fairly  over  the  country. 

Within  this  district  we  may  suppose  the  value  of  F  to  be 
represented  with  sufficient  accuracy  by  the  formula 

F=const.-a(ilii  +  il,A  +  JJ5ii«+J5^U  +  J-B3X«  +  &c),    (6) 

*  {The  reftder  ihoald  oonsiilt  RQ<^€r  And  Thorpe*!  iMUMr  'A  MiffiietiQ  Sarrey  of 
tbe  Biitiah  Iiles,'  PAO.  Tram.,  1890,  ▲,  pp.  6»-328.} 
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X  =  A,+B-,!  +  S.,k,  (7) 

ycoBl  =  A^  +  B2l  +  B^X.  (8) 

Let  there  be  n  stations  whose  latitudes  are  li.l^, ...  &c.  and 

longitudes  Aj,  Aj,  &o.,  and  let  X  and  Y  be  found  for  each  station. 

Let  l^  =  ^^il),    andAo=-S(A),  (9) 

Ig  and  Ap  may  be  called  the  latitude  and  longitude  of  the  central 
station.    Let 

X.=  i-S{X),    and     KcosL  =  -  2{rcoBn.  (10) 

then  X„  and  IJ  are  the  values  of  X  and  Y  at  the  imaginary 
central  station,  then 

X  =  X„  +  B,{i-y  +  B,(X-Ao),  (11) 

rcosZ=  y,coBl^  +  B^(l-Q  +  Bs(k-k„).  (12) 

We  have  «  equations  of  the  form  (ll)  and  n  of  the  form 
(12).  If  we  denote  the  probable  eiTor  in  the  determination  of 
JT  by  f,  and  in  that  of  Fcos  t  by  7,  then  we  may  calculate  f  and 
Tf  on  the  supposition  that  they  arise  from  errora  of  observation 
of  S  and  i. 

Let  the  probable  error  of  II  be  h,  and  that  of  8,  A,  then  since 

dX  =  coBb.dH—Hsmb.db, 

^  =  P  cos^S  +  i^  IP  Bin'' 6, 

Similarly  ij'  =  h"  sin^  b  +  A^B^  cos^  8. 

If  the  variations  of  X  and  Y  from  their  values  as  given 
by  equations  of  the  form  (11)  and  (12)  considerably  exceed  the 
probable  errors  of  observation,  we  may  conclude  that  they  are 
due  to  local  attractions,  and  then  we  have  no  reason  to  give 
the  ratio  of  f  to  ij  any  other  value  than  unity. 

According  to  the  method  of  least  squares  we  multiply  the 
equations  of  the  form  (11)  by  ij,  and  those  of  the  form  (12) 
by  i  to  make  their  probable  error  the  same.  We  then  multiply 
each  equation  by  the  coefficient  of  one  of  the  unknown  quan- 
tities Bi,  B^,  or  -Bj  and  add  the  results,  thus  obtaining  three 
equations  from  which  to  find  B,,  li^,  B.j,  viz. 

K   2 
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in  which  we  write  for  conciacnesa, 

h,=S{P)-nl„\    ;.j=2(Z\)-7i^(,Ao,    ft,  =  2(A*)-nV> 

P,  =  ^{kX)~nk^X^,         O3  =  2(\rco3^)-nX„^coB/„. 

By  calculating  £[,  B^'  ^^^  ^S'  ^°*^  suhstltuting  in  equations 
(11)  and  ( 1 2},  we  can  obtain  the  values  of  X  and  Y  at  any  point 
within  the  limits  of  the  survey  free  from  the  local  disturbances 
which  are  found  to  exist  where  the  rock  near  the  station  is 
magnetic,  as  most  igneous  rocks  are. 

Siii-voye  of  this  kind  can  be  made  only  in  countries  where 
magnetic  instrumenta  can  be  carried  about  and  set  up  in  a  great 
many  stations.  For  other  parts  of  the  world  we  must  be  content 
to  find  the  distribution  of  the  magnetic  elements  by  interpolation 
l*etween  their  values  at  a  few  stations  at  great  distances  from 
each  other. 

4G7.]  Let  us  now  suppose  that  by  processes  of  this  kind, 
or  by  the  equivalent  graphical  process  of  constructing  charts 
of  tlic  lines  of  efjual  values  of  the  magnetic  elements,  the  values 
of  X  and  Y,  and  thence  of  the  potential  V,  are  known  over  Uie 
whole  surface  of  the  globe.  The  next  step  is  to  expand  V  in 
the  form  of  a  series  of  spherical  surface  harmonics. 

If  the  earth  were  magnetized  uniformly  and  in  the  same 
direction  throughout  its  interior,  V  would  be  a  harmonic  of 
the  first  degree,  the  magnetic  meridians  would  be  great  circles 
passing  tlirough  two  magnetic  poles  diametrically  opposite,  the 
magnetic  equator  would  bo  a  great  circle,  the  horizontal  force 
would  be  equal  at  all  points  of  the  magnetic  equator,  and  if 
//g  is  this  constant  value,  the  value  at  any  other  point  would 
be  H  =  flflCosr,  where  V  is  the  magnetic  latitude.  The  vertical 
force  at  any  point  would  be  Z=  2  F„  sin  V,  and  if  tf  la  the  dip, 
tan  6  would  be  =  2  tanT. 

In  the  case  of  the  earth,  the  magnetic  equator  is  defined  to 
be.  the  lino  of  no  dip.     It  is  not  a  great  circle  of  the  sphere. 

The  magnetic  polos  ore  defined  to  be  the  points  where  there 
is  no  horizontal  force,  or  where  the  dip  is  90'.  There  are 
two  such  points,  one  in  the  northern  and  one  in  the  southern 
regions,  hut  they  are  not  diametrically  opposite,  and  the  line 
joining  them  is  not  parallel  to  the  mimetic  axis  of  the  earth. 

468.]  The  magnetic  poles  are  the  points  where  the  value  of  I' 
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on  the  Burface  of  the  earth  is  a  rDaximum  or  minimuni,  or  is 
station  tiry. 

At  any  point  where  the  potential  is  a  minimum  the  north  end 
of  the  dip-needle  points  vertically  downwards,  and  if  a  compa.SE<- 
needle  be  placed  anywhere  near  such  a  point,  the  north  end  will 
point  towards  that  point. 

At  points  where  the  potential  ia  a  maximum  the  south  end 
of  the  dip-needle  points  downwards,  and  in  the  neighbourhood 
the  Boutb  end  of  the  compasa-noedle  points  towards  the  point. 

If  there  are  p  minima  of  V  on  the  earth's  surface  there  must 
be  p— 1  other  points,  where  the  north  end  of  the  dip-needle 
points  downwards,  but  where  the  compass-needle,  when  carried 
in  a  circle  round  the  point,  instead  of  revolving  so  that  its  north 
end  points  constantly  to  the  centre,  i-evolvea  in  the  opposite 
direction,  so  as  to  turn  sometimes  its  north  end  and  sometimes 
its  south  end  towards  the  point. 

If  we  call  the  points  where  the  potential  is  a  minimum  true 
north  poles,  then  these  other  points  may  he  called  false  north 
poles,  because  the  compass-needle  is  not  true  to  them.  If  there 
are  j>  tme  north  poles,  there  must  be  p—  1  false  north  poles, 
and  in  like  manner,  if  there  are  q  true  south  poles,  there  must 
he  q—1  false  south  poles.  The  number  of  poles  of  the  same 
name  must  be  odd,  so  that  the  opinion  at  one  time  prevalent, 
that  there  are  two  north  poles  and  two  south  pules,  is  erroneous. 
According  to  Gauss  there  is  in  fact  only  one  true  north  pole 
and  one  true  south  pole  on  the  earth's  surface,  and  therefore 
there  are  no  false  poles.  The  line  joining  these  poles  is  not 
a  diameter  of  the  eai'th,  and  it  is  not  parallel  to  the  earth's 
magnetic  axis. 

469,]  Most  of  the  early  investigators  into  the  nature  of  the 
earth's  magnetism  endeavoured  to  express  it  as  the  result  of  the 
action  of  one  or  more  bar  magnets,  the  positions  of  the  poles  of 
wliich  were  to  be  determined.  Gauss  was  the  first  to  express 
the  distribution  of  the  earth's  magnetism  in  a  perfectly  general 
way  by  expanding  its  potential  in  a  series  of  solid  harmonics, 
the  coefficients  of  which  he  determined  for  the  first  four  degrees. 
These  coefficients  are  24  in  number,  3  for  the  first  degree,  6  for 
the  second,  7  for  the  third,  and  9  for  the  fourth.  All  these 
terms  ore  found  necessary  in  order  to  give  a  tolerably  accurate- 
representation  of  the  actual  state  of  the  earth's  magnetism. 
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To  f/nd  what  Pwrt  of  the  Observed  Magrietic  Force  is  due 
to  External  a/nid  what  to  InterTud  Oa/usea. 

470.]  Let  us  now  suppose  that  we  have  obtained  an  expan- 
sion of  the  magnetic  potential  of  the  earth  in  spherical  har- 
monics, consistent  with  the  actual  direction  and  magnitude 
of  the  horizontal  force  at  every  point  on  the  earth's  sur&ce, 
then  Gauss  has  shewn  how  to  determine,  fix)m  the  observed 
vertical  force,  whether  the  magnetic  forces  are  due  to  dauses, 
such  as  magnetisation  or  electric  currents,  within  the  earth's 
sur&ce,  or  whether  any  part  is  directly  due  to  causes  exterior 
to  the  earth's  sur&ce* 

Let  F  be  the  actual  potratial  expanded  in  a  double  series  of 
spherical  harmonics, 

V=A,l+kc+A,(^+ 

+5,(r)     +&a+S,(-)         + 

The  first  series  represents  the  part  of  the  potential  due  to 

causes  exterior  to  the  earth,  and  the  second  series  represents 
the  part  due  to  causes  vrithin  the  earth. 

The  observations  of  horizontal  force  give  us  the  sum  of  these 
series  when  r  =  a^  the  radius  of  the  earth.  The  term  of  the 
order  i  is  Tf=il,  +  5,. 

The  observations  of  vertical  force  give  us 

and  the  term  of  the  order  i  in  aZ  is 

aZ,.  =  *ili-(i+l)Si. 
Hence  the  part  due  to  external  causes  is 


^•  = 2IT1 ' 


and  the  part  due  to  causes  within  the  earth  is 

Hie  expansion  of  Thas  hitherto  been  calculated  only  for  the 
mean  value  of  Fat  or  mar  oeiiainqpodi8.    No  appreciahle  pari 
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of  this  mean  value  appears  to  be  due  to  causes  extomal  to  tbe 
earth. 

471.]  We  do  not  yet  know  enough  of  the  form  of  the  ex- 
pansion of  the  solar  and  lunar  parts  of  the  variations  of  V 
to  determine  by  this  method  whether  any  pai't  of  theao  variations 
arises  from  magnetic  force  acting  from  without.  It  is  certain, 
however,  as  the  calculations  of  MM.  Stoney  and  Chambers  have 
shewn,  that  the  principal  part  of  these  vaiiations  cannot  arise 
from  any  direct  magnetic  action  of  the  sun  or  moon,  supposing 
these  bodies  to  be  magnetic*. 

472.]  The  principal  changes  in  the  magnetic  force  to  which 
attention  ba^  been  directed  are  as  follows. 

I.     The  Dwre  ReQulav  Variations. 

(1)  The  Solar  variations,  depending  on  the  hour  of  the  day 
and  the  time  of  the  year. 

(2)  The  Lunar  variationH,  depending  on  the  moon's  hour  angle 
and  on  her  other  elements  of  position. 

(3)  These  variations  do  not  repeat  themselves  in  different 
years,  but  seem  to  be  subject  to  a  variation  of  longer  period 
of  about  eleven  years. 

(4)  Besides  this,  there  is  a  secular  alteration  in  the  state  of 
the  earth's  magnetism,  which  has  been  going  on  ever  since 
magnetic  observations  have  been  made,  and  is  producing  changes 
of  the  magnetic  elements  of  far  greater  magnitude  than  any 
of  the  variations  of  small  period. 

II.  T)ie  Dielurlxinces. 
473.]  Besides  the  more  regular  changes,  the  magnetic  elements 
are  subject  to  sudden  disturbances  of  greater  or  less  amount. 
It  is  found  that  these  disturbances  are  more  powerful  and 
frequent  at  one  time  than  at  another,  and  that  at  times  of  great 
dtfitm-bance  the  laws  of  the  regulai-  vai-iations  are  masked,  though 

*  ProfeSBOF  HumitriiL  of  Fr&gue  liu  discovered  >  perioilic  chknge  in  the  aia^et^c 
elsmentit.  the  period  of  which  U  20-33  dajn,  >Iiiiasl  eiactly  eqiuJ  In  that  of  thu 
■jnodio  revolutiaii  of  the  ean,  u  deduoed  from  the  obierTAtioo  of  sua  spotii  near  bin 
•quktor.  Thii  method  of  dUcovering  tlio  time  of  rotation  of  the  unaeen  solid  bod;  of 
toe  ioa  by  it*  effect*  on  the  iiiognstic  oeedle  in  the  fint  Initalment  of  tlie  reujmmit 
by  BiUgneliam  of  ita  debt  U-  ABtnmomy.  Aiiteigfr  <Ue  k.  Akad.,  Wien,  Jun«  IS, 
1871.   fieaPi-oc.  fl.  S.,  Nov.  16,  1871. 
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tbey  are  very  distinct  at  times  of  small  disturbance.  Hence 
great  attention  has  lieon  paid  to  these  diatiirbances,  and  it 
has  been  found  that  diaturbances  of  a  particular  kind  are  more 
likely  to  occur  at  certain  times  of  the  day,  and  at  certain 
seasons  and  intervals  of  time,  though  each  individual  disturb- 
ance appears  quite  irregular.  Besides  these  more  ordinary 
disturbances,  there  are  occasionally  times  of  excessive  disturb- 
ance, in  which  the  magnetism  is  strongly  disturbed  for  a  day 
or  two.  These  are  called  Magnetic  StoiTOs.  Individual  dis- 
turbanciis  have  been  sometimes  observed  at  the  same  inst«nt 
in  stations  widely  distant. 

Mr,  Airy  has  found  that  a  lai^  proportion  of  the  disturb- 
ance a  at  Greenwich  correspond  with  the  electric  currents 
collected  by  electrodes  placed  in  the  earth  in  the  neighbourhood, 
and  are  such  as  would  be  directly  produced  in  the  magnet  if 
the  earth-current,  retaining  its  actual  direction,  were  conducted 
through  a  wire  placed  vndevneuth  the  magnet. 

It  has  been  found  that  there  is  an  epoch  of  maximum  dis- 
turbance every  eleven  years,  and  that  this  appears  to  coincide 
with  the  epoch  of  maximum  number  of  spots  in  the  sun. 

474.]  The  field  of  investigation  into  which  we  are  introduced 
by  the  study  of  terrestrial  magnetism  is  as  profound  as  it  is 
extensive. 

We  know  that  the  sun  and  moon  act  on  the  earth's  magnetism. 
It  has  been  proved  that  this  action  cannot  be  explained  by  sup- 
posing these  bodies  magnets.  The  action  is  therefore  indirect. 
In  the  case  of  the  sun  part  of  it  may  be  thermal  action,  but 
in  the  case  of  the  moon  we  cannot  attribute  it  to  this  cause. 
Is  it  possible  that  the  attmction  of  these  bodies,  by  causing 
straina  in  the  interior  of  the  earth,  produces  (Art.  447)  changes 
in  the  magnetism  already  e.xiating  in  the  earth,  and  so  by  a.  kind 
of  tidal  action  causes  the  semidiurnal  vaiiations? 

But  the  amount  of  all  thetec  changes  is  very  small  compared 
with  the  great  secular  changes  of  the  earth's  magnetism. 

What  cause,  whether  exterior  to  the  eaa-th  or  in  its  inner 
depths,  produces  such  enormous  changes  in  the  earth's  mag- 
netism, that  its  magnetic  poles  move  slowly  from  one  part  of 
the  globe  to  another  ?  M'bea  we  consider  that  the  intensity  of 
the  magnetization  of  the  great  globe  of  the  earth  is  quit«  coin- 
parable  with  that  which  we   produce   with  much  difficulty  iu 
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our  steel  magnets,  these  immense  changes  in  so  large  a  body 
force  us  to  conclude  that  we  are  not  yet  acquainted  with  one 
of  the  most  powerful  agents  in  nature,  the  scene  of  whose  ac- 
tivity lies  in  those  inner  depths  of  the  earth,  to  the  knowledge 
of  which  we  have  so  few  means  of  access  *. 

*  {Bftlfonr  Stewart  raggeited  that  the  diurnal  variationB  are  due  to  electric 
current  indaoed  in  the  rarilied  air  in  the  upper  regions  of  the  atmoMphere  as  it  moveH 
acroM  the  earthen  lines  of  force.  Schuster,  Phil.  Tran*.  a,  1889,  p.  467,  by  applying 
Gan«*s  method,  haa  lately  shewn  that  the  greater  part  of  these  disturbances  have 
their  origin  above  the  suruce  of  the  earth.] 
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BLEOTBOMAGNETIO  FORGE. 

475.]  It  had  been  noticed  by  many  different  observen  that  in 
certain  cases  magnetism  is  produced  or  destroyed  in  needles  by 
electric  discharges  through  them  or  near  them,  and  conjectures 
of  various  kinds  had  been  made  as  to  the  relation  between  mag- 
netism and  electricity^  but  the  laws  of  these  phenomena,  and  the 
form  of  these  relations,  remained  entirely  unknown  till  Hans 
Christian  Orsted  *,  at  a  private  lecture  to  a  few  advanced  stu- 
dents at  Copenhagen,  observed  that  a  wire  connecting  the  ends 
of  a  voltaic  battery  affected  a  magnet  in  its  vicinity.  This 
discovery  he  published  in  a  tract  entitled  ExperiTtienta  circa 
effectuvi  Confiictils  Electrici  in  Acum  Magneticara,  dated 
July  21,  1820. 

Experiments  on  the  relation  of  the  magnet  to  bodies  charged 
with  electricity  had  been  tried  without  any  result  till  Orsted 
endeavoured  to  ascertain  the  effect  of  a  wire  heated  by  an 
electric  current.  He  discovered,  however,  that  the  current  itself, 
and  not  the  heat  of  the  wire,  was  the  cause  of  the  action,  and 
that  the  *  electric  conflict  acts  in  a  revolving  manner,*  that  is, 
that  a  magnet  placed  near  a  wire  transmitting  an  electric  cur- 
rent tends  to  set  itself  perpendicular  to  the  wire,  and  with  the 

*  S«e  another  aooonnt  of  Onied's  duooverj  in  a  letter  from  ProfeMor  Hansteeu  in 
tlie  L^e  tf  Faraday  bj  Dr.  Benoe  Jonei,  toL  ii.  p.  S95. 
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e  at  right  angles  to 


s&me  end  always  pointing  forwards  as  the  magnet  is  moved 
round  the  wire. 

476.]  It  appears  therefore  that  in  the  space  surrounding  a 
wire  transmitting  an  electric  current  a  magnet  is  acted  on  by 
forces  dependent  on  the  position  of  tlie  wire  and  on  the  strength 
of  the  current.  The  apace  in  which  these  forces  act  may  there- 
fore be  considered  as  a  magnetic  field,  and  we  may  study  it  in 
the  same  way  as  we  have  already  studied  the  field  in  the 
neighbourhood  of  oi-dinary  magnets,  by  tracing  the  course  of 
the  lines  of  magnetic  force,  and  measuring  the  intensity  of 
the  force  at  every  point. 

477,]  Let  us  begin  with  the  case  of  an  indefinitely  long 
straight  wire  carrying  an  electric  current.  If  a  man  were  to 
place  himself  in  imagination  in  the  position  of  the  wire,  so  that 
the  current  should  fiow  from  his  head  to  his  feet,  then  a  magnet 
suspended  freely  before  him  would  set  itself  so  that  the  end 
which  points  north  would,  under  the  action  of  the  carrent, 
point  to  bis  right  hand. 

The  lines  of  magnetic  force  are  everywhei 
planes  daawn  through  the  wire,  and  are 
therefore  circles  each  in  a  plane  perpen- 
dicular to  the  wire,  which  passes  through 
it«  centre.  The  pole  of  a  magnet  which 
points  north,  if  carried  round  one  of  these 
circles  from  left  to  right,  would  experience 
a  force  acting  always  in  the  direction  of 
its  motion.  The  other  pole  of  the  same 
magnet  would  oxperience  a  force  in  the  , 
opposite  direction. 

478.]  To  compare  these  forces  let  the 
wire  be  supposed  vertical,  and  the  current 
a  descending  one,  and  let  a  magnet  bo 
placed  on  an  apparatus  which  is  free  to 
rotate  about  a  vertical  axis  coinciding 
with  the  wire.  It  is  found  that  under 
these  circumstances  the  current  has  no  effect  i 
rotation  of  the  apparatus  as  a  wholo  about  itself  as  an  axis. 
Hence  the  action  of  the  vertical  current  on  the  two  poles  of  the 
magnet  is  such  that  the  statical  momenta  of  the  two  forces 
about  the  current  as  an  axis  are  equal  and  opposite.     Let  >», 
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and  m,  be  the  strengihs  of  the  two  poles,  Ti  and  r,  their  dia- 
tancee  from  the  axis  of  the  wire,  2\  and  T^  the  intennties  of  the 
magnetic  foree  dne  to  the  enrrent  at  the  two  poles  respectively, 
then  the  force  on  mi  is  m^I^,  and  since  it  is  at  right  angles  to 
the  axis  its  moment  is  fn^TiT^.  Similarly  that  of  the  fcnroe  on 
the  other  pole  is  m^T^r^f  and  since  there  is  no  motion  observed. 

But  we  know  that  in  all  magnets 

Hence  j'^^  =  T^r,, 

or  the  electromagnetic  force  due  to  a  straight  current  of  infinite 
length  is  perpendieolar  to  the  current,  and  varies  inversely  as  the 
dbtance  from  it. 

479.]  Since  the  product  Tr  depends  on  the  stoength  of  the 
current  it  may  be  employed  as  a  measure  of  the  current  This 
method  of  measurement  is  different  from  that  founded  upon 
electrostatic  phenomena,  and  as  it  depends  on  the  magnetic 
phenomena  produced  by  electric  currents  it  is  called  the  Elec- 
tromagnetio  system  of  measurement.  In  the  electromagnetic 
system  if  i  is  the  current,      Tr=  2i. 

480.]  If  the  wire  be  taken  for  the  axis  of  Zy  then  the  rectangular 
components  of  T  are 

Here  Xdx-k-  Ydy-^Zdz  is  a  complete  differential,  being  that  of 

2itan-i^  +  C. 

X 

Hence  the  magnetic  force  in  the  field  can  be  deduced  from  a 
potential  function,  as  in  several  former  instances,  but  the  potential 
is  in  this  case  a  function  having  an  infinite  series  of  values  whose 
common  difference  is  iiri.  The  differential  coefficients  of  the 
potential  with  respect  to  the  coordinates  have,  however,  definite 
and  single  values  at  every  point. 

The  existence  of  a  potential  fimction  in  the  field  near  an 
electric  current  is  not  a  self-evident  result  of  the  principle  of 
the  conservation  of  energy,  for  in  all  actual  currents  there  is 
a  continual  expenditure  of  the  electric  energy  of  the  battery  in 
overcoming  the  resistance  of  the  wire,  so  that  unless  the  amount 
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of  Uiis  expenditure  were  accurately  known,  it  might  bo  suapocted 
that  part  of  the  energy  of  the  battery  was  employed  in  caus- 
ing work  to  be  done  on  a  magnet  moving  in  a  cycle.  In  fact, 
if  a  magnetic  pole,  vt,  moves  round  a.  closed  curve  which  em- 
braces the  wire,  work  is  actually  done  to  the  amount  of  iirvii. 
It  is  only  for  closed  paths  which  do  not  embrace  the  wire  that 
the  line-integral  of  the  foi'ce  vanishes.  We  must  therefore  for 
the  present  consider  the  Jaw  of  force  and  tho  csistenoe  of  a 
potential  as  resting  on  the  evidence  of  the  experiment  already 
described. 

481.]  If  we  consider  the  space  surrounding  an  infinite  straight 
line  we  shall  see  that  it  is  a  cyclic  space,  because  it  returns  into 
itaelf  If  we  now  conceive  a  plane,  or  any  other  surfaoc,  com- 
mencing at  the  straight  line  and  extending  on  one  side  of  it 
to  infinity,  this  surface  may  be  regarded  as  a  diaphragm  which 
reduces  the  cyclic  space  to  an  acyciic  one.  If  from  any  lixod 
point  lines  be  drawn  to  any  other  point  without  cutting  the 
diaphragm,  and  the  potential  bo  defined  as  the  line-integral  of 
tlie  force  taken  along  one  of  these  lines,  the  potential  at  any 
point  will  then  have  a  single  detinite  value. 

The  magnetic  field  is  now  identical  in  all  respects  with  that 
due  to  a  magnetic  shell  coinciding  with  this  surface,  the  strength 
of  the  shell  being  i.  This  shell  ia  bounded  on  one  edge  by  the 
infinite  straight  line.  The  other  parts  of  its  boundary  are  at  an 
infinite  distance  from  the  part  of  the  field  under  consideration. 

482.]  In  all  actual  experiments  the  current  forms  a  closed 
circuit  of  finite  dimensions.  We  shall  therefore  compare  the 
magnetic  action  of  a  finite  circuit  with  that  of  a  magnetic  shell  of 
which  the  circuit  is  the  bounding  edge. 

It  has  been  shewn  by  numerous  experiments,  of  which  tho 
earliest  are  those  of  Ampere,  and  the  most  accurate  those  of 
Weber,  that  the  magnetic  action  of  a  small  piano  circuit  at 
distanc-ea  which  are  great  compared  with  the  dimenaiona  of  the 
circuit  is  the  same  as  that  of  a  magnet  whose  axis  is  normal 
to  the  plane  of  the  circuit,  and  whose  magnetic  moment  ia 
equal  to  the  area  of  the  circuit  Diiiltiplied  by  the  strength  of 
the  current* 

•  (Aiiipfcre,  Th^orii  dta  ph^inmf'nrt  ^UelrodyaamiqM;  1828 ;  Wob»r,  ElMrtidg- 
tutmltekt  Muaibettimmani/IH  (Abhandlungea  drr  MiiiuUoh  Siicht.  QtallKhi]/t  en 
iripxfjr,  1BS0-1652.)[ 
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If  tlie  circuit  be  supposed  to  h>e  filled  up  by  a  surface  bonoded 
by  the  circuit  and  thus  forming  a  diaphragm,  and  if  a  magnetic 
shell  of  strength  /  coinciding  with  this  surface  bo  substituted  for 
the  electric  current,  then  the  magnetic  action  of  the  shell  on  all 
distant  points  will  be  identical  with  that  of  the  current. 

483.]  Hitherto  we  have  supposed  the  dimensions  of  the  circuit 
to  be  small  compared  with  the  distance  of  any  part  of  it  from 
the  part  of  the  field  examined.  We  shall  now  suppose  the  circuit 
to  be  of  any  form  and  size  whatever,  and  examine  its  action  at 
any  point  P  not  in  the  condncting  wire  itself.  The  following 
method,  which  has  important  geometrical  applications,  was  in- 
troduced hy  Ampere  for  this  purpose, 

Conceive  any  surface  S  bounded  by  the  circuit  and  not  passing 
through  the  point  P.  On  this  suiface  draw  two  series  of  lines 
crossing  each  other  so  as  to  divide  it  into  elementary  portions, 
the  dimensions  of  which  are  small  compared  with  their  distance 
from  P,  and  with  the  radii  of  curvature  of  the  surface. 

Round  each  of  these  elements  conceive  a  current  of  strength 
i  to  Sow,  the  direction  of  circulation  being  the  same  in  all  the 
elements  as  it  is  in  the  original  circuit. 

Along  every  line  forming  the  division  between  two  conti^ons 
elements  two  equal  currents  of  strength  i  flow  in  opposite  direc- 
tions. 

The  effect  of  two  equal  and  opposite  currents  in  the  same  place 
is  absolutely  zero,  in  whatever  aspect  we  consider  the  currents. 
Hence  their  magnetic  effect  is  zero.  The  only  portions  of  the 
elementary  circuits  which  are  not  neutralized  in  this  way  arc 
those  which  coincide  witli  the  original  circuit.  The  total  effect 
of  the  elementary  circuits  is  therefore  equivalent  to  that  of  the 
original  circuit. 

484.]  Now  since  each  of  the  elementary  circuits  may  be  con- 
sidered as  a  small  plane  circuit  whose  distance  from  P  is  great 
compared  with  ita  dimensions,  we  may  substitute  for  it  an 
elementary  magnetic  shell  of  strength  i  whose  bounding  e<lgc 
coincides  with  the  elementary  circuit.  The  magnetic  effect  of 
the  elementary  shell  on  P  is  equivalent  to  that  of  tiie  elementary 
circuit.  The  whole  of  the  elementary'  shells  constitute  a  mag- 
netic shell  of  strength  i,  coinciding  with  the  surface  N  and 
bounded  by  the  original  circuit,  and  the  magnetic  action  of 
the  whole  shell  on  P  is  equivaleat  to  that  of  the  circuit. 
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It  is  manifest  that  the  action  of  the  circuit  is  independent 
of  the  form  of  the  aurface  S,  which  was  drawn  in  a  perfectly 
arbitrary  manner  so  as  to  fill  it  up.  We  see  from  this  that  the 
action  of  a  magnetic  shell  depends  only  on  the  form  of  its  edge 
and  not  on  the  form  of  the  shell  iteelf.  This  result  we  obtained 
before,  in  Art.  410,  but  it  is  instructive  to  see  how  it  may  be 
deduced  from  electromagnetic  considerations. 

The  magnetic  force  due  to  the  circuit  at  any  point  is  therefore 
identical  in  magnitude  and  direction  with  that  due  to  a  magnetic 
shell  bounded  by  the  circuit  and  not  pa-ssing  through  the  point, 
the  strength  of  the  shell  being  numerically  equal  to  that  of  the 
current.  The  direction  of  the  current  in  the  circuit  b  related  to 
the  direction  of  magnetization  of  the  shell,  so  that  if  a  man  were 
to  stand  with  his  feet  on  that  side  of  the  shell  which  we  call  the 
positive  side,  and  which  tends  to  point  to  the  north,  the  current 
in  front  of  him  would  be  from  right  to  left. 

485.]  The  magnetic  potential  of  the  circuit,  however,  differs 
from  that  of  the  magnetic  shell  for  those  points  which  are  in  the 
Bubstance  of  the  magnetic  shell. 

If  w  ia  the  solid  angle  subtended  at  the  point  P  by  the  mag- 
netic shell,  reckoned  positive  when  the  positive  or  austral  side 
of  the  shell  is  next  to  F,  then  the  magnetic  potential  at  any 
point  not  in  the  shell  itself  is  u)0,  where  ^  is  the  strength  of  the 
shell.  At  any  point  in  the  substance  of  the  shell  itself  we  may 
suppose  the  shell  divided  into  two  parts  whose  strengths  are 
^  and  ^.,>  where  1^, +  ^j=  0,  such  that  the  point  is  on  the 
positive  side  of  ^,  and  on  the  negative  side  of  (^j.  The  potential 
at  thia  point  is  /j.    ,  j,  \     .,    j. 

On  the  negative  side  of  the  shell  the  potential  becomes 
0(»— 47r).  In  this  case  therefore  the  potential  is  continuous, 
and  at  every  point  has  a  single  determinate  value.  In  the  case 
of  the  electric  circuit,  on  the  other  hand,  the  magnetic  potential 
at  every  point  not  in  the  conducting  wire  itself  is  equal  to  lu, 
where  i  is  the  strength  of  the  cuirent,  and  to  is  the  solid  angle 
subtended  by  the  circuit  at  the  point,  and  is  reckoned  positive 
when  the  current,  aa  seen  from  P,  circulates  in  the  direction 
opposite  to  that  of  the  hands  of  a  watch. 

The  quantity  ?  to  is  a  function  having  an  infinite  series  of  valuee 
whose  common  difference  is  4ni.     The  differential  ooefiicients  of 
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i(o  with  reaped  to  the  coordinates  have,  however,  Bingle  and  de- 
terminate values  for  every  point  of  space. 

486.]  If  a  long  thin  flexible  eolenoidal  magnet  were  placed  in 
th'o  neighbourhood  of  an  electric  circuit,  the  north  and  south 
ends  of  the  selonoid  would  tend  to  move  in  opposite  directions 
round  tho  wire,  and  if  they  were  free  to  obey  the  magnetic  force 
the  magnet  would  finally  become  wound  round  the  wire  in  a 
dosed  coil.  K  it  were  possible  to  obtain  a  magnet  having  only 
one  pole,  or  poles  of  unequal  strength,  such  a  magnet  would  be 
moved  round  and  round  the  wire  continually  in  one  direction, 
but  since  the  poles  of  every  ma^et  are  equal  and  opposite,  this 
result  can  never  occur.  Faraday,  however,  has  shewn  how  to 
produce  the  continuous  rotation  of  one  pole  of  a  magnet  round 
an  electric  current  by  making  it  possible  for  one  pole  to  go  round 
and  round  the  current  while  the  other  pole  does  not.  That  this 
process  may  bo  repeated  indefinitely,  the  body  of  the  magnet 
must  be  transferred  from  one  aide  of  the  current  to  the  other 
once  in  each  revolution.  To  do  this  without  interrupting  the 
riow  of  electricity,  the  cuiTent  is  split  into  two  branches,  so  that 
when  one  branch  is  opened  to  let  the  magnet  pass  the  current 
continues  to  flow  through  the  other.  Faraday  used  for  this 
purpose  a  circular  trough  of  mercury,  as  shewn  in  Fig.  23, 
Art.  491.  The  current  enters  the  trough  through  the  wire  AB. 
it  is  divided  at  B,  and  after  flowing  through  the  arcs  BQP  and 
BRP  it  unites  at  P,  and  leaves  the  trough  through  the  wire  PO, 
the  cup  of  mercury  0,  and  a  vertical  wire  beneath  0,  down  which 
tho  current  flows. 

Tho  magnet  (not  shewn  in  the  figure)  is  mounted  so  as  to  be 
capable  of  revolving  about  a  vertical  axis  through  0,  and  the 
wire  OP  revolves  with  it.  The  body  of  the  magnet  passes 
through  the  aperture  of  the  trough,  one  pole,  say  the  north 
pole,  being  beneath  the  plane  of  the  trough,  and  the  other  above 
it.  As  the  magnet  and  the  wire  OP  revolve  about  the  vertical 
axis,  the  current  is  gradually  transferred  from  the  branch  of  the 
trough  which  lies  in  front  of  the  magnet  to  that  which  lies 
behind  it,  so  that  in  every  complete  revolution  the  magnet 
passes  from  one  side  of  the  current  to  the  other.  The  north  pole 
of  the  magnet  revolves  abont  the  descending  current  in  the 
direction  N.RS.W.,  and  if  «>,  u'  are  the  eolid  angles  (irrespective 
of  sign)  subtended  by  tho  circular  trough  at  the  two  poles,  the 
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work  done  by  the  electromagnetic  force  in  a  complete  revolution 

where  m  is  the  strength  of  either  pole,  and  i  the  strength  of  the 
current  *. 

48/,]  Let  u3  now  endeavour  to  form  a  notion  of  the  state  of 
the  magnetic  field  near  a  liuoar  electric  circuit. 

Let  the  value  of  to,  the  solid  angle  subtended  by  the  circuit, 
be  found  for  every  point  of  apace,  and  let  the  aurfacee  for  whieh 
at  is  constant  be  described.  These  sm-faces  will  be  the  equipo- 
tential  surfaces.  Each  of  these  surfaces  will  be  bounded  by  the 
circuit,  and  any  two  surfaces,  lu^  and  u)^,  will  meet  in  the  circuit 
fttananglti  i(o.i-a.Jt- 

•  [Tliifl  imililem  may  be  dinoussed  as  follows:  Reforring  to  Fig.  23,  Art.  Ml,  let 
01  taks  OP  ID  an;  poaiUoti  imd  iotriHtuce  inuginary  balBDcing  currente  i  along  BO 
Kul  /,  f  ftloDg  OB,  Ai  the  magnet  altaobed  to  OP  ie  carri^  through  a  oomplele 
nrolutioii  DO  wnrk  i«  done  on  the  eoutli  pole  by  the  current  i,  snppoeed  to  pau  along 
^BOZ.  that  pole  deicribing  a  closed  carvo  which  does  not  embrace  the  oulrent. 
The  north  pole  however  denoribee  a  closed  curve  which  does  embrace  the  ourrenl,  and 
the  work  done  upon  it  i«  iwnii.  We  have  noif  to  estimate  the  effects  ot  the  auirenU 
»  in  the  dreuit  BPOB  and  y  in  the  dreuit  BRPOB.  The  potential  of  the  north 
pais  which  it  below  the  pluiea  of  thoee  circuit!  will  be 

—  mxufUng  (ai—aig)    and,  of  the  ioqtb,     — mjoj'j  — my  (  — a/  +  (u'g), 
where  »if  and  lu'f  denote  the  aolid  anglei  subtended  at  the  two  poles  b;  BOF,  and  ai, 
el  Ihow  subtended  by  the  circular  trough.    The  resultant  potential  is 

Hence  u  OP  revolvea  from  OP  in  the  direction  NEStt'  back  to  OP  ugMla  the 
potentisl  will  change  by  — m(;<u  +  <u').  The  work  done  by  the  currents  is  Uierefure 
th>t  given  ill  the  text.] 

J  'nie  folloviiing  ii  a  slightly  different  way  of  obt^ning  this  reault : — The  currents 
throDgh  the  wirea  and  the  mercury  troagli  B.re  equivalent  to  ■  draelar  cnrrent  ■'— x 
round  the  trough,  a  current  i  round  the  circuit  FOB  and  a  current  i  throagh.^S,  BO, 
and  the  vertical  wire  OZ.  The  drcular  currant  will  evidently  not  produce  any  force 
tending  U)  make  either  polo  travel  round  a  circle  co-aiial  with  the  circuit  of  the 
ourrent.  The  North  pole  threada  the  circuit  AB,  BO,  and  the  vertical  OZ.  once  in 
each  revolution,  the  work  ilone  on  it  19  therefore  i  vi-m.  If  fl  and  H'  are  the  numerical 
value*  of  tho  solid  nngle  subtended  by  the  circuit  FOB  at  the  north  and  south  poles  of 
the  mngnet  reagiectively,  then  the  [Mtential  energy  of  the  nutgnet  and  circuit  is 
— ni  (n  r  f)').  Hen«o  if  0  is  the  angle  FOB,  the  woi^  done  on  the  magnet  in  a  com- 
plete revolntioi 


-("-'i^.'"*"'"" --'"■*"■'• 


« the  whole  work  done  on  the  magnet  is 

t  (This  can  be  dedaced  asfolloivi : — ConiiJarapoint  Pod  thesorfnceu,  near  the  line 
of  intersection  of  the  two  equipotential  lurfikces,  let  0  be  a  point  on  the  line  of 
intenaction  near  P,  then  describe  a  sphere  of  unit  radius  with  centre  0.  The  solid 
nole  subtended  at  F  by  the  circuit  wilt  be  measured  by  the  area  cut  off  the  unit 
sphere  by  the  tangent  plane  at  0  lo  the  sur^v  a>,,  and  by  an  irregularly  shaped  cune 
determined  by  the  shape  of  the  cirouit  at  some  distance  from  0,  Now  consider  a 
point  Q  on  the  second  surface  w,  near  to  0,  the  soliit  angle  subtended  by  the  cirouit  at 
Ull*  prant  will  be  meamred  by  tbe  area  cnt  off  the  unit  sphere  with  centre  O  by  the 
VOL.  Tl.  L 
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Figure  XVIH,  at  the  end  of  this  volume,  represents  a  section 
of  the  equipotential  surfaces  due  to  a  circular  current.  The  small 
circle  represents  a  section  of  the  conducting  wire,  and  the  hori- 
zontal line  at  the  bottom  of  the  figure  is  the  perpendicular  to  the 
plane  of  the  circular  current  through  its  centre.  The  equipotential 
surfaces,  24  of  which  are  drawn  corresponding  to  a  series  of  values 

of  0)  differing  by  -,  are  surfaces  of  revolution,  having  this  line  for 

their  common  axis.  They  are  evidently  oblate  figures,  being 
flattened  in  the  direction  of  the  axis.  They  meet  each  other  in 
the  line  of  the  circuit  at  angles  of  1 5"". 

The  force  acting  on  a  magnetic  pole  placed  at  any  point  of  an 
equipotential  surface  is  perpendicular  to  this  surface,  and  varies 
inversely  as  the  distance  between  consecutive  equipotential  sur- 
faces. The  closed  curves  surrounding  the  section  of  the  wire  in 
Fig.  XVni  are  the  lines  of  force.  They  are  copied  from  Sir  W. 
Thomson's  Paper  on  '  Vortex  Motion*.'     See  also  Art.  702. 

Action  of  an  Electric  Circuit  on  any  Magnetic  System. 

488.]  We  are  now  able  to  deduce  the  action  of  an  electric 
circuit  on  any  magnetic  system  in  its  neighbourhood  from  the 
Cheory  of  magnetic  shells.  For  if  we  construct  a  magnetic  shell, 
whose  strength  is  numerically  equal  to  the  strength  of  the 
current,  and  whose  edge  coincides  in  position  with  the  circuit, 
while  the  shell  itself  does  not  pass  through  any  part  of  the 
magnetic  system,  the  action  of  the  shell  on  the  magnetic  system 
will  be  identical  with  that  of  the  electric  current. 

Reaction  of  the  Magnetic  System  on  the  Electric  Circuit. 

489.]  From  this,  applying  the  principle  that  action  and  reac- 
tion are  equal  and  opposite,  we  conclude  that  the  mechanical 
action  of  the  magnetic  system  on  the  electric  circuit  is  identical 
with  its  action  on  a  magnetic  shell  having  the  circuit  for  its  edge. 

The  potential  energy  of  a  magnetic  shell  of  strength  </>  placed 

tangent  plane  to  o),  at  0  and  by  an  irregularly  shaped  cone  which,  if  P  and  Q  are 
Tery  close  together,  will  be  the  same  as  before.  Thus  the  difference  between  the  solid 
angles  is  the  area  of  the  lune  between  the  tangent  planes,  and  this  area  is  twice  the 
angle  between  the  tangent  pLines,  that  is  twice  the  angle  at  which  w^  and  c»%  intersect, 
thai  the  angle  between  the  surfaces  is  }  {otyoi^  \, 
♦  Tran$,  R.  S.  Edin,,  toL  xxv.  p.  217,  (1869). 
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in  a  field  of  magnetic  force  of  which  the  potential  ia  V,  is,  hy 

where  I,  m,  ti  are  the  direction-cosineB  of  the  normal  drawn 
from  the  positive  side  of  the  element  dS  of  the  shell,  and  the 
integration  is  extended  over  the  surface  of  the  shell. 
Now  the  surface-integral 


N=jl  (la  +  mb  +  nc)dS, 


where  a,b,c  are  the  components  of  the  magnetic  induction,  re- 
preeentfl  the  quantity  of  magnetic  induction  through  the  shell, 
or,  in  the  language  of  Faraday,  the  mtmher  of  lines  of  magnetic 
induction,  reckoned  algebraically,  which  pass  through  the  shell 
from  the  negative  to  the  positive  aide,  lines  which  pass  through 
the  shell  in  the  opposite  direction  being  reckoned  negative. 

Remembering  that  the  shell  does  not  belong  to  the  magnetic 
system  to  which  the  potential  V  is  due,  and  that  the  magnetic 
force  is  therefore  equal  to  the  magnetic  induction,  we  have 


_dV 
dx  ' 


_dV 

dv' 


dV 
~~dz' 


and  we  may  write  the  value  of  M, 

If  hx^  represents  any  displacement  of  the  shell,  and  X,  the 
force  acting  on  the  shell  so  as  to  aid  the  displacement,  then  by 
the  principle  of  conservation  of  energy, 


X, 


dN 


We  have  now  determined  the  nature  of  the  force  which  cor- 
i-esponds  to  any  given  displacement  of  the  shell.  It  aids  or 
resists  that  displacement  accordingly  as  the  displacement  in- 
creases or  diminishes  N,  the  number  of  lines  of  induction  which 
pass  through  the  shell. 

The  same  is  true  of  the  equivalent  electric  circuit.  Any  dis- 
placement of  the  circuit  will  be  aided  or  resisted  according  as 
it  increases  or  diminishes  the  number  of  lines  of  induction  which 
paas  through  the  circuit  in  the  positive  direction. 
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We  must  remember  that  the  positive  direction  of  a  line  of 
magnetic  induction  is  the  direction  in  which  the  pole  of  a  magnet 
which  points  north  tends  to  move  along  the  Hne,  and  that  a  line 
of  induction  pa-sses  through  the  circuit  in  the  positive  direction, 
when  the  direction  of  the  line  of  induction  is  related  to  the 
direction  of  the  current  of  vitieona  electricity  in  the  circuit  as 
the  longitudinal  to  the  rotational  motion  of  a  right-handed 
screw.     See  Art.  23, 

490.]  It  is  manifest  that  the  force  corresponding  to  any  dis- 
placomont  of  the  circuit  aa  a  whole  may  be  deduced  at  once  from 
the  theory  of  the  magnetic  Bhell  But  this  is  not  all  If  a 
portion  of  the  cu-cuit  la  flexible,  ao  that  it  may  be  displaced 
independently  of  the  rest,  wo  may  make  the  edge  of  the  shell 
capable  of  the  same  kind  of  displacement  by  cutting  up  the 
aurface  of  the  shell  into  a  anfficient  number  of  portions  con- 
nected by  flexible  joints.  Hence  we  conclude  that  if  by  the 
displacement  of  any  portion  of  the  circuit  in  a  given  direction 
the  number  of  lines  of  induction  which  pass  through  the  circuit 
can  be  increased,  this  displacement  will  be  aided  by  the  electro- 
magnetic force  acting  on  the  circuit. 

Every  portion  of  the  circuit  therefore  is  acted  on  by  a  force 
urging  it  across  the  lines  of  magnetic  induction  so  as  to  include 
a  greateir  number  of  these  lines  within  the  embrace  of  the  circuit, 
and  the  work  done  by  the  force  during  this  displacement  is 
numerically  equal  to  the  nnmbcr  of  the  additional  lines  of  in- 
duction multiplied  by  the  strength  of  the  current. 

Let  the  element  tls  of  a  circuit,  in  which  a  current  of  atrengUi 
i  is  flowing,  be  moved  parallel  to  itself  through  a  space  9  x,  it  will 
sweep  out  an  area  in  the  form  of  a  parallelogram  whose  sides  are 
parallel  and  equal  to  ih  and  Sa:  respectively. 

If  the  magnetic  induction  is  denoted  by  $t,  and  if  ita 
direction  makes  an  angle  e  with  the  normal  to  the  parallel- 
ogram, the  value  of  the  increment  of  N  corresponding  to  tlie 
displacement  is  found  by  multiplying  the  area  of  the  parallel- 
ogram by  B  coa  t.  The  result  of  this  operation  is  represented 
geometrically  by  the  volume  of  a  paiallelopiped  whose  edges 
represent  in  magnitude  and  direction  St.  df,  and  9,  and  it 
is  to  be  reckoned  positive  if  when  we  point  in  these  three 
directions  in  the  order  here  given  the  pointer  moves  roand 
the  diagonal  of  the  p&rallelopiped  in  the  direction  of  the  bands 
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Tke  volnme  of  this  parallelopiped  is  equal  to 


of  a  watch*. 

Us  IS  the  angle  between  ds  and  ©,  the  area  of  the  parallelo- 
gram whose  sides  are  (Is  and  S  is  (Zs.Ssind,  and  if  t]  is  the 
angle  which  the  displacement  bx  makes  with  the  normal  to  this 
parallelograni,  the  volume  of  the  parallelopiped  is 
rfs.SSsinfl.SsiCos.;  =  d?r. 

Now  Xbx  =ihN  =  ii./8.^s'mdbxcofiti, 

and  X  =  ids  .  ©  ain  6  cob  tj 

is  the  force  which  urges  ds,  resolved  in  the  direction  bx. 

The  direction  of  this  force  is  therefore  perpendicular  to  the 
parallelogram,  and  its  magnitude  is  equal  to  i  .ds.^  sin  6. 

This  is  the  area  of  a  parallelogram  whose  sides  represent  in 
magnitude  and  direction  ids  and  '3.  The  force  acting  on  da  is 
therefore  represented  in  magnitude  hy  the  area  of  this  paral- 
lelogram, and  in  direction  by  a  normal  to  its  plane  drawn  in  the 
direction  of  the  longitudinal  motion  of  a  right-handed  sci'ew,  the 
handle  of  which  is  turned  from  the  direction  of  the  current  ids 
to  that  of  the  magnetic  induction  S3, 

We  may  express  in  the  language  of  Copper 

Quaternions,  both  the  direction  and 
the  magnitude  of  this  force  by  saying 
that  it  is  the  vector  part  of  the  i-esult 
of  multiplying  the  vector  ids,  tho 
element  of  the  current,  by  the  vector 
S,  the  magnetic  induction. 

431.]  Wo  have  thus  completely  de- 
termined the  force  which  acts  on  any 
portion  of  an  electric  circuit  placed 
in  a  magnetic  field.  If  the  circuit  is 
moved  in  any  way  so  that,  after  assuming  various  forroB  and 
positions,  it  returns  to  its  original  place,  the  strength  of  the 
current  remaining  constant  during  the  motion,  the  whole  amount 
of  work  done  by  the  electromagnetic  forces  will  be  zero.  Since 
this  is  true  of  any  cycle  of  motions  of  the  circuit,  it  follows  that 
it  is  impossible  to  maintain  by  electromagnetic  forces  a  motion 
of  continuous  rotation  in  any  part  of  a  linear  circuit  of  constant 
strength  against  the  resistance  of  friction,  &c. 

*  1  In  thii  role  rf l  ia  drawn  in  Ibe  direotion  of  i  and  the  Dbeoryer  i»  luppoted  lo  be 
M l^t  oomer  of  tlie  puallelopiped  ^ui  viUidt  dx,ii*  vid  ^  mrc  drawn. J 
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It  is  possible,  however,  to  produce  continuous  rotation  provided 
that  at  some  part  of  the  course  of  the  electric  current  the  current 
passes  from  one  conductor  which  slides  or  glides  over  another. 

When  in  a  circuit  there  is  sliding  contact  of  a  conductor  over 
the  surface  of  a  smooth  solid  or  a  fluid,  the  circuit  can  no  longer 
be  considered  as  a  single  Imear  circuit  of  constant  strength,  but 
must  be  regarded  as  a  system  of  two  or  of  some  greater  number 
of  circuits  of  variable  strength,  the  current  being  so  distributed 
among  them  that  those  for  which  N  is  increasing  have  currents 
in  the  positive  direction,  while  those  for  which  N  is  diminishing 
have  currents  in  the  negative  direction. 

Thus,  in  the  apparatus  represented  in  Fig.  23,  OP  is  a  move- 
able conductor,  one  end  of  which  rests  in  a  cup  of  mercury  0, 

while  the  other  dips  into  a 
circular  trough  of  mercury 
concentric  with  0. 

The  current  i  enters  along 
AB,  and  divides  in  the  cir- 
cular trough  into  two  parts, 
one  of  which,  x,  flows  along 
the  arc  BQP,  while  the  other, 
3/,  flows  along  BRP.  These 
~^  23.  currents,  uniting  at  P,  flow 

along  the  moveable  conductor 
PO  and  the  electrode  OZ  to  the  zinc  end  of  the  battery.  The 
strength  of  the  current  along  PO  and  OZ  is  x-hy  or  L 

Here  we  have  two  circuits,  ABQPOZ,  the  strength  of  the 
current  in  which  is  x,  flowing  in  the  positive  direction,  and 
ABRPOZ,  the  strength  of  the  current  in  which  is  y,  flowing  in 
the  negative  direction. 

Let  S3  be  the  magnetic  induction,  and  let  it  be  in  an  upwai'd 
direction,  normal  to  the  plane  of  the  circle. 

While  OP  moves  through  an  angle  6  in  the  direction  opposite 
to  that  of  the  hands  of  a  watch,  the  area  of  the  first  circuit 
increases  by  i  0P\  0,  and  that  of  the  second  diminishes  by  the 
same  quantity.  Since  the  strength  of  the  current  in  the  first 
circuit  is  x,  the  work  done  by  it  is  ix,  OPK ^ .  93,  and  since  the 
strength  of  the  second  is  —  y,  the  work  done  by  it  is  iy.OP^.O.^. 
The  whole  work  done  is  therefore 

i(x  +  y)OP^.e^     or     ii.OP^e^, 
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depending  only  on  the  etrengtli  of  the  current  in  PO.  Hence,  if 
I  18  maintained  constant,  the  arm  OP  will  be  carried  round  and 
round  the  circle  with  a  uniform  force  whose  moment  ia  ii.0i".2). 
If,  as  in  northern  latitudes,  9J  acts  downwards,  and  if  the  current 
ia  inwards,  the  rotation  will  be  in  the  negative  direction,  that  is, 
in  the  direction  PQBR. 

492.]  We  are  now  able  to  pass  from  the  mutual  action  of 
magnets  and  currents  to  the  action  of  one  circuit  on  another. 
For  we  know  that  the  magnetic  properties  of  an  electric  circuit 
C, ,  with  respect  to  any  magnetic  system  M.^,  are  identical  with 
those  of  a  magnetic  shell  6',,  whose  edge  coincides  with  the  cir- 
cuit, and  whose  strength  is  numerically  equal  to  that  of  the 
electric  current.  Let  the  magnetic  system  ^j  be  a  magnetic 
shell  S^,  then  the  mutual  action  between  S,  and  S^  is  identical 
with  that  between  S,  and  a  circuit  C^,  coinciding  with  the  edge 
of  Sj  and  equal  in  numerical  strength,  and  this  latter  action  is 
identical  with  that  between  C,  and  C^. 

Hence  the  mutual  action  between  two  circuits  C^  and  (7,  ia 
identical  with  that  between  the  corresponding  magnetic  shells  8, 

We  have  already  investigated,  in  Art,  423,  the  mutual  action 
of  two  magnetic  shells  whose  edges  are  the  closed  curves  s,  and  v.^. 

where  <  is  the  angle  between  the  directions  of  the  elements  (/«, 
and  1^2,  and  r  is  the  distance  between  them,  the  integrations  being 
extended  one  round  s.,  and  one  round  s, ,  and  if  we  call  M  the 
potential  of  the  two  closed  curves  Sj  and  s^,  then  the  potential 
energy  due  to  the  mutual  action  of  two  magnetic  sheila  whose 
strengths  are  i^  and  i.^  boiuided  by  the  two  circuits  is 

and  the  force  X,  which  aids  any  displacement  hx,  is 

■   ■  ^.  I 

'  ^  dx 

The  whole  theory  of  the  force  acting  on  any  portion  of  an 
electric  circuit  due  to  the  action  of  another  electric  circuit  may 
he  deduced  from  this  result. 

493.]  The  method  which  we  have  followed  in  this  chapter  is 
that  of  Faraday.    Instead  of  beginning,  fts  we  shall  do,  following 


If  we  make  M  =  j     I    (?«,  (l».,. 
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Arnp^,  in  the  next  chapter,  with  the  direct  action  of  a  portion 
of  one  circuit  on  a  portion  of  another^  we  shew,  first,  that  a 
circuit  produces  the  same  effect  on  a  magnet  as  a  magnetic  shell, 
or,  in  other  words,  we  determine  the  nature  of  the  magnetic  field 
due  to  the  circuit.  We  shew,  secondly,  that  a  circuit  when 
placed  in  any  magnetic  field  experiences  the  same  force  as  a 
magnetic  shell.  We  thus  determine  the  force  acting  on  the 
circuit  placed  in  any  magnetic  field  Lastly,  by  supposing  the 
magnetic  field  to  be  due  to  a  second  electric  circuit  we  determine 
the  action  of  one  circuit  on  the  whole  or  any  portion  of  the 
other. 

404.]  Let  us  apply  this  method  to  the  case  of  a  straight 
current  of  infinite  length  acting  on  a  portion  of  a  parallel  straight 
conductor. 

Let  U8  suppose  that  a  current  i  in  the  first  conductor  is  fiowing 
vertically  downwards.  Li  this  case  the  end  of  a  magnet  which 
points  north  will  point  to  the  right-hand  of  a  man  (with  his  feet 
downwards)  looking  at  it  from  the  axis  of  the  current. 

The  lines  of  magnetic  induction  are  therefore  horizontal  circles, 
having  their  centres  in  the  axis  of  the  current,  and  their  positive 
dirt^otion  is  north,  east,  south,  west. 

lA}t  another  descending  vertical  current  be  placed  due  west  of 
the  first.  The  lines  of  magnetic  induction  due  to  the  first  current 
aiv  here  directed  towanls  the  north.  The  direction  of  the  force 
acting  on  the  second  circuit  is  to  be  determined  by  turning  the 
luuulle  of  a  right-handed  screw  from  the  nadir,'  the  dii-ection  of 
the  curivnt,  to  the  north,  the  direction  of  the  magnetic  induction. 
The  screw  will  then  move  towards  the  east,  that  is,  the  force 
acting  on  the  second  circuit  is  directed  towards  the  first  current, 
or,  in  general,  since  the  phenomenon  depends  only  on  the  relative 
p^vsition  o(  the  currents,  two  jmrallel  circuits  conveying  currents 
in  the  same  dii\\»tion  attract  each  other. 

In  the  same  way  we  may  shew  that  two  parallel  circuits 
oonveN  iug  ounvnt^  in  opposite  din.M?tions  repel  one  another. 

4V5.]  Tlie  intensity  of  the  magnetic  induction  at  a  distance  r 

from  a  sti*aight  current  of  strength  /  is,  as  we  have  shewn  in 

Art,  4  7i>,  / 

•■> 

r 
Honci\  A  pi>rtion  of  a  second  conductor  parallel  to  the  first,  and 
carr>'ing  a  current  T  in  the  same  directiini.  will  be  attracted 
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towards  the  first  with  a  force 

r 
where  a  is  tlie  length  of  the  portion  considered,  and  r  is  it« 
distance  fi-ora  the  first  conductor. 

Since  the  ratio  of  a  to  7-  is  a  numerical  quantity  independent 
of  the  abaolut©  value  of  either  of  these  lines,  the  product  of  two 
currents  measured  in  the  electromagnetic  system  must  be  of  the 
dimensions  of  a  force,  hence  the  dimensions  of  the  unit  cuiTent 

496.]  Another  method  of  determining  the  direction  of  the 
force  which  acts  on  a  circuit  is  to  consider  the  relation  of  the 
magnetic  action  of  the  current  to  that  of  other  currents  and 
magnets. 

If  on  one  side  of  the  wire  which  carries  the  current  the  mag- 
netic action  due  to  the  current  is  in  the  same  or  nearly  the  same 
direction  aa  that  due  to  other  currents,  then,  on  the  other  side  of 
the  wire,  these  foixjes  will  be  in  opposite  or  nearly  opposite 
directions,  and  the  force  acting  on  the  wire  will  be  from  the  side 
on  which  the  forces  strengthen  each  other  to  the  side  on  which 
they  oppose  each  other. 

Thus,  if  a  descending  current  is  placed  in  a  field  of  magnetic 
force  directed  towards  the  north,  its  magnetic  action  will  be  to 
the  north  on  the  west  side,  and  to  the  south  on  the  east  side. 
Hence  the  forces  strengthen  each  other  on  the  west  side  and 
oppose  each  other  on  the  east  side,  and  the  circuit  will  therefore 
be  acted  on  by  a  force  from  west  to  cast.     See  Fig.  22,  p.  149. 

In  Fig.  XVn  at  the  end  of  this  volume  the  small  circle 
represents  a  section  of  the  wire  carrying  a  descending  current, 
&nd  placed  in  a  uniform  field  of  magnetic  force  acting  towards 
the  left-hand  of  the  figure.  The  magnetic  force  is  greater  below 
the  wire  than  above  it.  It  will  therefore  be  urged  from  the 
bottom  towards  the  top  of  the  figure. 

497.]  If  two  currents  are  in  the  same  plane  but  not  parallel, 
we  may  apply  this  principle.  Let  one  of  the  conductors  be  an 
infinite  straight  wire  in  the  plane  of  the  paper,  supposed  hori- 
eontal.    On  the  right  side  of  the  current*  the  magnetic  force  acts 

•  {The  right  nde  of  the  ourrent  a  the  rigbt  of  an  observer  with  hii  back  i^nat 
Um  p*l«r  placed  so  tluit  the  oarrent  enter*  >t  hia  head  Mul  Imtoi  at  bis  feeL  I 
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downwards  and  on  the  left  side  it  acts  upwards.  The  same  is 
true  of  the  magnetic  force  due  to  any  short  portion  of  a  second 
current  in  the  same  plane.  If  the  second  current  is  on  the  right 
side  of  the  first,  the  magnetic  forces  will  strengthen  each  other  on 
its  right  side  and  oppose  each  other  on  its  left  side.  Hence  the 
circuit  conveying  the  second  current  will  be  acted  on  by  a  force 
urging  it  from  its  right  side  to  its  left  side.  The  magnitude  of 
this  force  depends  only  on  the  position  of  the  second  current  and 
not  on  its  direction.  K  the  second  circuit  is  on  the  left  side  of  the 
first  it  will  be  urged  fit)m  left  to  right. 


Fig.  24. 

Relation  between  the  electric  current  and  the  lines  of  magnetic  induction  indicati^ 
by  a  right-huiided  Bcrew. 

Hence,  if  the  second  current  is  in  the  same  direction  as  the  first 
its  circuit  is  attracted  ;  if  in  the  opposite  direction  it  is  repelled  ; 
if  it  flows  at  right  angles  to  the  first  and  away  from  it,  it  is  urged 
in  the  direction  of  the  first  current ;  and  if  it  flows  towards  the 
first  cun-ent,  it  is  urged  in  the  direction  opposite  to  that  in  which 
the  first  current  flows. 

In  considering  the  mutual  action  of  two  currents  it  is  not 
necessary  to  bear  in  mind  the  relations  between  electricity  and 
magnetism  which  we  have  endeavoured  to  illustrate  by  means  of 
a  right-handed  screw.  Even  if  we  have  forgotten  these  relations 
we  shall  arrive  at  correct  results,  provided  we  adhere  consistently 
to  one  of  the  two  possible  forms  of  the  relation. 
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498.]  Let  lis  now  bring  together  the  magnetic  phenomena  of 
the  electric  circuit  bo  far  as  we  have  investigated  them. 

We  may  conceive  the  electric  rarcuit  to  consist  of  a  voltaic 
battery,  and  a  wire  connecting  its  estremitieB,  or  of  a  thermo- 
electric arrangement,  or  of  a  charged  Leyden  jar  with  a  wire 
connecting  its  positive  and  negative  coatings,  or  of  any  other 
arrangement  for  producing  an  electric  current  along  a  definite 
path. 

'fhe  current  produces  magnetic  phenomena  in  its  neighbour- 
hood. 

If  any  doeed  curve  be  drawn,  and  the  line-integral  of  the 
magnetic  force  taken  completely  round  it,  then,  if  the  closed  curve 
is  not  linked  with  the  circuit,  the  lino-integral  is  zero,  but  if  it 
is  linked  with  the  circuit,  so  that  the  current  /  flows  through  the 
closed  eiUTe,  the  line-integal  is  4  jt  i,  and  is  positive  if  the  direction 
of  integration  round  the  closed  curve  would  coincide  with  that 
of  the  hands  of  a  watch  as  seen  by  a  person  passing  through  it 
ID  the  direction  in  which  the  electric  current  flows.  To  a  person 
moving  along  the  closed  curve  in  the  direction  of  integration,  and 
pasaing  through  the  electric  circuit,  the  direction  of  the  cun-cnt 
would  appear  to  be  that  of  the  hands  of  a  watch.  We  may 
express  this  in  another  way  by  saying  that  the  relation  between 
the  directions  of  the  two  closed  curves  may  be  expressed  by 
describing  a  right-handed  screw  round  the  electric  circuit  and  a 
right-banded  screw  round  the  closed  curve.  If  the  direction  of 
rotation  of  the  thread  of  either,  as  we  pass  along  it,  coincides  with 
the  positive  direction  in  the  other,  then  the  line-integral  will  be 
poaitive,  and  in  the  opposite  case  it  will  be  negative. 

499.]  Note. — -The  line-integral  i-ni  depends  solely  on  the 
quantity  of  the  current,  and  not  on  any  other  thing  whatever.  It 
does  not  depend  on  the  nature  of  the  conductor  through  which 
the  enrrent  is  passing,  as,  for  instance,  whether  it  be  a  metal 
or  an  electrolyte,  or  an  imperfect  conductor.  We  have  reason 
for  believing  that  even  when  there  is  no  proper  conduction,  but 
merely  a  variation  of  electric  displacement,  as  in  the  gloss  of  a 
Leyden  jar  during  chai^  or  discharge,  the  magnetic  effect  of  the 
aloctrio  movement  is  precisely  the  same. 

Again,  the  value  of  the  line-integral  iiri  does  not  depend  on 
the  nature  of  the  medium  in  which  the  closed  curve  is  drawn. 
It  ifl  the  same  whether  the  closed  curve  is  drawn  entirely  through 
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sir,  or  paaaea  through  a  nutgnei,  or  soft  iron,  or  any  other  Bab- 
stance,  whether  paramagnetic  or  diamagnotic. 

500.]  When  a  omsuit  ia  placed  in  a  magnetic  field  the  mutual 
action  between  the  current  and  the  other  eonstituenta  of  the  field 
depends  on  the  surface-integral  of  the  magnetic  induction  through 
any  surface  bounded  by  that  circuit.  If  by  any  pven  motion  of 
the  circuit,  or  of  part  of  it,  this  aurfitce-int^ral  can  be  increased, 
there  will  be  a  mechanical  force  tending  to  move  the  conductor 
or  the  portion  of  the  conductor  in  the  {pven  manner. 

The  kind  of  motion  of  the  conductor  which  increases  tbe  surface- 
integral  ia  motion  of  the  conductor  perpendicular  to  the  direction 
of  the  current  and  across  the  lines  of  induction. 


if  motion  anJ  of  roUtioD  indicaleJ  by 


If  a  parallelogram  be  drawn,  whose  eidcs  are  parallel  and  pro- 
portional to  the  strength  of  the  current  at  any  point,  and  to  the 
magnotic  induction  at  the  same  point,  then  tlie  force  on  unit  of 
length  of  tbe  conductor  ia  numerically  equal  to  the  area  of  this 
parallelogram,  anil  is  perpendicular  to  its  plane,  and  acts  in  tbe 
direction  in  wliich  the  motion  of  turning  the  handle  of  a  right- 
handed  screw  from  the  direction  of  the  current  to  tbe  direction 
of  the  magnetic  induction  would  cause  the  screw  to  move. 

Hence  we  have  a  new  electromagnetic  definition  of  a  line  of 
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magnetio  induction.  It  is  that  line  to  which  the  force  on  the 
conductor  is  always  perpendicular. 

It  may  also  be  defined  as  a  line  along  which,  if  an  electric 
current  be  transmitted,  the  conductor  carrying  it  will  experience 
no  force. 

501.]  It  must  be  carefully  remembered,  that  the  mechanical 
force  which  urges  a  conductor  carrying  a  current  across  the  lines 
of  magnetic  force,  acts,  not  on  the  electric  current,  but  on  the 
conductor  which  carries  it.  If  the  conductor  be  a  rotating  disk 
or  a  fluid  it  will  move  in  obedience  to  this  force,  and  this  motion 
may  or  may  not  be  accompanied  by  a  change  of  position  of  the 
electric  current  which  it  carries.  [But  if  the  current  itself  be  free 
to  choose  any  path  through  a  fixed  solid  conductor  or  a  network 
of  wires,  then,  when  a  constant  magnetic  force  is  made  to  act  on 
the  system,  the  path  of  the  current  through  the  conductors  is  not 
permanently  altered,  but  after  certain  transient  phenomena,  called 
induction  currents,  have  subsided,  the  distribution  of  the  current 
will  be  found  to  be  the  same  as  if  no  magnetic  force  were  in 
action.]  * 

The  only  force  which  acts  on  electric  currents  is  electromotive 
force,  which  must  be  distinguished  fi:x)m  the  mechanical  force 
which  is  the  subject  of  this  chapter. 

*  {Mr.  Hall  has  diecoyered  {Phil,  Mag.  iz.  p.  225,  x.  p.  801, 1880)  that  a  steady 
magnetic  field  does  slightly  alter  the  distribution  of  currents  in  most  conductors,  so 
that  the  statement  in  brackets  must  be  regarded  as  only  approximately  true. } 


CHAPTER  n. 
amp^bb's  nnrBsnoATioN  or  xhb  uxreuAi,  AonnoH  or 
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602.]  Wb  have  oooBidared  in  the  last  diA'pier  the  nature  of 
the  magneiio  field  prodnced  by  an  eleetrie,  cnrxent^  and  the 
mechanical  action  on  a  oondnctor  canying  an  decbnc  eoirent 
j^boed  in  a  magnetic  field.  From  this  we  went  on  to  conaider 
the  action  of  one  electric  circuit  up<m  another,  by  detennining 
the  action  on  the  first  due  to  the  magnetic  field  produced  by 
the  second.  But  the  action  of  one  circuit  upon  anotiier  was 
originally  investigated  in  a  direct  manner  by  Amp^  almost 
immediately  after  the  publication  of  Orsted's  discovery.  We 
shall  therefore  give  an  outline  of  Ampere's  method,  resuming 
the  method  of  this  treatise  in  the  next  chapter. 

The  ideas  which  guided  Amp^e  belong  to  the  system  which 
admits  direct  action  at  a  distance,  and  we  shall  find  that  a 
remarkable  course  of  speculation  and  investigation  founded  on 
those  ideas  has  been  carried  on  by  Gauss,  Weber,  F.  E.  Neumann, 
Eiemami,  Betti,  C.  Neumann,  Lorenz,  and  others,  with  very 
remarkable  results  both  in  the  discovery  of  new  facts  and  in  the 
formation  of  a  theory  of  electricity.     See  Arts.  846-866. 

The  ideas  which  I  have  attempted  to  follow  out  are  those  of 
action  through  a  medium  from  one  portion  to  the  contiguous 
portion  These  ideas  were  much  employed  by  Faraday,  and  the 
development  of  them  in  a  mathematical  form,  and  the  com- 
parison of  the  results  with  known  facts,  have  been  my  aim  in 
several  published  papers.  The  comparison,  from  a  philosophical 
point  of  view,  of  the  results  of  two  methods  so  completely 
opposed  in  their  first  principles  must  lead  to  valuable  data  for 
the  study  of  the  conditions  of  scientific  speculation. 
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6O3.3  Ampere's  theory  of  the  mutual  action  of  olectnc  carrente 
18  foumled  on  four  experimental  facts  and  one  assumption. 

Amp^e's  fundamental  experiments  are  all  of  tliem  examples 
of  what  has  been  called  the  null  method  of  comparing  forces. 
See  Art.  214.  Instead  of  measuring  the  force  by  the  dynamical 
effect  of  communicating  motion  to  a  body,  or  the  statical  method 
of  placing  it  in  equilibrium  with  the  weight  of  a  body  or  the 
elasticity  of  a  fibre,  in  the  null  method  two  forces,  due  to  the 
«*me  source,  a^e  made  to  act  simultaneouBly  on  a  body  already 
in  equilibrium,  and  no  effect  is  produced,  which  shews  that  these 
forces  are  themselves  in  equilibrium.  This  method  is  peculiarly 
valuable  for  comparing  the  effects  of  the  electric  current  when  it 
passes  through  circuits  of  different  forms.  By  connecting  all  the 
conductors  in  one  continuous  series,  we  ensure  that  the  strength 
of  the  current  is  the  same  at  every  point  of  its  course,  and  since 
the  current  begins  everywhere  throughout  its  course  almost  at 
the  same  instant,  we  may  prove  that  the  forces  due  to  its  action 
on  a  suspended  body  are  in  equilibrium  by  observing  that  the 
body  is  not  at  all  affected  by  the  starting  or  the  stopping  of  the 
current. 

504.]  Ampere's  balance  consists  of  a  light  frame  capable  of 
revolving  about  a  vertical  axis,  and  carrying  a  wire  which  forms 
two  circuits  of  equal  area,  in  the  same  plane  or  in  parallel 
planes,  in  which  the  current  Hows  in  opposite  directions.  The 
object  of  this  arrangement  is  to  get  rid  of  the  effects  of  terrestrial 
magnetism  on  the  conducting  wire.  When  an  electric  circuit 
ie  free  to  move  it  tends  to  place  itself  so  as  to  embrace  the 
largest  possible  number  of  the  lines  of  induction.  If  these  lines 
are  due  to  terrestrial  magnetism,  this  position,  for  a  circuit  in 
a  vertical  plane,  will  be  when  the  plane  of  the  circuit  is  mag- 
netic east  and  west,  and  when  the  direction  of  the  current  is 
opposed  to  the  apparent  course  of  the  sun. 

By  rigidly  connecting  two  circuits  of  equal  area  in  parallel 
planes,  in  which  equal  currents  run  in  opposite  directions,  a 
combination  is  formed  which  is  unaffected  by  t«rr8strial  mag- 
netism, and  is  therefore  called  an  Astatic  Combination,  see  Fig. 
26.  It  is  acted  on,  however,  by  forces  arising  from  cuiTents  or 
magnets  which  are  so  near  it  that  they  act  differently  on  the  two 
circuits. 

505.]  Ampere's  first  experiment  is  on  the  effect  of  two  equal 
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oarrents  close  together  in  opposite  directioiiB.  A  wire  covered 
with  ineulftting  material  is  doubled  on  itself,  Euid  placed  near  one 
of  the  circaite  of  the  astatic  balance.  When  a  current  is  made 
to  pass  tlirough  the  wire  and  the  balance,  the  equilibrium  of  the 
balance  remains  undisturbed,  shewing  that  two  equal  currents 
close  together  in  opposite  directions  neutralize  each  other.  If, 
instead  of  two  wires  side  by  side,  a  wire  be  insulated  in  the 
middle  of  a  metal  tube,  and  if  the  current  pass  through  the  wire 
and  back  by  the  tube,  the  action  outside  the  tube  is  not  only 
approximately  but  accurately  null.  This  principle  is  of  great 
importance  in  the  construction  of  electric  apparatus,  as  it  affords 
the  means  of  conveying  the  current  to  and  from  any  galvano- 


Fig.  28. 


meter  or  other  instrument  in  such  a  way  that  no  electromagnetic 
effect  is  produced  by  the  current  on  its  passage  to  and  from  the 
instrument.  In  practice  it  is  generally  sufficient  to  bind  the 
wires  together,  caro  being  taken  that  they  are  kept  perfectly 
insulated  from  each  other,  but  where  they  must  pass  near  any 
sensitive  pai't  of  the  apparatus  it  is  better  to  make  one  of  the 
conductors  a  tube  and  the  other  a  wire  inside  it.     See  Art.  683. 

506.]  In  AmpiSrc's  second  experiment  one  of  the  wires  is  bent 
and  crooked  with  a  number  of  small  sinuosities,  but  so  that  in 
every  part  of  its  course  it  remains  very  near  the  straight  wire. 
A  current,  flowing  through  the  crooked  wire  and  back  again 
through  the  straight  wire,  is  found  to  be  without  influence  on 
the  astatic  balance.  This  proves  that  the  effect  of  the  current 
ining  through  any  crooked  part  of  the  wire  ia  equivalent  to 
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the  same  current  running  in  the  straight  line  joining  its  ex- 
tremitieB,  proTided  the  crooked  line  is  in  no  part  of  its  course  far 
from  the  straight  one.  Hence  any  small  element  of  a  circuit  is 
equivalent  to  two  or  more  component  elements,  the  relation 
between  the  component  elements  and  the  resultant  element 
being  the  same  as  that  between  component  and  resultant 
difiplacements  or  velocities. 

507.]  In  the  third  experiment  a  conductor  capable  of  moving 
only  in  the  direction  of  its  length  is  substituted  for  the  astatic 
balance.  The  current  enters  the  conductor  and  leaves  it  at  fixed 
points  of  space,  and  it  is  found  that  no  closed  circuit  placed  in 
the  neighbourhood  is  able  to  move  the  conductor. 


Fig.  37- 


The  conductor  in  this  experimeat  is  a  wire  in  the  form  of  a 
circular  arc  suspended  on  a  frame  which  is  capable  of  rotation 
about  a  vertical  axis.  The  circular  arc  is  horizontal,  and  its 
centre  coincides  with  the  vertical  axis.  Two  small  troughs  are 
filled  with  mercury  till  the  convex  surface  of  the  mercury  rises 
above  the  level  of  the  troughs.  The  troughs  are  placed  under 
the  circular  arc  and  adjusted  till  the  mercury  touches  the  wij-e, 
which  is  of  copper  well  amalgamated.  The  current  is  made  to 
enter  one  of  these  troughs,  to  traverae  the  part  of  the  circular 
arc  between  the  troughs,  and  to  escape  by  the  other  trough. 
Thus  part  of  the  circular  arc  is  traversed  by  the  current,  and  the 
arc  is  at  the  same  time  capable  of  moving  with  con^derablo 
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Areedom  in  the  direction  of  its  length.  Any  dosed  cmrents  or 
magnets  may  now  be  made  to  approadi  the  moveable  oondaetor 
without  producing  the  slightest  tendency  to  move  it  in  the 
direction  of  its  length. 

508.]  In  the  fourth  experiment  with  the  astatic  balance  two 
circuits  are  employed,  each  similar  to  one  of  those  in  the 
balance,  but  one  of  them,  C,  having  dimensions  n  times  greater, 
and  the  other,  il,  n  times  less.  These  are  placed  on  opposite 
sides  of  the  circuit  of  the  balance,  which  we  shall  call  jB,  so  that 
they  are  similarly  placed  with  respect  to  it,  the  distance  of  C 
from  B  being  n  times  greater  than  the  distance  of  B  from  A: 


Fig.  28. 

Tlio  ilirtTtion  and  strength  of  the  current  is  the  same  in  A  and 
i\  Its  dirtTtion  in  B  may  be  the  same  or  opposite.  Under 
thi^o  circumstances  it  is  found  that  £  is  in  equilibrium  under 
tlio  action  of  A  and  (\  whatever  K>  the  forms  and  distances  of 
the  three  circuits,  provided  they  have  the  relations  given  above. 

Sinci^  the  actions  between  the  complete  circuits  may  be 
ci>nsiden\l  to  Iv  due  to  actions  K^tween  the  elements  of  the 
circuits,  we  may  usi^  the  following  methoil  of  determining  the 
law  of  tht*se  actions. 

Let  .4|,  8ys  i\s  Fig.  28.  W  cv>rresponding  elements  of  the  three 
circuits,  and  let  A^,  B^.  i\  be  also  corresponding  elements  in 
another  part  of  the  circuits.  Then  the  situation  of  B^  with 
respect  t<>  A^  is  similar  to  the  situation  of  (.\  with  respect  to  B^, 
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but  the  distanoe  and  dimensions  of  C,  and  B.^  are  n  times  the 
distance  and  diioensions  of  Bi  and  A^,  respectively.  If  the  law 
of  electi-omagnetie  action  Ib  a  function  of  the  distance,  then  the 
action,  whatever  be  its  form  or  quality,  between  B,  and  Am,  may 
be  written  r-      a      ,    cfii—r\    i 

and  that  between  C,  and  B^ 

r=  C^.BJ{J\B^)hc, 
where  a,  h,  c  are  the  strengths  of  the  currents  in  A,  B,  C.     But 
7tJ3,  =  C,,  nAj  =  Bj,  n^T,  =  6^^,  and  a  =  c.     Hence 

F'=  n^B^.AJ{nB^^)ab, 
and  this  is  equal  to  F  by  experiment,  so  that  we  have 

or.  the  force  va-riea  inversely  an  the  square  of  the  distance*. 

509.]  It  may  be  observed  with  reference  to  these  esperimentH 
that  every  electric  current  forms  a  closed  circuit.  The  currents 
used  by  Amp&re,  being  produced  by  the  voltaic  battery,  were  of 
course  in  closed  circuits.  It  might  be  supposed  that  in  the  case 
of  the  current  of  discharge  of  a  conductor  by  a  spark  we  might 
have  a  current  forming  an  open  finite  line,  but  according  to  the 
views  of  this  book  even  this  case  is  that  of  a  closed  circuit.  No 
experiments  on  the  mutual  action  of  unclosed  currents  have  been 
made.  Hence  no  statement  about  the  mutual  action  of  two 
elements  of  circuits  caa  be  said  to  rest  on  purely  experimental 
grounds.  It  is  true  we  may  render  a  portion  of  a  circuit 
moveable,  so  as  to  ascertain  the  action  of  the  other  currents 
upon  it,  but  these  currents,  together  with  that  in  the  moveable 
portion,  necessarily  form  closed  circuits,  so  that  the  ultimate 
result  of  the  experiment  is  the  action  of  one  or  more  closeil 
currents  upon  the  whole  or  a  pai-t  of  a  closed  current. 

510.]  In  the  analysis  of  the  phenomena,  however,  we  may  re- 
gard the  action  of  a  closed  circuit  on  an  element  of  itself  or  of 
another  circuit  as  the  resultant  of  a  number  of  separate  forces, 
depending  on  the  separate  parts  into  which  the  first  circuit  may 
be  conceived,  for  mathematical  purposes,  to  be  divided. 


iCher  prooF  Ibst  Ihig  eip«riinent  laaJs  to  the  Inv  of  the  Inverae  aqture  ii 
_   irt.  633,  and  the  render  will  piwbablj  find  it  gimpler  and  more  Ooaviboillg 
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This  is  a  merely  mathematical  analysis  of  the  action,  and  is 
therefore  perfectly  legitimate,  whether  these  forces  can  really  act 
separately  or  not. 

511.]  We  shall  begin  by  considering  the  purely  geometrical 
relations  between  two  lines  in  space  representing  the  drcuits, 
and  between  elementary  portions  of  these  lines. 

Let  there  be  two  curves  in  space  in  each  of  which  a  fixed 
point  is  taken,  from  which  the  arcs  are  measured  in  a  defined 

direction  along  the  curves.  Let 
4}  ^'  be  these  points.  Let  PQ 
and  P^Q^  be  elements  of  the  two 
curves. 

I^t  ilP=8,   4'P'=«', 

PQ  =  d«,P'e'= 
and  let  the  distance  PF^  be  de- 
noted by  r.  Let  the  angle  T'P(i 


'~M  (" 


F5g.  29. 


be  denoted  by  ^,  and  PF'Ql  by  ^,  and  let  the  angle  between  the 
planes  of  these  angles  be  denoted  by  17. 

The  relative  position  of  the  two  elements  is  sufficiently  de- 
fined by  their  distance  r  and  the  three  angles  ^,  ^,  and  17,  for  if 
these  be  given  their  relative  position  is  as  completely  determined 
as  if  they  formed  part  of  the  same  rigid  body. 

ffl2.]  If  we  use  rectangular  coordinates  and  make  «,  3/,  z  the 
coordinates  of  P,  and  x\  f/,  /  those  of  P',  and  if  we  denote  by 
I,  771,  n  and  by  l\  t)i\  vf  the  direction-cosines  of  PQ,  and  of  P'Q' 
respectively,  then 


dx      J 
da  -'" 

dx'      ,, 
do'-'" 

d^ 

dz 

dz'        , 


(2) 


and 


I  [pd — 0?)  +  m  (y' —y)  -\-  n  (/ —z)  =     r  cos  0, 
V(x'  -  a;)  +  "ni^y' ^y)^n'{z'—z)  =  '-r  cos  ^, 


I 


(3) 


W  +  Tiim'  +  Tin'  =  cos  6, 

where  €  is  the  angle   between  the  directions  of  the  elements 
themselves,  and 

cos  c  =  —  cos  ^  cos  ^-1- sin  ^ sin  ^  cos  rj.  (4) 

Again,  ^  ^  (x'^xy  +  (y^yy  +  {2f^zy,  (5) 


513-] 


GEOMETBIOAL  SPECIFICATIONS. 


165 


whence 


»-J  =  -(-'-^)|-(/-y)t-(^-^)^'^ 


da 


ds 


ds 


=  — rcosft 


Similarly 


r%=   {^-o^)%HV-y)%H^-z)%^ 


ds 


ds' 


(6) 


ds'         ^'^     '^^dsi 

=  — rcos^; 

dv 
and  diiSerentiating  r -7-  with  respect  to  s\ 

d^r       drdr  dxdaf      dyd'if      dzdsf 

t?«cfa^      rfdrfa"  dsds'      dsds'      dsds' 

=  —  {IV + mm'  +  nn'), 

=  —cos  e. 

We  can  therefore  express  the  three  angles  6^  ^,  and  17,  and  the 
auxiliary  angle  €  in  terms  of  the  differential  coefficients  of  r  with 
respect  to  s  and  s  as  follows, 

dr 

cos  ^  = yy 

ds 


(7) 


cos  ^  = T,9 

ds 

^         d^r        dr  dr 
""        ds  ds'      ds  ds' ' 

d^r 


> 


sin  ^  sin  ^  cos  77  =  — r 


dsds' 


(8) 


513.]  We  shall  next  consider  in  what  way  it  is  mathematically 
conceivable  that  the  elements  PQ  and  P'Q'  might  act  on  each 
other,  and  in  doing  so  we  shall  not  at  first  assume  that  their 
mutual  action  is  necessarily  in  the  line  joining  them. 

We  have  seen  that  we  may  suppose  each  element  resolved  into 
other  elements^  provided  that  these  components,  when  combined 
according  to  the  rule  of  addition  of  vectors,  produce  the  original 
element  as  their  resultant. 

We  shall  therefore  consider  ds  as  resolved  into  cos^rf«  =  a 
in  the  direction  of  r,  and         .  -. 

mnOds^P  in   a   direction  \/^  ^"^^/^ 

perpendicular  to   r  in  the  )» a^  '  m^ 

plane  rPQ.  ^«-  ^^• 

We  shall  also  consider  ds'  as  resolved  into  cos  S'ds'  =  a'  in 
the  direction  of  r  reversed,  sin^cosi7C?8'=  jS'  in  a  direction 
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parallel  to  that  in  which  /3  was  measured,  and  sin  6'  aimjd^  =  y 
in  a  direction  perpendicular  to  a  and  /3'. 

Lot  U8  consider  the  action  between  the  components  a  and  /S  on 
the  one  hand,  and  a',  /3',  y  on  the  other. 

{1)0  and  o'  are  in  the  same  straight  line.  The  foi"ce  between 
them  must  therefore  be  in  this  line.  We  shall  suppose  it  to  be 
an  attraction  =  Aaa  ii', 

where  j4  is  a  function  of  r,  and  i,  i'  are  the  inten.sities  of  the 
currents  in  da  and  ds'  respectively.  Tiiis  expression  Batiefies 
the  condition  of  changing  sign  with  i  and  with  i'. 

(2)  /3  and  ff'  are  parallel  to  each  other  and  perpendicular  to 
the  line  joining  them.    The  action  between  them  may  be  written 

B/i0'ii'. 
This  force  is  evidently  in  the  line  joining  ji  and  ^',  for  it  must 
be  in  the  plane  in  which  they  both  lie,  and  if  we  were  to  measure 
/J  and  (3'  in  the  reversed  direction,  the  value  of  this  expression 
would  remain  the  same,  which  shews  that,  if  it  represents  a  force, 
that  force  has  no  component  in  the  direction  of  ^,  and  must 
thei-efore  be  directed  along  r.  Let  ua  aasumo  that  this  expression, 
when  positive,  represents  an  attraction. 

(3)  p  and  y'  are  perpendicular  to  each  other  and  to  the  line 
joining  them.  The  only  action  pottaible  between  elements  so 
related  is  a  couple  whose  axis  is  parallel  to  r.  We  are  at  present 
engaged  with  forces,  so  we  shall  leave  this  out  of  acconnt*. 

(4)  The  action  of  a  and  /3',  if  they  act  on  each  other,  must  be 
expressed  by  Ca^il'. 

The  sign  of  this  expression  is  reversed  if  we  revci-se  the 
direction  in  which  we  measure  ^.  It  must  therefore  represent 
either  a  force  in  the  direction  of  ^,  or  a  couple  in  the  plane 
of  a  and  ^'.  As  we  are  not  investigating  couples,  we  shall  take 
it  as  a  force  acting  on  a  in  the  direction  of  Ii'. 

There  is  of  course  an  equal  force  acting  on  ^'  in  the  opposite 
direction. 

■  {it  might  be  olijeetfld  tb>t  wa  hiva  do  right  to  uintne  there  1>  nn  force  ia  thl« 
anK.ituaamchuiuch  ■rulsuthatthere  wukfbrce  on4  M  righlknglntaixithiiuid 
y.  kndiD  the  diiEotion  to  whicli7'wciuld  be  broDght  bj  k  right-handed  Here*  through 
'Jif  round  0,  would  indicate  a  force  which  woald  antitiy  the  conditiai  of  reverainK  it 
either  of  the  componeDU  were  revened  but  not  if  both.  The  reaeon  foi  auaming  ^kt 
■ucii  a  foroe  does  not  eiitl,  ii  tlukt  the  direction  of  the  force  would  be  dttenninod 
merel)'  by  the  direction  of  the  current*,  and  not  by  their  relatire  position.  Thai  for 
etample,  it  would  ohange  frinu  a  repulsive  to  an  Kttraotire  force  bstweon  the  demont*, 
if  in  Fig,  30  F  were  to  the  left  innodiif  the  right  of  P.) 
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We  have  for  the  same  reason  a  force 
Cay'ii' 
acting  on  a  in  the  direction  of  y',  and  a  force 

acting  on  0  in  the  direction  opposite  to  that  in  which  /3  is  measured. 

514.]  Collecting  our  results,  we  find  that  the  action  on  de  is 
compounded  of  the  following  forces, 

X  =  {Aaa'  +  B^li')ti'  in  the  direction  of?-,] 
y=  C(fl^'-a'y3)ii'inthe  direction  of  j3.      >  (9) 

and  Z  =  Ca'/ii'  in  the  direction  of  y',  ■' 

Let  us  suppose  that  this  action  on  ds  is  the  resultant  of  thi-ee 
forces,  Rii'dnds'  acting  in  the  direction  of  r,  SU'dsdi/  acting  in 
the  direction  of  (is,  and  xS'ii'dads'  acting  in  the  direction  of  i/s'; 
then  in  terms  of  6,  fl',  and  ij. 


R  =    (.jl'cosflcos^  +  Sainflain^coBij, 
S  =  -Ccose',         S'  =  CamB. 
In  terms  of  the  differential  coefBcients  of  r 

da  m  dam 

da  da 


(10) 


(II) 


iDjerms  of  I,  m,  n,  and  /',  m',  n', 

where  f,  ij,  faro  written  for  af—x,  "^—y,  and  «'— s  respectively. 

515.]  We  have  next  to  calculate  the  force  with  which  the 
finite  current  s'  acta  on  the  finite  current  s.  The  current  a 
extends  from  A,  where  a  =  0,  to  P,  where  it  has  the  value  s. 
The  current  a'  extends  fVom  A',  where  »'  =  0,  to  P',  where  it 
has  the  value  /.  The  coordinates  of  points  on  either  current 
are  functions  of  a  or  of  /. 

If  J"  is  any  function  of  the  position  of  a  point,  Uien  we  shall 
use  the  subscript  („  „>  to  denote  the  excess  of  its  value  at  P  over 
that  at  j4,  thus  p       _  p^  —  F^. 

Such  functions  necesaarily  disappear  when  the  circuit  is  closed. 
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Lefe  the  ocimpoiieitfai  of  iha  total  ioiw  witb  wMdi  jI'P'  Mfat  on 

jlPbenXiiX«Adn'Z.    Then  the  ocmpoiifint  panBel  to  X 

cPX 
of  the  foroe  mth  whidi  dtf  aefasi  on  ds  will  be  ^'^rg^^^^ 

Sntetitntii^  the  yalnee  c^  J^  A,  and  jS"  from  (IS),  vememboribig 

that  At^ 

rf+m',+«'f-r^.  (14) 

ind  anangiiig  Che  \aemi  ^th  i«qpeotiO  4  «»)  n»  we  find 

+«{-(i^S)^^£f+0^+s4^{.  (15) 

gmee  A^  ^,  and  Oaze  ImetionB  oft',  we  maur  wiite 

P  =  jT  *(A+B)  ^  c«r,      Q  *£*  <7ilr,  (16) 

the  integration  being  taken  between  r  and  oo  because  A^  B,  C 
vanish  when  r  =  oo* 

Hence        (i^?5)i,  =  -^.   and    C  =  -.§.  (17) 

616.]  Now  we  know,  by  Amp^'s  third  case  of  equilibrium, 
that  when  s'  is  a  closed  circuit,  the  force  acting  on  da  is  per- 
pendicular to  the  direction  of  ds,  or,  in  other  words,  the  com- 
ponent of  the  force  in  the  direction  of  ds  itself  is  zero.  Let  us 
therefore  assume  the  direction  of  the  axis  of  a;  so  as  to  be 
parallel  to  cfo  by  making  i  =  1,  tn.  =  0,  ti  =  0.  Equation  (16) 
then  becomes 

To  find-T-y  the  force  on  ds  referred  to  unit  of  length,  we 

must  integrate  this  expression  with  respect  to  ff.    Integrating 
the  first  term  by  parts,  we  find 

^  ^lP^-Q)^.,^^-J^(2Pr-B-q^d^.  (19) 
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When  a'  is  a  closed  circuit  this  expression  must  be  zero.  The 
first  term  will  disappear  of  itself.  The  second  terra,  however, 
will  not  in  general  disappear  in  the  case  of  a  closed  circuit 
unless  the  quantity  under  the  sign  of  integration  is  always  zero. 
Hence,  to  satisfy  Amp^'s  condition,  we  must  put 


^' =,-.(«+ o- 


(20) 


517.]  We  can  now  eliminate  P,  and  find  the  general  value  of 
dX 
dB  '  dX 


f'B-C 


:B±c( 

2     r 
'(-V 


I  (■■.  0) 


'M 


-"X"-i 


(21) 

When  8*  is  a  closed  circuit  the  first  term  of  this  expression 
vanishes,  and  if  we  make 

■B-C  n-,-»^f  , 


,      C'B-a  ■n'i-l'v 


-'*', 


•u. 


(22) 


where  the  integration  is  extended  round  the  closed  circuit  s 
may  write  ,;i 


Similarly 


dY 


=  na'  —  ly 


(23) 


de  ' 

da         '^ 

The  quantities  o',  ^,  y  are  sometimes  called  the  determinants 
of  the  circuit  «'  referred  to  the  point  F.  Their  resultant  is  called 
by  Amp6re  the  directrix  of  the  electrodynamic  action. 

It  is  evident  from  the  equation,  that  the  force  whose  com- 


ponents are  '^  df,  '^v-  <'«>  ai^d  ^  <^  is  perpendicular  both  to  da 

and  to  this  directrix,  and  is  represented  numerically  by  the  area 
of  the  parallelogram  whose  sides  are  ds  and  the  directrix. 

In  the  language  of  quaternions,  the  resultant  force  on  rfs  is  the 
vector  part  of  the  product  of  the  directrix  multiplied  by  ds. 

Since  we  already  know  that  the  directrix  is  the  same  thing  as 


(26) 


the  magfietlo  ttmM  dM  to  *  mil  maneat  im  ib^  ebtMk  iT,  vwe 
rfiaB  hmeefapth  9pmk  of  the  dtowhia  m  Hkm  magofM^  Jmm  im 
to  the  cirwil. 

B18.}  We  skaffl  aow  ooipiete  tfce  gitorihittoai  of  tiio  iompiiiiti 
of  the  foFoe  aaliiig  betwoen  tfr#  flalto  oiuieiitB„  niwthar  uteid 
or  open* 

Let  p  be  a  new  ftmetion  of  n  radi  thai 

psjjf  (JB-CO*-,  (>4) 

then  by  (17)  and  ^) 

and  equatioiia  (1 1)  beoome 

With  thfiw  TalnM  of  tike  MmposMit  iBvaai,  equation  (18) 
becomes 

cPX  dpf     ,  d'  ,n     X    ,dQ     ,,dQ 

519.]  Let 
F=l'lpd8,  0  =  l'mpd8,  H^Fnpda,        (28) 

^0  ^^O  «'0 

F^rVpdff,         ff^rm'pdff,         ff^TrCpdif.       (29) 
*/o  •/•  •^o 

These  quantities  have  definite  values  for  any  given  point  of 
space.  When  the  circuits  are  dosed,  they  correspond  to  the 
components  of  the  vector-potentials  of  the  circuits. 

Let  Z  be  a  new  function  of  r,  such  that 

L  =  rr{Q'¥p)dr,  (30) 

and  let  Jf  be  the  double  integral 


^-rX' 


poosccfod^,  (91) 
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which,  when  the  circuits  are  closed,  becomes  their  mutual  poten- 
tia.1,  then  (27)  may  be  written 

dsds' "  dsdn'  \dx       dx  J  ' 

520,]  Integrating,  with  respect  to  8  and  /,  between  the  given 
limits,  we  find 

+  Fr~FA.-F'p  +  F'A,  (33) 

where  the  subscripts  of  L  indicate  the  distance,  r,  of  which  the 
quantity  Z  is  a  function,  and  the  subscripts  of  J' and  F'  indicate 
the  points  at  which  their  values  are  to  be  taken. 

The  expressions  for  F  and  Z  may  be  written  down  from  this. 
Multiplying  the  three  components  by  dx,  dy,  and  ds  respectively, 
we  obtain 

Xdx+  Ydy  +  Zd^  =  DM-D{Lpp  -Lap'-La-p  +  L,,.,.) 
-(F'dx  +  0'dy  +  H'dz)(p.A) 
+  (Fdx  +  Gdy  +  IId3),p'^A'h  (3*) 

where  D  is  the  sjonbol  of  a  complete  differential. 

Since  Fdx+Ody  +  Hds  in  not  in  general  a  complete  dif- 
ferential of  a  function  of  x,  y,  z,  Xdx+  Ydy  +  Zdz  Ja  not  in 
general  a  complete  diSerential  for  currents  either  of  which  is  not 
closed. 

521.]  If,  however,  both  currents  are  closed,  the  terms  in  L,  F, 
0,  R,  F',  0',  H'  disappear,  and 

Xdx+  Ydy  +  Zds  =  DM,  (35) 

wtere  M  is  the  mutual  potential  of  two  closed  circuits  carrying 
unit  currents.  The  quantity  M  expresses  the  work  done  by  the 
electromagnetic  forces  on  either  conducting  circuit  when  it  is 
moved  parallel  to  itself  from  an  infinite  distance  to  its  actual 
position.  Any  alteration  of  its  position,  by  which  M  is  iiicreitsed, 
will  be  oMuied  by  the  electromagnetic  forces. 

It  may  bo  shewn,  as  in  Arts.  490,  596,  that  when  the  motion 
of  the  circuit  is  not  parallel  to  itself  the  forces  acting  on  it  are 
atill  determined  by  the  variation  of  M,  the  potential  of  the  one 
circuit  on  the  other. 

522.]  The  only  experimental  fact  which  we  have  made  use  of 
in  this  inveatigation  is  the  fact  established  by  Ampfere  that  the 
action  of  a  closed  circuit  on  any  portion  of  another  circuit  ia 
perpendicular  to  the  direction  of  the  latter.     Every  other  part  of 
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the  inveBtigation  depends  on  purely  mathematical  consideratio&s 
depending  on  the  properties  of  lines  in  space.  The  reasoniog 
therefore  may  be  presented  in  a  much  more  condensed  and 
appropriate  form  by  the  use  of  the  ideas  and  language  of  the 
mathematical  method  specially  adapted  to  the  expression  of  such 
geometrical  relations — the  QuatemioTie  of  Hamilton. 

This  has  been  done  by  Professor  Tait  in  the  Quarterly  Jouriud 
of  Muthematirs,  1866,  and  in  bis  treatise  on  Qxuitemio-nSt  §  399, 
for  Amptre'a  original  investig'ation,  and  the  student  can  easily 
adapt  the  same  method  to  the  somewhat  more  general  investi- 
gation given  here. 

523.]  Hitherto  we  have  made  no  assumption  with  respect  to 
the  quantities  A,  B,  C,  except  that  they  are  functions  of  r,  the 
distance  between  the  elements.  We  have  next  to  ascertain  the 
form  of  these  functions,  and  for  this  purpose  we  make  use  of 
AmptTe'a  fourth  case  of  equilibrium,  Art.  508,  in  which  it  is 
shewn  that  if  all  the  linear  dimensions  and  distances  of  a  system 
of  two  circuits  be  altered  in  the  same  proportion,  the  currents 
remaining  the  same,  the  force  between  the  two  circuits  will 
remain  the  same. 

Now  the  force  between  the  circuits  for  unit  currents  is  -r-  = 

dx 

and  since  this  is  independent  of  the  dimensions  of  the  system,  it 

must  be  a  numerical  quantity.     Hence  M  itself,  the  coefficient 

of  the  mutual  potential  of  the  circuits,  must  be  a  quantity  of  the 

dimensions  of  a  line.     It  follows,  from  equation  (31 ),  that  p  must 

be  the  reciprocal  of  a  line,  and  therefore  by  (24),  B~C  must  be 

the   inverse   square   of  a  line.     But  since  B  and  C  are  both 

functions  of  )■,  B  —  C  must  bo  the  inverse  square  of  r  or  some 

numerical  multiple  of  it. 

524,]  The    multiple    we    adopt    depends    on    our  system   of 

measurement.     If  we   adopt    the    electromagnetic    system,    so 

called  because  it  agrees  with  the  system  already  established  for 

magnetic  measurements,  the  value  of  M  ought  to  coincide  with 

tbat  of  the  potential  of  two  magnetic  shells  of  strength  unity 

whose  boundaries  are  the  two  circuits  respectively.     The  value 

of  Af  in  that  case  is,  by  Art.  423, 

M=jf^ihdir,  (30) 

the  integration  being  perfonned  rooQil  both  circuits  in  the  positive 
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'jii' dads' \ 


direction.     Adopting  thia   as   the    numerical  value  of  M,  and 
comparing  with  (31),  we  find 

P  =  \,    and    B-C  =  ^y  (37) 

625.]  We  may  now  expreas  the  components  of  the  force  on  da 
arising  from  the  action  of  (h'  in  the  most  general  form  consistent 
with  experimental  facts. 

The  force  on  rfe  is  compounded  of  an  attraction 

fdrdr  d^r^..,        ,        d'Q  ..,, 

r^d&dM 
in  the  direction  of  r, 

*Sii'(focfo'=—T^ii' turfs' in  the  direction  of  (is,  f  '     ' 

ds  ' 

and  S'ii'dsd^=  -j-  ii'ded^  in  the  direction  of  d^, 

ds  ' 

where  Q=  f    Odr,  and  since  C  ia  an  unknown  function  of  r,  we 

know  only  that  Q  in  some  function  of  r. 

526.]  The  quantity  Q  cannot  be  determined,  without  assump- 
tions of  some  kind,  from  experiments  in  which  the  active  current 
forms  a  closed  cii-cuit.  If  we  suppose  with  Amp^  that  the 
action  between  the  elements  da  and  de'  is  in  the  line  joining 
them,  thon.i^  and  iS'  must  disappear,  and  Q  must  be  constant,  or 
Eero.     The  force  is  then  reduced  to  on  attraction  whose  value  is 


Rii'ded^  =  -sf-^  -r-,  —  iv-j—riSii'dBd^. 

■r  ^ds  djf  dsaa  ' 


(39) 


Ampere,  who  made  this  investigation  long  before  the  magnetic 

system  of  units  had  been  estabhshed,  uses  a  formula  having  a 

numerical  value  half  of  this,  namely 

»,.., ,  , ,      1  ,1  drdr  d'^r  \  ... ,  , ,  ,,„, 

«,'A,!^=-.(-gjjj,-r^,/,i.<i.'.  (40) 

Here  the  strength  of  a  current  is  measured  in  what  is  called 
eleetrodynamic  measure.  If  /,  i'  are  the  strengths  of  the  currents 
in  electromagnetic  measure,  ajidj,j'  the  same  in  electrodjTiamic 
measure,  then  it  is  plain  that 

jj=  2ii',    or  >=  •/2i.  (41) 

Hence  the  unit  current  adopted  in  electromagnetic  measure  is 

,ter  than  that  adopted  in  electro  dynamic  measure  in  the  tt 

of  ^^2  to  1. 
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The  only  title  of  the  electrodyxuunic  unit  to  consideration  is 
that  it  was  originally  adopted  by  Ampfere^  the  discoverer  of  the 
law  of  action  between  currents.  The  continual  recurrence  of  ^2 
in  calculations  founded  on  it  is  inconvenient,  and  the  electro- 
magnetic system  has  the  great  advantage  of  coinciding  numeri- 
cally with  all  our  magnetic  formulae.  As  it  is  difficult  for  the 
student  to  bear  in  mind  whether  he  is  to  multiply  or  to  divide 
by  V^,  we  shall  henceforth  use  only  the  electromagnetic  system, 
as  adopted  by  Weber  and  most  other  writers. 

Since  the  form  and  value  of  Q  have  no  effect  on  any  of  the 
experiments  hitherto  made,  in  which  the  active  current  at  least 
is  always  a  closed  one,  we  may,  if  we  please,  adopt  any  value  of 
Q  which  appears  to  us  to  simplify  the  formulae. 

Thus  Amp^  assumes  that  the  force  between  two  elements  is 
in  the  line  joining  them.     This  gives  Q  =  0, 

RiircUd^  =  l{^^-2r^;)iidsd/,    S=0,    Sr=0.    (42) 

Grassmann  *  assumes  that  two  elements  in  the  same  straight 
line  have  no  mutual  action.    This  gives 

n-       ^        »-      3    dV  I   dr       ^  _    I    dr    ,     . 

^~"2^'    ^~~27c^rf?'    '^"~2r'^d?'    ^  "  2r^d^'  ^^^^ 

We  might,  if  we  pleased,  assume  that  the  attraction  between 
two  elements  at  a  given  distance  is  proportional  to  the  cosine  of 
the  angle  between  them.     In  this  case 

1                 1                            I  dr  I  dr 

Q  = ,     JR  =  -5C0Sf,     /S  = 2T^'    ^—-2T'         (^'*) 

Finally,  we  might  assume  that  the  attraction  and  the  oblique 
forces  depend  only  on  the  angles  which  the  elements  make  with 
the  line  joining  them,  and  then  we  should  have 

r '  7-2  ofe  ds' '  r^  ds' '  r^ds       ^     ^ 

527.]  Of  these  four  different  assumptions  that  of  Ampere  is 
undoubtedly  the  best^  since  it  is  the  only  one  which  makes  the 
forces  on  the  two  elements  not  only  equal  and  opposite  but  in 
the  straight  line  whichjoins  them. 


•  Pogg.,  Ann.  64,  p.  1  (1845). 
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528.]  The  discovery  by  Orated  of  the  magDetic  action  of  an 
electric  current  led  by  a  direct  procesB  of  reasoning  to  that  of 
magnetization  by  electric  cun-ents,  and  of  the  mechanical  action 
between  electric  currente.  It  was  not,  however,  till  1831  that 
Faraday,  who  had  been  for  some  time  endeavouring  to  produce 
electric  currents  by  magnetic  or  electric  action,  discovered  the 
conditions  of  magneto-electrie  induction.  The  method  which 
Faraday  employed  in  his  i-eaearches  consisted  in  a  constant 
appeal  to  experiment  aa  a  means  of  testing  the  truth  of  his  ideas, 
and  a  constant  cultivation  of  ideas  under  the  direct  influence  of 
experiment.  In  his  pubhshed  researches  we  find  these  ideas 
expressed  in  language  which  is  all  the  better  fitted  for  a  nascent 
science,  because  it  is  somewhat  alien  from  the  style  of  physieistfi 
who  have  been  accustomed  to  establish  mathematical  forms  of 
thought. 

The  experimental  investigation  by  which  Ampfere  established 
the  laws  of  the  mechanical  action  between  electric  currents  is  one 
of  the  most  brilliant  achievements  in  science, 

The  whole,  theory  and  experiment,  seems  aa  if  it  had  leaped, 
full  grown  and  full  arraerl,  from  the  brain  of  the  'Newton  of  elec- 
tricity.' It  is  perfect  in  form,  and  unassailable  in  accuracy,  and 
it  is  summed  up  in  a  formula  from  which  all  the  phenomena  may 
be  deduced,  and  which  must  always  remain  the  cardinal  formula 
of  electro-dynamics. 

The  method  of  Ampere,  however,  though  cast  into  an  inductive 
form,  does  not  allow  us  to  trace  the  formation  of  the  ideas  which 
guided  it.  We  can  scarcely  believe  that  Ampfcre  really  dis- 
covered the  law  of  action  by  means  of  the  experiments  which  he 


176 


MAONETO-ELBOTEIC  INDUCTION. 


[S!9- 


deBcribes.  We  are  led  to  Buspect,  what,  indeed,  he  tolls  us  himself*, 
that  he  discovered  the  law  by  some  process  which  he  has  not 
shewn  us,  and  tliat  when  he  had  afterwards  built  up  a  perfect 
demonstration  he  removed  all  traces  of  the  scaffolding  by  which 
he  had  raised  it. 

Faraday,  on  the  other  hcind,  shews  us  hia  unsuccessful  as  well 
as  his  successful  experiments,  and  hia  crude  ideas  as  well  as  hia 
developed  ones,  and  the  reader,  however  inferior  to  him  in  induc- 
tive power,  feels  sympathy  even  more  than  admiration,  and  is 
tempted  to  lielieve  that,  if  he  bad  the  opportunity,  he  too  would 
bo  a  discoverer.  Every  student  should  therefore  read  Ampk'e's 
research  as  a  splendid  example  of  acientiOc  style  in  the  statement 
of  a  discovery,  but  he  should  also  study  Faraday  for  the  cultiva- 
tion of  a  scientific  spirit,  by  means  of  the  action  and  reaction 
which  will  take  place  between  the  newly  discovered  facts  as 
introduced  to  him  by  Faraday  and  the  nascent  ideas  in  his  own 
mind. 

It  was  perhaps  for  the  advantage  of  science  that  Faraday, 
though  thoroughly  conscious  of  the  fundamental  forms  of  apace, 
tiiDs,  and  force,  was  not  a  professed  mathematician.  He  was 
not  tempted  to  enter  into  the  many  interesting  researches  in  pure 
mathematics  which  his  discoveries  would  have  suggested  if  they 
had  l>een  exhibited  in  a  mathematical  form,  and  he  did  not  feel 
called  upon  either  to  force  his  results  into  a  shape  acceptable 
to  the  mathematical  taste  of  the  time,  or  to  express  thera  in 
a  form  which  mathematiciana  might  attack.  He  was  thus 
left  at  leiaui-e  to  do  his  proper  work,  to  coordinate  his  ideas 
with  his  facte,  and  to  express  them  in  natural,  ontechnical 
language. 

It  is  mainly  with  the  hope  of  making  these  ideaa  the  basis  of 
a  mathematical  method  that  I  have  undertaken  this  treatise. 

529.]  We  are  accustomed  to  consider  the  universe  as  made  up 
of  parts,  and  matbematicians  usually  begin  by  considering  a 
single  particle,  and  then  conceiving  its  relation  to  another  par- 
ticle, and  BO  on.  This  has  generally  heen  supposed  the  moet 
natural  method.  To  conceive  of  a  particle,  however,  roquiree 
a  process  of  abstraction,  since  all  our  perceptions  are  related  to 
extendi>d  bodies,  so  that  the  idea  of  the  all  that  is  in  our  ood- 
adouancss  at  a  given  instant  ia  perhaps  as  primitive  an  idea  aq 
*  Thtorte  da  fAHteminm  ibetrodfnamiqMi,  p.  9. 
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that  of  any  individual  thing,  Hence  there  may  be  a  mathematical 
method  in  which  we  proceed  from  the  whole  to  the  parts  instead 
of  from  the  parts  to  the  whole.  For  example,  Euclid,  in  his 
first  book,  conceives  a  line  as  traced  out  by  a  point,  a  surface 
as  swept  out  by  a  line,  and  a  solid  as  generated  by  a  surface. 
But  he  also  defines  a  surface  as  the  boundary  of  a  solid,  a  line 
as  the  edge  of  a  surface,  and  a  point  as  the  extremity  of  a  line. 

In  like  manner  we  may  conceive  the  potential  of  a  material 
system  as  a  function  found  by  a  certain  process  of  integration 
with  respect  to  the  masses  of  the  bodies  in  the  field,  or  we  may 
suppose  these  masses  themselves  bo  have  no  other  mathematical 

meaning  than  the  volume-integrals  of  —  V^^',  where  4'  is  the 
potential. 

In  electrical  investigations  we  may  use  formulae  in  which  the 
quantities  involved  are  the  distances  of  certain  bodies,  and  the 
electrifications  or  currents  in  these  bodies,  or  we  may  use  formulae 
which  involve  other  quaxitities,  each  of  which  is  continuous 
through  all  space. 

The  mathematical  process  employed  in  the  first  method  is  in* 
tegration  along  lines,  over  surfaces,  and  throughout  finite  spaces, 
those  employed  in  the  second  method  are  partial  difierential 
equations  and  integrations  throughout  all  space. 

The  method  of  Faraday  seems  to  be  intimately  related  to  the 
second  of  these  modes  of  treatment.  He  never  considers  bodies 
as  existing  with  nothing  between  them  but  their  distance,  and 
acting  on  one  another  according  to  some  function  of  that  distance. 
He  conceives  all  space  as  a  field  of  force,  the  lines  of  force  being 
in  general  curved,  and  those  due  to  any  body  extending  from  it 
on  all  sides,  their  directions  being  modified  by  the  presence  of 
other  bodies.  He  even  speaks*  of  the  lines  of  force  belonging  to 
a  body  as  in  some  sense  part  of  itself,  so  that  in  its  action  on 
distant  bodies  it  cannot  be  said  to  act  where  it  is  not.  This, 
however,  is  not  a  dominant  idea  with  Faraday,  I  think  he 
would  rather  have  said  that  the  field  of  space  is  full  of  lines 
of  force,  whose  arrangement  depends  on  that  of  the  bodies  in  the 
field,  and  that  the  mechanical  and  electi'Ical  action  on  each  body  is 
det^mined  by  the  lines  which  abut  on  it. 

•  £rjj.  Sa ,  vol.  ii.  p.  203 ;  vol.  nl,  p,  «7. 
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PHENOMENA   OF   MAGNETO- ELECTRIC   INDUCTION*. 
530.]  1.  Induction  by  Vai'iation  of  the  Primary  Current. 

let  there  be  two  conducting  circuits,  the  Primary  and  the 
Secondary  circuit.  The  primary  circuit  is  connected  with  a 
voltaic  battery  by  which  the  primary  current  may  bo  produced, 
maintained,  stopped,  or  reversed,  ITie  secondary  circuit  includes 
a  galvanometer  to  indicate  any  currents  which  may  be  formed  in 
it.  This  galvanometer  is  placed  at  such  a  distance  from  all  parts 
of  the  primary  circuit  that  the  primary  current  has  DO  sensible 
direct  influence  on  its  indications. 

Let  part  of  the  primary  circuit  consist  of  a  straight  wire,  and 
part  of  the  secondary  circuit  of  a  straight  wire  near  and  parallel 
to  the  first,  the  other  parts  of  the  circuits  being  at  a  greater 
distance  from  each  other. 

It  is  found  that  at  the  instant  of  sending  a  current  through 
the  straight  wire  of  the  primary  circuit  the  galvanometer  of  the 
secondary  circuit  indicates  a  current  in  the  secondai-y  straight 
wire  in  the  opposite  direction.  This  is  called  the  induced  current. 
If  the  primaiy  current  is  maintauied  constant,  the  induced  current 
soon  disappears,  and  the  primary  current  appears  to  produce  no 
effect  on  the  secondary  circuit.  If  now  the  primary  current  is 
stopped,  a  secondary  current  is  observed,  which  ia  in  the  eaiixe 
direction  as  the  primary  current.  Every  variation  of  the 
primary  current  produces  electromotive  force  in  the  secondary 
circuit.  When  the  primary  current  increases,  the  electromotive 
force  is  in  the  opposite  direction  to  the  current.  When  it  di- 
minishes, the  electromotive  force  is  in  the  same  direction  as  the 
current.  When  the  primary  current  is  constant,  there  is  no  elec- 
tromotive foi'ce. 

These  effects  of  induction  arc  increased  by  bringing  the  two 
wires  nearer  together.  They  are  also  Increased  by  forming 
them  into  two  circular  or  spiral  coils  placed  close  together, 
and  still  more  by  placing  an  iron  rod  or  a  bundle  of  iron  wires 
inside  the  colls. 

2.  Induction  hy  Motion  of  the  Prinuiry  Circuit. 
We  have  seen  that  when  the  primary  current  is  maintained 
constant  and  at  rest  the  secondary  current  rapidly  disappeare. 
*  Itckd  P^rad^y'a  Etptilmtatal  Rtttareitt*,  Serin  I  bdiI  ii. 
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Now  let  the  primary  current  be  ntaintained  constant,  but  let 
the  primary  straight  wire  be  maile  to  approach  the  secondai-y 
straight  wire.  During  the  approach  there  will  he  a  secondary 
current  in  the  opposite  direction  to  the  primary. 

If  the  primary  circuit  be  moved  away  from  the  secondary, 
there  will  be  a  secondary  current  in  the  same  direction  aa  the 
primary. 

8.  Induction  by  Motion  of  the  Secondary  Circuit. 

If  the  secondary  circuit  be  moved,  the  secondary  current  is 
opposite  to  the  primary  when  the  secondary  wire  is  approaching 
the  primary  wire,  and  in  the  same  diiection  when  it  is  receding 
from  it 

In  all  cases  the  direction  of  the  secondary  current  is  such  that 
the  mechanical  action  between  the  two  conductors  is  opposite  to 
the  direction  of  motion,  being  a  repulsion  when  the  wires  are 
approaching,  and  an  attraction  when  they  are  receding.  This 
veiy  important  fact  was  established  by  Lenz  *. 

4.  Induction  by  the  Relative  Motion  of  a  Mugnet  aiul  the 
Secondary  Circuit. 

If  we  substitute  for  the  primary  circuit  a  magnetic  shell, 
whose  edge  coincides  with  the  circuit,  whose  strength  is  numer- 
ically equal  to  that  of  the  curreot  in  the  circuit,  and  whose 
austral  face  corresponds  to  the  positive  face  of  the  circuit,  then 
the  phenomena  produced  by  the  relative  motion  of  this  shell  and 
the  secondary  cireuit  are  the  same  as  those  observed  in  the  case 
of  the  primary  circuit. 

B31.]  The  whole  of  these  phenomena  may  be  summed  up  in 
one  law.  When  the  number  of  Unes  of  magnetic  induction 
which  pass  through  the  secondary  circuit  in  the  positive  direction 
18  altered,  an  electromotive  force  acts  rfiiind  the  circuit,  which 
is  measured  by  the  rate  of  decrease  of  the  magnetic.  Induction 
through  the  circ^iit 

532.]  For  instance,  let  the  rails  of  a  railway  be  insulated  from 
the  earth,  but  connected  at  one  terminus  through  a  galvano- 
meter, and  let  the  circuit  be  completed  by  the  wheels  and  axle 
of  a  railway  caniage  at  a  distance  x  from  the  terminus. 
Neglecting  the  height  of  the  axle  above  the  level  of  the  raiU, 


•  Pteg.,  A..,. 
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tbe  induction  tli rough  the  secondary  circuit  is  due  to  the 
vortical  component  of  the  earth's  magnetic  force,  which  in 
northern  latitudes  is  directed  downwards.  Hence,  if  6  is  the 
gauge  of  the  railway,  the  horizontal  area  of  the  circuit  is  bx, 
and  the  surface -integral  of  the  magnetic  induction  through  it  is 
Zhx.  where  Z  is  tbe  vertical  component  of  the  magnetic  force 
of  tbe  eartb.  Since  Z  ia  downwards,  the  lower  face  of  the 
circuit  ia  to  be  reckoned  positive,  and  the  positive  direction  of  the 
circuit  itself  is  north,  east,  south,  west,  that  is,  in  the  direction 
of  the  bud's  apparent  diurnal  course. 

Now  let  the  carriage  be  set  in  motion,  then  x  will  vary,  and 
there  will  be  an  electromotive  force  in  the  circuit  whose  value 
_,  dx 

If  X  is  inci'eaaing,  that  is,  if  the  carriage  is  moving  away  from 
the  terminus,  this  electromotive  force  is  in  the  negative  direction, 
or  north,  west,  south,  east.  Hence  the  direction  of  this  force 
through  tbe  axle  is  from  right  to  left,  If  x  were  dimimshing, 
the  absolute  direction  of  the  force  would  be  reversed,  but  since 
tbe  direction  of  the  motion  of  the  carriage  is  also  reversed,  the 
electi-omotive  force  on  tbe  axle  is  still  from  right  to  left,  the 
observer  in  the  carriage  being  always  supposed  to  move  face 
forwards.  In  southern  latitudes,  where  the  south  end  of  tbe 
needle  dips,  the  electromotive  force  on  a  moving  body  ia  from 
loft  to  right. 

Hence  we  have  the  following  rule  for  determining  the  electro- 
motive force  on  a  wire  moving  through  a  field  of  magnetic  foroe. 
Place,  in  imagination,  your  head  and  feet  in  the  positions  occupied 
by  the  ends  of  a  compass-needle  which  point  north  and  south 
respectively ;  turn  your  face  in  tbe  forward  direction  of  motion, 
then  tbe  electromotive  force  due  to  the  motion  will  be  from  left 
to  right. 

533.]  As  these  directional  relations  are  important,  let  us  take 
another  illustration.  Suppose  a  metal  girdle  laid  round  the 
earth  at  the  equator,  and  a  metal  wire  laid  along  the  meridian 
of  Greenwich  from  the  equator  to  tbe  north  pole. 

Let  a  great  quadrantal  arch  of  metal  be  constructed,  of  which 
one  extremity  is  pivoted  on  tbe  north  pole,  while  the  other  ia 
carried  round  tbe  equator,  sliding  on  the  great  girdle  of  tbe 
earth,  and  following  the  stm  in  his  daily  course.    There  will 
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tben   be   an   electromotive    force    along   the   moviDg  quadrant, 
acting  from  the  pole  towards  the  equator. 

The  electromotive  forne  will  be  the  same  whether  we  suppose 
the  earth  at  roet  and  the  quadrant  moved  from  east  to  west,  cir 
whether  we  suppose  the  quadrant  ^ 

at  rest  and  the  earth  turned  from 
west  to  cast.  If  we  suppoae  the 
earth  to  rotate,  the  electromotive 
force  wUl  be  the  same  whatever 
be  the  form  of  the  part  of  the  cir- 
cuit fixed  in  apace  of  which  one 
end  touches  one  of  the  polos  and 
the  other  the  equator.  The  cur- 
rent in  this  part  of  the  circuit  is 
from  the  pole  to  the  equator. 

The  other  part  of  the  circuit, 
which  is  fixed  with  respect  to  the 
earth,  may  also  be  of  any  form, 
and  either  within  or  without  the 
earth.  In  this  part  the  current  is  from  the  equator  to  either 
pole. 

534.]  The  intensity  of  the  electromotive  force  of  magneto- 
electric  induction  is  entirely  independent  of  the  nature  of  the 
substance  of  the  conductor  in  which  it  acts,  and  also  of  the 
nature  of  the  conductor  which  carries  the  inducing  current. 

To  shew  this,  Faraday*  made  a  conductor  of  two  wires  of 
different  metals  insulated  from  one  another  by  a  silk  covering; 
but  twisted  together,  and  eoldei-ed  together  at  one  end.  The 
other  ends  of  the  wires  were  connected  with  a  galvanometer. 
In  this  way  the  wires  were  similarly  situated  with  respect  tn 
the  primary  circuit,  but  if  the  electromotive  force  were  stronger 
in  the  one  wire  than  in  the  other  it  would  produce  a  current 
which  would  be  indicated  by  the  galvanometer.  He  found, 
however,  that  such  a  combination  may  bo  exp<}sed  to  the  most 
powerful  electromotive  forces  due  to  induction  without  the 
galvanometer  being  aUected.  He  also  found  that  whether  the 
two  branches  of  the  compound  conductor  consisted  of  two 
metals,  or  of  a  metal  and  an  electrolyte,  the  galvanometer  was 
not  affected  f. 

•  E.JI,  Am.,  1!I5.  +  lb.,  200. 


182 


MAONETO-ELECTHIC   IKDUCTiON. 


[53<i. 

Hence  the  electromotive  force  on  any  conductor  depends  only 
on  the  form  and  the  motion  of  that  conductor,  together  with  the 
strength,  form,  and  motion  of  the  electric  currents  in  the  field. 

535.]  Another  negative  property  of  electromotive  force  is  that 
it  has  of  itself  no  tendency  to  cause  the  mechnjiical  motion  of 
any  body,  but  only  to  cause  a  current  of  electricity  ^^  ithin  it. 

If  it  actually  produces  a  current  in  the  body,  there  will  be 
luechanical  action  due  to  that  current,  but  if  we  prevent  the 
current  from  being  formed,  there  will  be  no  mechanical  action  on 
the  body  itself.  If  the  body  is  electrified,  however,  the  electro- 
motive force  will  move  the  body,  ae  we  have  described  in 
Electrostatics. 


rig.  31. 


536.]  The  experimental  investigatinn  of  the  laws  of  the  induc- 
tion of  electric  currents  in  fixed  circuits  may  be  conducted  with 
considerable  accuracy  by  methods  in  which  the  electromotive 
force,  and  therefore  the  current,  in  the  galvanometer  circuit  ia 
rendered  zero. 

For  instance,  if  we  wish  to  shew  that  the  induction  of  the  coil 
.4  on  the  coil  X  is  equal  to  that  of  B  upon  V,  we  place  the  first 
pair  of  coils  A  and  X  at  a  sufficient  distance  from  the  second 
pair  B  and  V.  We  then  connect  A  and  B  with  a  voltaic  batteiy. 
30  that  wo  can  make  the  same  primary  current  flow  through  A 
in  the  positive  direction  and  then  through  B  in  the  negative 
'lirection.  We  also  connect  X  and  1'  with  a  galvanometer,  bo 
that  the  secondary  current,  if  it  exists,  shall  How  in  the  same 
direction  through  X  and  Y  in  series. 
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Then,  if  the  induction  of  ^  on  X  ia  equal  to  that  of  B  on  V, 
the  galvanometer  will  indicate  no  induction  current  when  the 
battery  circuit  is  closed  or  broken. 

The  accuracy  of  this  method  increases  with  the  strength  of  the 
primary  current  and  the  sensitiveness  of  the  galvanometer  to  in- 
stantaneous currents,  and  the  experiments  are  much  more  easily 
performed  than  those  relating  to  electromagnetic  attractions, 
where  the  conductor  itself  has  to  be  delicately  suspended. 

A  very  instructive  series  of  well-devised  experiments  of  this 
kind  is  described  by  Professor  Felici  of  Pisa  *. 

I  shall  only  indicate  briefly  some  of  the  laws  which  may  be 
proved  in  this  way. 

(1)  The  electromotive  force  of  the  induction  of  one  circuit  on 
another  is  independent  of  the  ai-ea  of  the  section  of  the  conductors 
and  of  the  material  of  which  they  are  made  t. 

For  we  can  exchange  any  one  of  the  circuits  in  the  experiment 
for  another  of  a  different  section  ajid  material,  but  of  the  same 
form,  without  altering  the  result. 

(2)  The  induction  of  the  circuit  A  on  the  circuit  X  is  equal  to 
th&t  of  X  upon  A . 

For  if  we  put  A  in  the  galvanometer  circuit,  and  A'  in  the  bat- 
tery circuit,  the  equilibrium  of  electi-omotive  furce  is  not  disturbed. 

(3)  The  induction  is  proportional  to  the  inducing  current. 

For  if  we  have  ascertained  that  the  induction  of  A  on  X  is 
equal  to  that  of  if  on  Y,  and  also  to  that  of  C  on  Z,  we  may  make 
the  battery  current  first  flow  through  A,  and  then  divide  itself  in 
any  proportion  between  B  and  C.  Then  if  we  connect  A'  reversed, 
Y  and  Z  direct,  all  in  series,  with  the  galvanometer,  the  electro- 
motive force  in  A'  will  balance  the  sum  of  the  electromotive  forces 
in  Fand  Z. 

(4)  In.  pairs  of  circuits  forming  systems  geometrically  similar 
the  induction  is  proportional  to  their  linear  dimensions. 

For  if  the  three  paij-s  of  circuits  above  mentioned  are  all 
similar,  but  if  the  linear  dimension  of  the  first  pair  is  the  sura 
of  the  corresponding  linear  dimensions  of  the  second  and  third 
pain,  then,   if  A,  B,  and  C  are  connected   in  series  with  the 

•  Annalit  de  Chimie.  xxxiv.  p.  64  (18G2),  »iid  Iffon  CinuiHie,  u.  p.  S15  [18G»}. 

t  {Tbii  Btitenient  in  not  Decewarily  Btrictlj  trae  if  one  or  more  at  the  awteriala  U 
nugnetio,  for  in  tli»  cnce  the  diBtribution  of  (be  line*  of  nugnelio  force  >re  distorbml 
by  the  nijigiistuni  induced  iu  the  wires.} 
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battery,  and  if  X  revereed.  Y  and  Z  are  in  aeries  with  the  gal- 
vanometer, there  will  be  equilibrium, 

(5)  The  electromotive  force  produced  in  a  coil  of  '/i  windings 
by  a  current  in  a  coil  of  wt  windings  is  proportional  to  the 
product  •m-n, 

537.]  For  experiments  of  the  kind  we  have  been  considering. 
the  galvanometer  should  be  as  sensitive  as  possible,  and  it«  needle 
aB  light  as  possible,  so  as  to  give  a  sensible  indication  of  a  very 
small  transient  current.  The  experiments  on  induction  due  to 
motion  require  the  needle  to  have  a  somewhat  longer  period  of 
vibration,  so  that  there  may  be  time  to  effect  certain  motions 
of  the  conductors  while  the  needle  is  not  far  from  its  positaoD 
of  equihbrium.  In  the  former  experiments,  the  electromotive 
forces  in  the  galvanometer  circuit  were  in  equilibrium  during 
the  whole  time,  so  that  no  current  passed  through  the  galvano- 
meter coil.  In  those  now  to  be  described,  the  electromotive  forces 
act  first  in  one  direction  and  then  in  the  other,  so  as  to  produce 
in  succession  two  currents  in  opposite  directions  through  the 
galvanometer,  and  wo  have  to  show  that  the  impulses  on  the 
galvanometer  needle  due  to  these  successive  currents  are  in  certain 
cases  equal  and  opposite. 

The  theory  of  the  application  of  the  galvanometer  to  the 
measurement  of  transient  currents  will  be  considered  more  at 
length  in  Art.  748.  At  present  it  is  sufficient  for  our  purpose  to 
observe  that  as  long  as  the  galvanometer  needle  is  neai-  its 
position  of  equilibrium  the  deflecting  force  of  the  current  is 
proportional  to  the  current  itself,  and  if  the  whole  time  of  action 
of  the  current  is  small  compared  with  the  period  of  vibration  of 
the  needle,  the  final  velocity  of  the  magnet  will  be  proportional 
to  the  total  quantity  of  electricity  in  the  current.  Hence,  if  two 
currents  pass  in  rapid  succession,  conveying  ei^ual  quantities  of 
electricity  in  opposite  directions,  the  needle  will  be  left  without 
any  final  velocity. 

Thus,  to  shew  that  the  induction  currents  in  the  secondary 
circuit,  due  to  the  closing  and  the  breaking  of  the  primary  circuit, 
are  equal  in  total  quantity  but  opposite  in  direction,  we  may 
arrange  the  primary  circuit  in  connexion  with  thts  battery,  so 
that  by  touching  a  key  the  current  may  be  sent  through  the 
primary  circuit,  or  by  removing  the  finger  the  contact  may  be 
broken  at  pleasure.     If  the  key  is  pressed  down  for  some  time. 
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the  galvanometer  in  the  Bccondftry  circuit  indicates,  at  the  time 
of  making  contact,  a  transient  current  in  the  opposite  direction 
to  the  primary  current.  If  contact  be  maintained,  the  induction 
current  simply  passes  and  disappears.  If  we  now  break  contact, 
another  transient  current  passes  in  the  opposite  direction  through 
the  secondary  circuit,  and  the  galvanometer  needle  receives  an 
impulse  in  the  opposite  direction. 

But  if  we  make  contact  only  for  an  instant,  and  then  break 
contact,  the  two  induced  currents  pass  through  the  galvanometer 
m  such  rapid  succession  that  the  needle,  when  acted  on  by  the 
first  current,  baa  not  time  to  move  a  sensible  distance  from  it« 
position  of  equiUhrium  before  it  is  stopped  by  the  second,  and,  on 
aAComit  of  the  exact  equality  between  the  quantities  of  these 
transient  currents,  the  needle  is  stopped  dead. 

If  the  needle  is  watched  carefully,  it  appears  to  be  jerked 
Buddenly  from  one  position  of  reat  to  another  position  of  rest 
very  near  the  first. 

In  this  way  we  prove  that  the  quantity  of  electricity  in  the 
induction  cunent,  when  contact  is  broken,  is  exactly  equal  and 
opposite  to  that  in  the  induction  current  when  contact  i.s  made. 

538.]  Another  application  of  this  method  is  the  following, 
which  la  given  by  Fehoi  in  the  second  series  of  his  Researches. 

It  is  always  possible  to  find  many  different  positions  of  the 
secondary  coil  B,  such  that  the  making  or  the  breaking  of  contact 
in  the  primary  coil  A  produces  no  induction  current  in  B.  The 
positions  of  the  two  coils  are  in  such  cases  said  to  be  conjugate 
to  each  other. 

Let  £,  and  B.^  be  two  of  these  positions.  If  the  coil  B  be 
suddenly  moved  from  the  position  B,  to  the  position  B^,  the 
algebraical  sum  of  the  transient  currents  in  the  coil  B  is  exactly 
zero,  so  that  the  galvanometer  needle  is  left  at  rest  when  the 
motion  of  B  is  completed. 

This  is  true  in  whatever  way  the  coil  B  is  moved  from  Bj  to 
Bj,  and  also  whether  the  current  in  the  primai-y  coil  A  be 
continued  constant,  or  made  to  vary  during  the  motion. 

Again,  let  S*  be  any  other  position  of  B  not  conjugate  to  A, 
BO  that  the  making  or  breaking  of  contact  in  A  produces  an 
induction  current  when  B  is  in  the  poaition  B'. 

Let  the  contact  be  made  when  B  \&'m  the  conjugate  position 
B|,  there  will  be  no  induction  current.     Move  B  to  S',  there 
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will  be  an  inductioo  ourrent  due  to  the  motion,  but  if  B  ia 
moved  rapidly  to  B',  and  the  primary  contact  then  broken,  the 
induction  current  duo  to  breaking  contact  will  exactly  annul  the 
effect  of  that  due  to  the  motion,  so  that  the  galvanometer  needle 
will  be  left  at  rest.  Hence  the  current  due  to  the  motion  from  a 
conjugate  position  to  any  other  position  is  equal  and  opposite  to 
the  current  due  to  breaking  contact  in  the  latter  position. 

Since  the  effect  of  making  contact  w  equal  and  opposito  to  that 
of  breaking  it,  it  follows  that  the  effect  of  making  contact  wben 
the  coil  B  is  in  any  position  B'  is  equal  to  that  of  bringing  the 
coil  from  any  conjugate  position  B^  to  B'  while  the  current  is 
flowing  through  A. 

If  the  change  of  the  relative  position  of  the  coils  is  made  by 
moving  the  primary  circuit  Instead  of  the  secondary,  the  result  is 
fuund  to  be  the  same. 

530.]  It  follows  from  these.experimcnte  that  tbc  total  induction 
current  in  B  during  the  simultaneous  motion  of  A  from  j4j  to  A^, 
and  of  B  from  B,  to  B^,  while  the  current  in  A  changes  from  y, 
to  y.^,  depends  only  on  the  initial  state  A^,  B^,  yj,  and  the  final 
state  A^,  B.^,  y.,,  and  not  at  all  on  the  nature  of  the  intermediate 
states  through  which  the  system  may  pass. 

Hence  the  value  of  the  totaJ  induction  current  must  he  of  the 
f"™  F{A,.B,.y,)-F(A„]S„y,). 

where  Fib  &  function  of  A,  B,  and  y. 

With  respect  to  the  form  of  this  function,  we  know,  by  Art. 
536,  that  when  there  is  no  motion,  and  therefore  A^  =  A^  and 
By  =  B.^,  the  induction  cuiTent  is  proportional  to  the  primary 
current.  Hence  y  entoi-s  simply  as  s  factor,  the  other  factor 
being  a  function  of  the  form  and  position  of  the  circuits  A  and  B. 

We  alflo  know  that  the  value  of  this  function  depends  on  tbc 
relative  and  not  on  the  absolute  positions  of  A  and  B,  ho  that  it 
must  be  capable  of  being  expressed  as  a  function  of  the  distances 
of  the  different  elements  of  which  the  circuits  are  composed,  and 
of  the  angles  which  these  elements  make  with  each  other. 

Let  M  be  this  function,  then  the  total  induction  current  may 
lie  wntteQ  m  \r  lt      i 

where  C  is  the  conductivity  of  the  secondary  circuit,  and  J/,,  y, 
are  the  ori^nal,  and  M^,  y^  tbe  final  values  of  M  and  y. 
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TheBe  experimente,  therefore,  shew  that  the  total  current  of 
induction  depends  on  tho  change  which  takes  place  in  a  certain 
quantity,  My.  and  that  this  change  may  arise  either  from 
variation  of  tho  primary  current  y,  or  from  any  motion  of  the 
primary  or  secondary  circuit  which  alters  M. 

540.]  The  conception  of  such  a  quantity,  on  the  changes  of 
which,  and  not  on  ita  absolute  magnitude,  the  induction  current 
depends,  occurred  to  Faraday  at  an  early  stage  of  his  Researckea*. 
He  observed  that  the  eecondary  circuit,  when  at  rest  in  an  electro- 
magnetic field  which  remains  of  constant  intensity,  does  not 
shew  any  electrical  effect,  whereas,  if  the  same  state  of  the  field 
had  been  suddenly  produced,  there  would  have  been  a  current- 
Again,  if  the  primary  circuit  ia  removed  from  the  field,  or  the 
magnetic  forces  abolished,  there  is  a  current  of  the  opposite  kind. 
He  therefore  recognised  in  the  secondary  cii^cuit,  when  in  the 
electromagnetic  field,  a  '  peculiar  electrical  condition  of  matter,' 
to  which  he  gave  the  name  of  the  Electro  tonic  State.  He  after- 
wards found  that  he  could  dispense  with  this  idea  by  means  of 
considerations  founded  on  the  lines  of  magnetic  force  t.  but  even 
in  bis  latest  Researches  %,  he  says,  'Again  and  again  the  idea  of  an 
e/ertrotunic  state  §  has  been  forced  on  my  mind.' 

The  whole  liistory  of  this  idea,  in  the  mind  of  Faraday,  as 
shewn  in  his  published  Resennhes,  is  well  worthy  of  study.  By 
a  coiirse  of  experiments,  guided  by  intense  application  of  thought, 
but  without  the  aid  of  mathematical  calculations,  he  was  led  to 
recognise  the  existence  of  something  which  we  now  know  to  be  a 
mathematical  quantity,  and  which  may  even  l>e  called  the  funda- 
mental quantity  in  tho  theory  of  electromagnetism.  But  as  he 
was  led  up  to  this  conception  by  a  purely  experimental  path,  he 
aacribeJ  to  it  a  physical  existence,  and  supposed  it  to  be  a 
peculiar  condition  of  matter,  though  he  was  ready  to  abandon 
this  theory  as  soon  as  he  could  explain  the  phenomena  by  any 
more  familiar  forms  of  thought. 

Other  investigators  were  long  afterwards  led  up  to  the  same 
idea  by  a  purely  mathematical  path,  but,  so  far  as  I  know,  none 
of  them   recognised,  in  the   refined   mathontatical   idea  of  the 
potential  of  two  circuits,  Faraday'a  bold^bypothesia  of  an  electro-  _ 
t^c  state.     Those,  theretore,  who  have  approached  this  subject 
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in  the  way  poiuted  out  by  those  eminent  investigatora  who  first 
reduced  its  laws  to  a  mathematical  foi'm,  have  Bometimes  found 
it  difficult  to  appreciate  the  scientific  accuracy  of  the  etatementct 
of  laws  which  Faraday,  in  the  first  two  series  of  his  Researches, 
has  given  with  such  wonderful  completeness. 

The  scientific  value  of  Faraday's  conception  of  an  electrotonic 
state  consists  in  its  directing  the  mind  to  lay  bold  of  a  cert&in 
quantity,  on  the  changes  of  -which  the  actual  phenomena  de- 
pend. Without  a  much  greater  degree  of  development  than 
Faraday  gave  it,  this  conception  does  not  easily  lend  itself  to 
the  explanation  of  the  phenomena.  We  shall  return  to  this 
subject  again  in  Art.  5B4. 

541.]  A  method  which,  in  Faraday's  hands,  was  far  more 
powerful  is  that  in  which  he  makes  use  of  those  lines  of  mag- 
netic force  which  were  always  in  his  mind's  eye  when  con- 
templating his  magnets  or  electric  currcntB,  and  the  delineation 
of  which  by  means  of  iron  filings  he  rightly  regarded  *  as  a  most 
valuable  aid  to  the  experimentalist. 

Faraday  looked  on  these  lines  as  expressing,  not  only-by  their 
direction  that  of  the  magnetic  force,  hut  by  their  number  and 
concentration  the  intensity  of  that  force,  and  in  his  later  Hf- 
tetirclies^  he  shews  how  to  conceive  of  unit  hnea  of  forc^.  I 
have  explained  in  various  parts  of  this  treatise  the  relation 
between  the  properties  which  Faraday  recognised  in  the  lines  of 
force  and  the  mathematical  conditions  of  electric  and  magnetic 
forces,  and  how  Faraday's  notion  of  unit  lines  and  of  the  number 
of  lines  within  certain  limits  may  be  made  mathematically 
precise.     See  Arts.  82.  404,  490. 

In  the  first  series  of  hia  Resenrchea  J  he  shews  clearly  how  the 
direction  of  the  current  in  a  conducting  circuit,  part  of  which  is 
moveable,  depends  on  the  mode  in  which  the  moving  part  outs 
through  the  lines  of  magnetic  force. 

In  the  second  series  §  he  shews  how  the  phenomena  produced 
by  variation  of  the  strength  of  a  current  or  a  magnet  may  be  ex- 
plained, by  supposing  the  system  of  lines  of  force  to  expand  firom 
or  contract  towards  the  wire  or  magnet  as  its  power  rises  or  falls. 

I  am  not  certain  with  what  degree  of  clearness  he  then  held 
the  doctrine  afterwards  so  distinctly  laid  down  by  him  ||,  that 

•  Erp.  a*t..8i3i.  t  It,,  31-22.  I  lb,,  II* 
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the  moving  conductor,  ae  it  cuts  the  lines  of  force,  sums  up  the 
action  due  to  an  area  or  section  of  the  lines  of  force.  This, 
however,  appears  no  new  view  of  the  case  after  tho  investigations 
of  the  second  series  *  have  been  taken  into  account. 

The  conception  which  Faraday  had  of  the  continuity  of  the 
lines  of  force  precludes  the  possibility  of  their  suddenly  starting 
into  existence  in  a  place  where  there  were  none  before.  IS,  there- 
fore, the  numbor  of  lines  which  pass  through  a  conducting 
circuit  is  made  to  vary,  it  can  only  be  by  the  circuit  moving 
across  the  lines  of  force,  or  else  by  tho  linos  of  force  moving 
across  the  circuit.  In  either  caae  a  current  is  generated  in  the 
circuit. 

The  number  of  the  lines  of  force  which  at  any  instant  pass 
through  the  circuit  is  mathematicall^^quivaleut  to  Faraday's 
eariier"conception~orthe"^ctrotonic  state  of  that  circuit,  and  it 
is  represented  by  the  quantity  My, 

It  ia  only  since  the  definitions  of  electromotive  force,  Arte.  69, 
274,  and  its  measurement  have  been  made  more  precise,  that 
we  can  enunciate  completely  the  ti'ue  law  of  ma^nnto-fllRptrift 
induction  in  the  following  terms : — 

The  total  electromotive  force  acting  round  a  circuit  at  any 
ioBtant  is  measured  by  the  rate  of  decrease^Tthe  number  of 
lines  of  magnetic  force  which  pass  througbjt. 

When  integrated  with  respect  to  the  time  this  statement 
becomes : — 

The  time-integral  of  the  total  electromotive  force_actingjLO"pd 
any  circuit,  together^wJth  the  number  of  lines  of  magnetic  force 
whichpass  through  the  circuit,  ia  a  constant  quantity. 

^  InsteaiTofspeak  ing  of  the  number  of  lines  of  magnetic  force, 
we  may  speak  of  the  magnetic  induction  through  the  circuit, 
or  the  surface- integral  of  ma^etic  induction  extended  over  any 
surface  bounded  by  the  circuit, 

We  shall  return  again  to  this  method  of  Faraday.  In  the  mean- 
time we  must  enumerate  the  theories  of  induction  which  are 
founded  on  other  considerations. 

Lem'a  Law. 

642.}  In    1834,  Lenzf  enunciated  the  following  remarkable 

relation  between  the   phenomena   of  the  mechanical  action  of 

*  Exp.  Ra.,  317,  &c.  -f   Fogg.,  Ann.  mi.  p-  i83  (1831). 
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electric  currents,  aa  defined  by  Ampfere's  formula,  and  the  in- 
duction of  electric  currents  by  the  relative  motion  of  con- 
ductors. An  earlier  attempt  at  a  statement  of  such  a  rela- 
tion was  given  by  Ritchie  in  the  Philoeophicul  Magazine  lor 
January  of  the  same  year,  but  the  direction  of  the  induced 
current  was  in  every  case  stated  wrongly.  Lenz'a  law  is  as 
follows : — 

If  a  constant  current  fiowB  in  the  pnmary  circuit  A,  andi/.by 
the  motion  of  A,  or  of  the  secondary  circuit  B,  a  cwrreni  w 
induced  in  B,  the  direction  of  this  induced  current  will  be  auck 
that,  by  its  electromagnetic  action  on  A,  it  tends  to  oppose  tlic 
reladve  motion  of  the  circuits. 

On  this  law  F.  R  Nm^mftnTi*  founded  his  mathematical  theorj' 
of  induction,  in  which  he  established  the  mathematical  laws  of  the 
induced  currents  due  to  the  motion  of  the  primary  or  secondary 
conductor.  He  shewed  that  the  quantity  M,  which  we  have  called 
the  potential  of  the  one  circuit  on  the  other,  ie  the  same  as  the 
electromagnetic  potential  of  the  one  circuit  on  the  other,  which 
we  have  already  investigated  in  connection  with  Ampt-ro's  formula. 
We  may  regard  F.  K  Neumann,  therefore,  as  having  completed 
for  the  induction  of  currents  the  mathematical  treatment  which 
Amp^e  had  applied  to  their  mechanical  action. 

543.]  A  step  of  still  greater  scientific  importance  was  soon 
after  made  by  Helmholtz  in  Ha  Essay  on  Vte  Conservation  of 
Force  f,  and  by  Sir  W.  Thomson  J,  working  somewhat  later,  but 
independently  of  Helmholtz.  They  shewed  that  the  induction  of 
electi'ic  currents  discovered  by  Faraday  could  be  mathematically 
deduced  from  the  electromagnetic  actions  discovered  by  Orated 
and  Amp&ro  by  the  application  of  the  principle  of  the  Conservation 
of  Energy. 

Helmholtz  takes  the  case  of  a  conducting  circuit  of  resistanre 
R,  in  which  an  electromotive  force  A,  arising  from  a  voltaic  or 
thermoelectric  arrangement,  acts.  The  current  in  the  circuit  at 
any  instant  is  /.  He  supposes  that  &  magnet  is  in  motion  in  the 
neighbourhood  of  the  circuit,  and  that  its  potential  with  respect 
to  the  conductor  is  y,  so  that,  during  any  small  interval  of  time 

•  »«■«■  Aiad..  1816  »nd  1817. 
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544-J 

dt,  the  energy  commimicated  to  tbe  magnet  by  the  electromagnetic 


The  work  done  in  generating  heat  in  the  circuit  is,  by  Joule's 
law.  Art.  242,  PRdt,  and  the  work  spent  by  the  electromotive 
force  A ,  in  maintaimng  the  current  /  during  tbe  time  dt,  is  A  Idt. 
Hence,  since  the  total  work  done  must  be  equal  to  the  work  spent, 

AIdt  =  PRdt-\-l'^^dt, 
dt 

whence  we  find  the  intensity  of  the  current 


I  =  - 


dt 


Now  tbe  value  of  A  may  be  what  we  please.     Let,  therefore, 
A  =  0,  and  then  ^  ^y 

Rdt' 
or,  there  will  be  a  current  due  to  tbe  motion  of  the  magnet,  equal 

dV 


to  that  due  to  an  electromotive  force  — 


dt 


The  whole  induced  current  during  the  motion  of  tbe  magnet 
from  a  place  where  its  potential  is  F,  to  a  place  where  its  po- 
tential hV,hr  1    rdV  1 

and  therefore  tbe  total  current  is  independent  of  the  velocity  or 
the  path  of  tbe  magnet,  and  depends  only  on  its  initial  and  final 
positions. 

Helmholtz  in  bis  original  investigation  adopted  a  system  of 
units  founded  on  the  meaaurement  of  the  heat  generated  in  tbe 
conductor  by  the  current.  Considering  the  unit  of  current  as 
arbitrary,  the  unit  of  resistance  is  that  of  a  conductor  in  which 
this  unit  current  generates  unit  of  heat  in  unit  of  time.  Tbe  ' 
unit  of  electromotive  force  in  this  system  is  that  required  to 
produce  tbe  unit  of  current  in  the  conductor  of  unit  resistance. 
Tbe  adoption  of  this  system  of  units  necessitates  the  introduction 
into  tbe  equations  of  a  quantity  (i,  which  in  tbe  mechanical 
equivalent  of  tbe  unit  of  heat.  As  wc  invariably  adopt  either 
tbe  electrostatic  or  the  eleotromagn.Gtic  system  of  units,  this  factor 
does  not  occur  in  tbe  equations  here  given. 

544.]  Helmholtz  also  deduces  the  current  of  induction  when  a 
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coadncting  circuit  and  a  circuit  carrying  a  constant  current  are 
made  to  move  relatively  to  one  another*. 

Let  iij,  R.2  be  the  resistances,  /i,  /j  the  currenta,  A^,  A^  the 
external  electromotive  forces,  and  V  the  potential  of  the  one 

*  jThe  proofs  giTen  id  Arti.  543  kod  514  are  ant  wliifsctory,  m  they  negleot  any 
vsriatioiiH  whiuh  toay  ijocut  in  tliti  curreattiacd  iJiio  any  change  which  ujay  occur  in  the 
Kinetic  Eaorgy  due  to  tbe  motioD  ut  the  drcuiU.  It  ii  in  foot  aa  impnseib1«  tc  dsdae« 
the  equktiona  of  induotiun  of  two  oiraaita  fnmi  the  principle  uf  the  Conaervktiou  of 
Energy  alone  b>.  it  n-ould  he  to  deduc*  the  equntions  of  motion  of  a  nyitem  with  two 
degree*  of  &eedum  witliaut  luing  any  priociple  beyond  that  of  the  CoaBervation  of 
Energy. 

If  we  apply  the  principle  of  the  Conaervation  of  Energy  to  the  caae  of  twoeurreots, 
we  get  one  eqaation,  which  we  may  deduce  as  fi^UowB^ — Let  L,  M,  Nho  the  ooefficient 
of  self- induction  r>f  the  fint  circuit,  the  coeScJent  of  mutual  induction  of  the  two 
cironiti  and  the  eelf-ioduotion  of  the  second  circuit  respectively  (Art.  5/S].  Let  T, 
be  the  Kinetic  Ener^  due  to  the  cummt*  round  the  circuita,  and  let  the  teat  of  the 

'  lion  be  the  same  aa  in  Art.  G44.     Then  (Art.  G78) 

T,-^  iLI,'i-MI^I,  +  iNI,', 


,dT.     J  dT, 
Snbtncting  (1)  froin  (2),  «•  get 


2T  =/,^:i-'+/.-' 
•     'di,     'di,' 

2.7-.  -  !/.-;;  ./.bJ^^J.  .  j-^.W.J^-.  (2) 


But  --i-^  U  the  foriM  of  type  x  acting  on  the  lyitam,  hraoa,  ainoe  we  inppoM  no 
external  fence  acta  on  the  lystem,  2  -~  Sx  wiU  be  the  inoreaae  in  Einetie  Eneifj 
7*^  doe  to  the  modon  of  the  >yBlem,  hence  (8]  ^vea, 

.(7-.*Tj./,.g;.i..g.  ... 

The  work  dona  by  the  batteriea  in  a  dme  St  ia 

A^I^tl  +  Atlttt. 
The  hot  produced  in  the  Mune  Urns  ia  hy  Joule'i  I«w, 

By  the  OanierTation  of  Bnergr  (lie  work  done  by  the  hatteriee  moat  eqiial  (he  heat 
prodDcvd  in  the  oiroilit  plna  theincreaae  in  Uie  enei^y  of  the  ayitem,  hesoe 
J,/,«  +  J,/,B(-CB,I,'  + «,/,')»/  + i(r,+  r,). 
g  for  i{T.  +  TJ  from  (*)  we  gat 


^e  equation!  of  Indnetiei 
8MO,  (ha  prijioiple  of  the  Coi 
hand  dde  af  (E)  i«  aero,  not  tl 
•qmtiau  <tf  Wnaad  •oimila 


^e  equation!  of  Indnetien  ara  the  two  qnantitie*  Indda  the  bradcota  aqoklsd 
■to  (ha  prijioiple  of  (ha  Conaarvation  <tf  Bnanj  however  only  ahowa  that  (ha  laf(- 


(E)i«iaro,  no(  th«(««di  t>«eke(  b  •epan(alv  Mm.    Ariaidpnraf  of  (he 
iagiT>iteAi(.»81.} 
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circuit  on  the  other  due  to  unit  current  in  each,  then  we  have, 
08  before,  ^  1/ 

11  -i    i  It  J       i         '    '  c£( 

If  we  suppose  It  to  be  the  primary  current,  and  /^  so  much  leas 
than  /,,  that  it  does  not  by  its  induction  produce  any  sensible 

alteration  in  /j ,  so  that  we  may  put  -^1=1 

dV 
(It 


~  R, 


then 


^     rT 


a  result  which  may  be  interpreted  exactly  as  in  the  case  of  the 
magnet. 

If  we  suppose  I.^  to  be  the  primary  current,  and  I^  to  be  very 
much  smaller  than  I^,  we  get  for  /,, 

dV 


/i=- 


A-i-h 


dt 


R, 


This  shews  that  for  equal  currents  the  electromotive  force  of 
the  first  circuit  on  the  second  is  equal  to  that  of  the  second  on 
the  first,  whatever  be  the  forms  of  the  circuits. 

Helniholtz  does  not  in  this  memoir  discuss  the  case  of  induc- 
tion due  to  the  strengthening  or  weakening  of  the  primary  current, 
or  the  induction  of  a  current  on  itself.  Thomson*  applied  the 
same  principle  to  the  determination  of  the  mechanical  value  of 
a  current,  and  pointed  out  that  when  work  is  done  by  the  mutual 
action  of  two  constant  currents,  their  mechanical  action  is  i?i- 
creaeed  by  the  same  amount,  so  that  the  battery  has  to  supply 
double  that  amount  of  work,  in  addition  to  that  required  to  main- 
tain the  currents  against  the  resistance  of  the  circuits +. 

545.]  The  introduction,  by  W.  Weber,  of  a  system  of  absolute 
units  for  the  measurement  of  electrical  quantities  is  one  of  the 

I  most  important  steps  in  the  progress  of  the  science.     Having 
already,  in  conjunction  with  Gausa,  placed  the  measurement  of 
magnetic  quantities  in  the  first  rank  of  methods  of  precision, 
Weber  proceeded  in  his  ElectrodytHimic  Memsuremeiita  not  only 
to  lay  down  sound  piinciples  for  fixing  the  units  to  be  employed, 
•  M 
+  N 
mioii: 
TO 


'  Mechkniol  Theory  of  Eleclroljtis,  Phil.  Mag.,  Deo.  1S51. 

+  Nichol'a  Cyrlopaalia  of  Piynical  SHmee,  ed.  ISflO,  ArtcU  '  Mtgnetiim,  Dyii»- 
'  il  BelaUoDS  of,'  uid  Rtprint,  i  571. 
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bat  to  make  detetTninations  of  particolar  eleebrieal  qnanUtteS' 
in  tenna  of  theee  units,  with  a  degree  of  accuracy  previooaly 
uii&tt«itipteil.  Both  the  electromagnetic  and  the  elecbtistatic 
systeTDS  of  units  owe  their  development  and  practical  a^plics- 
tinn  to  theee  reeearcbea. 

Weber  haa  also  formed  a  general  theory  of  electric  action  from 
which  bo  dedaces  both  electrostatic  and  electrom^netic  force, 
and  also  the  iadaction  of  electric  ciurentfi.  We  shall  consider 
thifi  theory,  with  some  of  its  more  recent  developmentB,  in  a 
scpartttd  chapter.     See  Art.  846. 


546.]  Fahaday  has  devoted  tho  ninth  series  of  his  Restarches 
to  the  inTestigation  of  a  class  of  phenomena  exhibited  by  the 
current  in  a  wire  which  forms  the  coil  of  an  electromagnet. 

Mr.  Jenkin  has  observed  that,  although  it  ia  impossible  to  pro- 
duce a  sensible  shock  by  the  direct  action  of  a  voltaic  system 
consisting  of  only  one  pair  of  plates,  yet,  if  the  current  is  made 
to  pass  through  the  coil  of  an  electromagnet,  and  if  contact  is 
then  broken  between  the  extremities  of  two  wires  held  one  in 
each  hand,  a  smart  shock  will  be  felt.  No  such  shock  ia  felt  on 
making  contact. 

Faraday  shewed  that  this  and  other  phenomena,  which  he  de- 
scribes, are  due  to  the  same  inductive  action  which  he  had  already 
observed  the  current  to  exert  on  neighbouring  conductors.  In 
this  case,  however,  the  inductive  action  is  exerted  on  the  same 
conductor  which  carrios  the  current,  and  it  ia  so  much  the  more 
powerful  as  the  wire  itself  is  nearer  to  the  different  elements  of 
the  current  than  any  other  wire  can  be. 

547.]  He  observes,  however*,  tbafc '  the  first  thought  that  arises 
in  the  mind  ia  that  the  electricity  circulates  with  something  like 
momentum  or  inertia  in  the  wire.'  Indeed,  when  we  consider 
one  particular  wire  only,  the  phenomena  are  exactly  analogous 
to  those  of  a  pipe  full  of  water  flowing  in  a  continued  stream,  II 
while  the  stream  is  flowing  we  suddenly  close  the  end  of  tho  pipe, 
the  momentum  of  the  water  produces  a  sudden  pressure,  which  is 
much  greater  than  that  due  to  the  head  of  water,  and  may  be 
Bufficient  to  burst  the  pipe. 

If  the  water  has  tho  means  of  escaping  through  a  narrow  jet 
■when  the  principal  aperture  is  closed,  it  will  be  projected  with  a 

■  Eip.  lift.,  1077. 
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velocity  much  greater  than  that  due  to  the  head  of  water,  and 
if  it  can  escape  through  a  valve  into  a  chamber,  it  will  do  so, 
even  when  the  pressure  in  the  chamber  is  greater  than  that  due 
to  the  bead  of  water. 

It  is  on  this  principle  that  the  hydraulic  ram  is  constructed, 
by  which  a  small  quantity  of  water  may  be  raised  to  a  great 
height  by  means  of  a  large  quantity  flowing  down  from  a  much 
lower  level. 

548.]  These  effects  of  the  inertia  of  the  fluid  in  the  tube  depend 
aololy  on  the  quantity  of  fluid  running  through  the  tube,  on  its 
length,  and  on  its  section  in  different  parts  of  its  length.  They 
do  not  depend  on  anything  outeide  the  tube,  nor  on  the  form  into 
which  the  tube  may  be  bent,  provided  its  length  remains  the 
same. 

With  a  wire  conveying  a  current  this  b  not  the  case,  for 
if  a  long  wire  is  doubled  on  itself  the  effect  is  very  small,  if 
the  two  parts  are  separated  from  each  other  it  is  greater,  if  it 
is  coiled  up  into  a  helix  it  la  still  greater,  and  greatest  of  all  if, 
when  so  coiled,  a  piece  of  soft  iron  is  placed  inside  the  coil. 

Again,  if  a  second  wire  is  coiled  up  with  the  first,  but  insu- 
lated from  it,  then,  if  the  second  wire  does  not  form  a  closed 
circuit,  the  phenomena  are  as  before,  but  if  the  second  wire  forms 
a  closed  circuit,  an  induction  current  is  formed  in  the  second 
wire,  and  the  effects  of  self-induction  in  the  first  wire  are  re- 
tarded. 

549.]  Those  results  shew  clearly  that,  if  the  phenomena  are 
due  to  momentum,  the  momentum  is  certainly  not  that  of  the 
electricity  in  the  wire,  because  the  same  wire,  conveying  the  same 
current,  exhibits  effects  which  differ  according  to  Its  form ;  and 
even  when  its  foiTo  remains  the  same,  the  presence  of  other  bodies, 
Huch  as  a  piece  of  iron  or  a  closed  metallic  djouit,  affects  the 
result. 

550.]  It  is  difficult,  however,  for  the  mind  which  haa  once 
recognised  the  analogy  between  the  phenomena  of  self-induction 
and  those  of  the  motion  of  material  bodies,  to  abandon  altogether 
the  help  of  this  analogy,  or  to  admit  that  it  is  entirely  superficial 
and  misleading.  The  fundamental  dynamical  idea  of  matter,  aa 
capable  by  its  motion  of  bfy^Tnin^  the  recipimJ_of_momentum 
an3~of energy,  is  so  interwoven  with  ourforms  of  thought  that, 
wliencver  we  catch  a  glim^^oi  it  m  any  part  of  natuw^we  fe^ 
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that  apatb  is  before  ub  leading,  sooner  or  later,  to  tbo  complete 


understaD  ding  of  the  eubject . 

55 1. J  In  the  case  of  the  electric  current,  we  find  that,  when  tho 
electromotive  force  begina  to  act,  it  does  not  at  once  produce  the 
full  current,  but  that  the  current  rises  gradually.  What  ia  the 
electromotive  force  doing  during  the  time  that  the  opposing  re- 
sistance is  not  able  to  balance  it?  It  is  increasing  the  electric 
current. 

Now  an  ordinary  force,  acting  on  a  body  in  the  direction  of  its 
motion,  increases  its  momentum,  and  communicates  to  it  kinetic 
energy,  or  the  power  of  doing  work  on  account  of  its  motion. 

In  like  manner  the  unroaiated  part  of  the  electromotive  force 
has  been  employed  in  increasing  the  electric  current.  Has  the 
electric  current,  when  thu3  produced,  either  momentum  or  Iriuetic 
energy^ 

We  have  already  shewn  that  it  has  something  very  like  mo- 
mentum, that  it  resists  being  suddenly  stopped,  and  that  it  can 
exert,  for  a  short  time,  a  great  electromotive  force. 

But  a  conducting  circuit  in  whicli  a  current  haa  been  set  up 
has  the  power  of  doing  work  in  virtue  of  this  current,  and  this 
power  cannot  be  said  to  be  something  very  like  energy,  for  it 

really  and  truly  energy. 

Thus,  if  the  current  be  left  to  itself,  it  will  continue  to  circulate 
till  it  is  stopped  by  the  resistance  of  the  circuit.  Before  it  is 
stopped,  however,  it  ^-ill  have  generated  a  certain  quantity  of 
beat,  and  the  amount  of  this  heat  in  dynamical  measure  is  equal 
to  the  energy  originally  existing  in  the  current. 

Again,  when  the  current  is  left  to  itself,  it  may  be  made  to 
do  mechanical  work  by  moving  magnets,  and  the  inductive  effect 
of  these  motions  will,  by  Lenz's  law,  stop  the  current  sooner  than 
the  resistance  of  the  circuit  alone  would  have  stopped  it.  In  this 
way  part  of  the  energy  of  the  current  may  be  tranaformed  into 
mechanical  work  instead  of  heat. 

552,]  It  appears,  therefore,  that  a  system  containing  an  electric 
current  is  a  seat  of  energy  of  some  kind  ;  and  since  we  can  form 
conception  ot  an  electric  current  except  as  a  kinetic  pheno- 
menon*, its  energy  must  be  kinetic  energy,  that  ia  to  say,  the    a/.Ji.Ui 
energy  which  a  moving  body  has  in  virtue  of  its  motion. 

We  have  already  shewn  that  the  electricity  in  the  wire  cannot 
*  FumIa;,  Exp.  Hu.  2SS. 
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be  considered  as  the  moving  body  in  which  we  are  to  find  this 
energy,  for  the  energy  of  a  moving  body  does  not  depend  on 
anything  external  to  itself,  whereas  the  presence  of  other  bodies 
near  the  current  alters  its  energy. 

We  are  therefore  led  to  enquire  whether  there  may  not  be  some 
motion  going  on  in  the  space  outside  the  wire,  which  is  not  oc- 
cupied by  the  electric  current,  but  in  which  the  electromagnetic 
effects  of  the  current  are  manifested. 

I  shall  not  at  present  enter  on  the  reasons  for  looking  in  one 
place  rather  than  another  for  such  motions,  or  for  regarding 
these  motions  as  of  one  kind  rather  than  another. 

What  I  propose  now  to  do  is  to  examine  the  consequences  of 
the  assumption  that  the  phenomena  of  the  electric  Qiinien^are 
those  of  a  moving  system,  the  modon  being^ communicated  from 
one"p5t]ort^jy8tem  to  another  b^  lorces,  thT nature  and  laws 
of  which  we  do  not  yer~even  atiempt  to  define,  because  we  can 
eliminate  these  forces  from  the  equations  of  motion  by  the  method 
given  by  Lagrange  for  any  connected  system. 

In  the  next  five  chapters  of  this  treatise  I  propose  to  deduce 
the  main  structure  of  the  theory  of  electricity  from  a  dynamical 
hypothesis  of  this  kind,  instead  of  following  the  path  which  has 
led  Weber  and  other  investigators  to  many  remarkable  discoveries 
and  experiments,  and  to  conceptions,  some  of  which  are  as  beau- 
tiful as  they  are  bold.  I  have  chosen  this  method  because  I  wish 
to  shew  that  there  are  other  ways  of  viewing  the  phenomena 
which  appear  to  me  more  satisfactory,  and  at  the  same  time  are 
more  consistent  with  the  methods  followed  in  the  preceding  parts 
of  this  book  than  those  which  proceed  on  the  hypothesis  of  direct 
action  at  a  distance. 


CHAPTER  V. 


ON  THE  EQUATIONS   OF  MOTION  OF  A   CONNEOTED   ST8TEM. 


553.]  In  the  fourth  section  of  the  second  part  of  his  Mecanique 
Analytique,  Lagrange  has  given  a  method  of  reducing  the 
ordinary  dynamical  equations  of  the  motion  of  the  parts  of  a 
connected  system  to  a  number  equal  to  that  of  the  degrees  of 
freedom  of  the  system. 

The  equations  of  motion  of  &  connected  system  have  been 
given  in  a  different  form  by  Hamilton,  and  have  led  to  a  great 
extension  of  the  higher  part  of  pure  dyaamics  *. 

As  we  shall  find  it  necessary,  in  our  endeavours  to  bring 
electrical  phenomena  within  the  province  of  dynamics,  to  have 
our  dynamical  ideas  in  a  state  fit  for  direct  application  to 
physical  qu^tions,  we  shall  devote  this  chapter  to  an  exposition 
of  these  dynamical  ideas  from  a  physical  point  of  view. 

SB4.]  The  aim  of  Lagrange  was  to  bring  dynamics  under  the 
power  of  the  calculus.  He  began  by  expressing  the  elementary 
dynamical  relations  in  terms  of  the  corresponding  relations  of 
pure  algebraical  quantities,  and  from  the  equations  thus  obtained 
he  deduced  his  final  equations  by  a  purely  algebraical  process. 
Certttio  quantities  (expressing  the  reactions  between  the  parts  of 
the  system  called  into  play  by  its  physical  connexions)  appear  in 
the  equations  of  motion  of  the  component  parts  of  the  system, 
and  Lagrange's  investigation,  as  seen  from  a  mathematical  point 
of  view,  is  a  method  of  eliminating  these  quantities  from  the 
final  equations. 

In  following  the  steps  of  this  elimination  the  mind  is  exer- 
cised in  calculation,  and  should  therefore  be  kept  free  from  the 
io,'  Brilith  AtioeiaUm, 
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intrusion  of  dynamical  ideas.  Our  aim,  on  the  other  hand,  is  to 
cultivate  our  dynamical  ideas.  We  thorefora  avail  ourselves  of 
the  labours  of  the  mathematicians,  and  retranslate  their  results 
from  the  language  of  the  calculus  into  the  language  of  dynamics, 
BO  that  our  words  may  call  up  the  mental  image,  not  of  some 
algebraical  process,  but  of  some  property  of  moving  bodies. 

The  language  of  dynamics  has  been  considerably  extended  by 
those  who  have  expounded  in  popular  terms  the  doctrine  of  the 
Conservation  of  Energy,  and  it  will  be  seen  that  much  of  the 
following  statement  is  au^eeted  by  the  investigation  in  Thomson 
and  Tail's  Natural  PMloeopky,  especially  the  method  of  begin- 
ning with  the  theory  of  impulsive  forces. 

I  have  applied  this  method  so  as  to  avoid  the  explicit  con- 
sideration of  the  motion  of  any  part  of  the  system  except  the 
coordinates  or  variables,  on  which  the  motion  of  the  whole 
depends.  It  is  doubtless  important  that  the  student  should  be 
able  to  trace  the  connexion  of  the  motion  of  each  part  of  the 
system  with  that  of  the  variables,  but  it  is  by  no  means 
necessary  to  do  this  in  the  process  of  obtaining  the  final  equa- 
tions, which   are  independent   of  the  particular  form  of  these 


The  Variables. 

555.]  The  number  of  degrees  of  freedom  of  a  system  is  the 
number  of  data  which  must  be  given  in  order  completely  to 
determine  its  position.  Different  forms  may  he  given  to  theai- 
data,  but  their  number  depends  on  the  nature  of  the  system 
itself,  and  cannot  be  altered. 

To  fix  our  ideas  we  may  conceive  the  system  connected  by- 
means  of  suitable  mechanism  ^rith  a  number  of  moveable  pieces. 
each  capable  of  motion  along  a  straight  line,  and  of  do  other 
kind  of  motion.  Tho  imaginary  mechanism  which  connect* 
each  of  these  pieces  with  the  system  must  be  conceived  to  be 
free  from  fiiction,  destitute  of  inertia,  and  incapable  of  being 
strained  by  the  action  of  the  applied  forces.  Tho  use  of  this 
mechanism  is  merely  to  assist  the  imagination  in  ascribing 
position,  velocity,  and  momentum  to  what  appear,  in  Lagrange's 
investigation,  as  pure  algebraical  quantities. 

Let  q  denote  the  position  of  one  of  the  moveable  pieces  as 
defin^  by  its  distance  Irom  a  fixed  point  in  iU  line  of  motion. 
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We  shall  diBtioguish  the  values  of  q  corresponding  to  the  dif- 
ferent pieces  by  the  suffixes  , ,  j,  &c.  When  we  are  dealing  with 
a  set  of  quantities  belonging  to  one  piece  only  wc  may  omit  the 

Buffix. 

When  the  values  of  all  the  variables  {q)  are  given,  the  position 
of  each  of  the  moveable  pieces  is  known,  and,  in  virtue  of  the 
imaginary  mechanism,  the  configuration  of  the  entire  system  is 
determined. 

Tlte  Velocities. 

566.]  During  the  motion  of  the  system  the  configuration 
changes  in  some  definite  manner,  and  since  the  configuration  at 
each  instant  is  fully  defined  by  the  values  of  the  variables  {q), 
the  velocity  of  every  part  of  the  system,  as  well  as  its  configura- 
tion, will  be  completely  defined  if  we  know  the  values  of  the 
vnriableB  (g),  together  with  their  velocities 

(t^  !  or,  according  to  Newton's  notation,  q)  ■ 

The  Forces. 

557.]  By  a  proper  regulation  of  the  motion  of  the  variables, 
any  motion  of  the  system,  consistent  with  the  nature  of  the  con- 
nexions, may  bo  produced.  In  order  to  produce  this  motion  by 
moving  the  vai'iable  pieces,  forces  must  be  applied  to  these  pieces. 

We  shall  denote  the  force  which  must  be  applied  to  any 
variable  q^  by  F,.  The  system  of  forces  (F)  is  mechanically 
equivalent  (in  virtue  of  the  connexions  of  the  system)  to  the 
system  of  forces,  whatever  it  may  be,  which  really  produces  the 
motion, 

The  Momenta. 

558.]  When  a  body  moves  in  such  a  way  that  its  configura- 
tion, with  respect  to  the  force  wliieh  acts  on  it,  remains  always 
the  same,  (as,  for  instance,  in  the  case  of  a  force  acting  on  a 
'  single  particle  in  the  line  of  its   motion,}  the  moving  force  is 

measured  by  the  rate  of  increase  of  the  momentum.     If  /"  is 

Ith«  moving  force,  and  p  the  momentum, 
F='^^, 
at' 
whence  7>  =  jFdt. 

The  time-integral  of  a  force  is  colled  the  Impulse  of  the  force  ; 


202  KINETtCS.  [558. 

HO  that  we  may  assort  that  the  momentum  is  the  impulbe  of  the 
fiirce  which  would  bring  t!ie  body  fi-om  a  state  of  rest  into  the 
givon  atato  of  motion. 

In  tho  case  of  a  connected  system  in  motion,  the  configuration 
ia  continually  changijig  at  a  rate  depending  on  the  velocities  (j), 
HO  that  we  can  no  longer  assume  that  the  momentum  is  the 
time-integral  of  the  force  which  acts  on  it. 

But  the  increment  bq  of  any  variable  cannot  be  greater  than 
^'fi(,  whero  bt  is  the  time  during  which  the  iuorement  takes 
place,  and  g'  is  the  greatest  value  of  the  velocity  during  that 
time.  In  the  case  of  a  system  moving  from  rest  under  the  action 
of  forces  always  in  the  same  direction,  this  is  evidently  the  final 
velocity. 

If  the  final  velocity  and  configuration  of  the  system  are  given, 
we  may  conceive  the  velocity  to  be  communicated  to  the  system 
in  a  very  small  time  bt,  the  original  configuration  differing  from 
the  final  configuration  by  quantities  Sg,,  iq„,  Sic.,  which  are  less 
than  q,(it,  q.^tt,  &c.,  respectively. 

The  emaUer  we  suppose  the  increment  of  time  6  (,  the  greater 
must  be  the  impressed  forces,  but  the  time-int<^T^,  or  impulse, 
of  each  force  will  remain  finite.  The  limiting  value  of  the  im- 
pulse, when  the  time  is  diminished  and  ultimately  vanishes,  is  de- 
tined  as  the  instantaneous  impulse,  and  the  momentum  p,  corre- 
sponding to  any  variable  q,  is  defined  as  the  impulse  corresponding 
to  that  variable,  when  the  system  is  brought  instantaneously 
from  a  stat«  of  rest  into  the  given  state  of  motion. 

This  conception,  that  the  momenta  are  capable  of  being 
produced  by  instantaneous  impulses  on  the  system  at  rest,  is 
introduced  only  as  a  method  of  defining  the  magnitude  of  the 
inomcnts,  for  the  momenta  of  the  system  depend  only  on  the 
instantaneous  stato  of  motion  of  the  system,  and  not  on  tbe 
prooess  by  which  that  state  was  produced. 

In  a  connected  sip-stem  the  momentum  corrMpoading  to  aaj 
variable  is  in  general  a  Uneftr  function  of  the  velocities  of  all  tlie 
\'ariables,  instead  of  being,  as  in  the  dynamics  of  a  partaidev 
simply  proportional  to  the  velocity. 

Tbe  impobee  reqniied  to  obange  the  velocities  of  the  system 
suddenly  trom  ^, ,  f „  &e.  to  f ,',  ^,'.  &c  are  evidently  equal  to 
Pi'—f*f,  fj—Psi  the  changes  of  momentum  of  the  sevaml 
vahaUcs. 
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Work  done  by  a  £maU  Imjmlse. 
559.]  The  work  done  by  the  force  F^  during  the  impulse  is 
the  space-integral  of  the  force,  or 


W=JF,aq„ 


i.jF 


=JF,q,dt. 

If  ji'  is  the  greatest  and  q"  the  least  value  of  the  velocity  j, 
during  the  action  of  the  force,  W  must  be  leas  than 

4i{lh'-Pi\ 

and  greater  than     j/'  /  Fdt    or     qi"{p{—lh)- 

If  we  now  suppose  the  impulse  /  Fdi  to  be  diminished  without 

limit,  the  values  of  5/  and  q"  w^ill  approach  and  ultimately 
coincide  with  that  of  j,,  and  we  may  write  Pi'—pi  =  8/J|,  ao 
that  the  work  done  is  ultimately 

iir,  the  work  done  by  a  very  small  irtipvlse  ia  vlthiately  the 
product  of  the  impulse  awl  the  velocity. 

Increment  of  the  Kinetic  Enenjy. 

560.]  When  work  is  done  in  setting  a  conservative  system  in 
motion,  energy  is  communicated  to  it,  and  the  system  becomes 
capable  of  doing  an  equal  amount  of  work  against  resistances 
before  it  is  reduced  to  reat. 

The  energy  which  a  system  possesses  in  virtue  of  its  motion 
is  called  its  Kinetic  Energy,  and  is  communicated  to  it  in  the 
form  of  the  work  done  by  the  forces  which  set  it  in  motion. 

If  r  be  the  kinetic  energy  of  the  system,  and  if  it  becomes 
T+hT,  on  account  of  the  action  of  an  inGnitesimal  impulse 
whose  components  are  flp^,  ^p.,.  Sea.,  the  increment  IT  must  be 
the  sum  of  the  quantities  of  work  done  by  the  components  of  the 
impulse,  or  in  symbols, 

8  2"  =  y,  8p,  +  ^..  Ip^  +  &c., 

=  2{qbp).  0) 

The  instantaneous  state  of  the  system  b  completely  defined  if 
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the  variables  and  the  momenta  are  given.  Hence  the  kinetic 
energy,  which  depends  on  the  instantaneous  state  of  the  system, 
can  be  expressed  in  terms  of  the  variables  (q),  and  the  momenta 
(p).  This  is  the  mode  of  expressing  T  introduced  by  Hamilton. 
When  T  is  expressed  in  this  way  we  shall  distinguish  it  by  the 
suffix  ,,  thus,  Tp. 

The  complete  variation  of  T^  is 

The  last  term  may  be  written 

which  diminishes  with' 2 1,  and  ultimately  vanishes  with  it  when 
the  impulse  becomes  instantaneous. 

Hence,  equating  the  coefficients  of  bp  in  equations  (I)  and  (2), 
we  obtain  ^m 

or,  the  velocity  corresponding  to  the  variable  q  is  the  differ- 
ential coefficient  of  T^  with  respect  to  the  corresponding 
momentum  p. 

We  have  amved  at  this  result  by  the  consideration  of  im- 
pulsive forces.  By  this  method  we  have  avoided  the  considera- 
tion of  the  change  of  configuration  during  the  action  of  the 
forces.  But  the  instantaneous  state  of  the  system  is  in  all 
respects  the  same,  whether  the  system  was  brought  from  a  state 
of  rest  to  the  given  state  of  motion  by  the  transient  application 
of  impulsive  forces,  or  whether  it  arrived  at  that  state  in  any 
manner,  however  gradual. 

In  other  words,  the  variables,  and  the  corresponding  velocities 
and  momenta,  depend  on  the  actual  state  of  motion  of  the  system 
at  the  given  instant,  and  not  on  its  previous  history. 

Hence,  the  equation  (3)  is  equally  valid,  whether  the  state  of 
motion  of  the  system  is  supposed  due  to  impulsive  forces,  or  to 
forces  acting  in  any  manner  whatever. 

We  may  now  therefore  dismiss  the  consideration  of  impulsive 
forces,  together  with  the  limitations  imposed  on  their  time  of 
action,  and  on  the  changes  of  configuration  during  their  action. 
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Hamilton  a  Equutioiis  of  Motion. 
561.]  We  have  already  ahewti  that 

Let  the  system  move  in  any  arbitrary  way,  subject  to  the 
oonditioDB  imposed  by  its  connexions,   then  the  variations  of 


p  and  q  s 


tp: 


tip 


til 


dT, 
dp 


fij  =  qhi. 


(5) 


from  the  work 

(») 


and  the  complete  variation  of  T^  \a 

But  the  increment  of  the  kinetic  energy  ai 
done  by  the  impressed  forces,  or 

8?"^=  1{Fhq). 

In  these  two  expressions  the  variations  hq  are  all  independent 
of  each  other,  so  that  we  are  entitled  to  equate  the  coefficients 
of  each  of  them  in  the  two  expressions  (7)  and  (8).     We  thus 

where  the  momentum  p,  and  the  force  F,  belong  to  the  vari- 
able 5',*. 

There  are  as  many  equations  of  this  form  aa  there  are 
variabies.  These  equations  were  given  by  Hamilton.  They 
shew  that  the  force  corresponding  to  any  variable  is  the  sum 
of  two  parts.  The  first  part  is  the  rate  of  increase  of  the 
momentum  of  that  variable  with  respect  to  the  time.  The 
second  part  ia  the  rate  of  increase  of  the  kinetic  energy  per  unit 
of  increment  of  the  variable,  the  other  variables  and  all  the 
momenta  being  constant. 

*  iTliii  proor  does  not  soem  caDcluiive  u  Sg  b  Miumed  to  be  equul  to  jSf,  Ibftt  ii 
to  -^  SI,  «o  that  ■11  wo  cin  l^limstelj  dediwB  6™q  (7)  and  (,fc)  i« 
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Tlie  Kinetic  Energy  expressed  in  Tertiis  of  the  Momenta  atul 
Velocities. 

562.]  Let  Pi,  p^,  &c.  be  the  momeDta,  and  j,,  y^,  &c,  the 
velocities  at  a  given  inatant,  and  let  p,,  p^,  &c.,  ^i,  <ij,  &c.  be 
another  syatom  of  momenta  and  velocitiesj  auch  that 

Pj  =  np^,         (jj  =  nq^.&e.  (10) 

It  is  manifeat  that  the  systems  p,  ^  will  be  consistent  with 
each  other  if  the  systoma  p,  q  ate  so. 

Now  let  n  vary  by  In.    The  work  done  by  the  force  F^  is 

-Pi5qi  =  qi8pi=  JiPiJiSii.  (II) 

Let  n  increase  from  0  to  1,  then  the  system  is  brought  from 
a  state  of  reat  into  the  atate  of  motion  {q,  p),  and  the  whole  work 
expended  in  producing  this  motion  is 

(?iPi  +  jiPi!  +  &:c.)  /   ■n.dn.  (12) 


Bat 


/      Til 


dn  =  i, 


and  the  work  spent  in  producing  the  motion  is  equivalent  to  the 
kinetic  energy.     Hence 

^^  =  i(Pi?.+^.?a  +  &e.),  (13) 

where  T^j  denotes  the  kinetic  energy  expressed  in  tenns  of  the 
momenta  and  velocitiea.  The  variables  j,,  jj,  &o.  do  not  enter 
into  this  expression. 

The  kinetic  energy  is  therefore  half  the  sum  of  the  productH  of 
the  momenta  into  their  corresponding  velocities. 

When  the  kinetic  energy  ia  expressed  in  this  way  we  shall 
denote  it  by  the  symbol  T^^.  It  ia  a  function  of  the  momenta 
and  velocities  only,  and  doea  not  involve  the  variables  them- 
selves. 

563.]  There  ia  a  third  method  of  expressing  the  kinetic  energy, 
which  ia  generally,  indeed,  regarded  as  the  fundamental  one. 
By  solving  the  equations  (3)  we  may  express  the  momenta  in 
terms  of  the  velocities,  and  then,  introducing  these  values  in  (13), 
we  shall  have  an  expression  for  T  involving  only  the  velocities 
and  the  variables.  When  T  is  expressed  in  this  form  we  shall 
indicate  it  by  the  symbol  Zj.  Tliis  is  the  form  in  which  the 
kinelio  energy  is  expressed  in  the  equations  of  LAgrauge, 
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564.]  It   Ib  manifest  that,  Binoe   Tp,  T^.  and  /"^  are   three 
different  expressions  for  the  same  thing, 

or  r^+rj-piyi-p^jj-ftc.  =  0.  (14) 

Hence,  if  all  the  quantities  p,  q,  and  q  vary, 


Vrfft 


nf  ).,.  +  &.  =  0. 


(15) 


The  variations  Ip  are  not  independent  of  the  variations  hq 
and  Bj,  so  that  we  cannot  at  once  assert  that  the  coefficient 
of  each  variation  in  this  equation  is  zero.  But  we  know,  from 
eg  nations  (3),  that 

dT 

—'■-q,=  0,&e.,  (16) 

80  that  the  terms  involving  the  'variations  bp  vanish  of  them- 
selves. 

The  remaining  variations  !y  and  65  are  now  aU  independent, 
80  that  we  find,  by  equating  to  zero  the  coefficients  of  5^,,  &c., 

dT.  (IT,.    .  ,     , 

or,  ih&  componenta  of  niomentiLm  are  the  differential  coefficieiit« 
of  T^  vdth  respect  to  the  eorresponfiing  velocities. 

Again,  by  equating  to  zero  the  coefficients  of  hq^,  frc, 

or,  the  differential  coefficient  of  the  kinetic  energy  vntk  respect  to 
wny  iiariable  q-i  is  eqwd  in  magnitude  but  opposite  in  sign  when 
T  is  expressed  as  a  function  of  the  velocities  instead  of  as  a 
function  of  the  -momenta. 

In  virtne  of  equation  (18)  we  may  write  the  equation  of 
motion  (9),  j„       jy, 

^  '  F.=^~'^,  (19) 

'       dt        dqi  ^     ' 

which  is  the  form  in  which  the  equations  of  motion  were  given 
by  Lagrange. 
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565.]  In  the  preceding  investigation  we  have  avoided  the  con- 
sideration of  the  form  of  the  function  which  expresses  the 
kinetic  energy  in  tei-ms  either  of  the  velocities  or  of  the 
momenta.  The  only  explicit  form  which  we  have  assigned  to 
itis  ?'^i=  HP.?i  +  /'s?.  +  &c.)-  (21) 

in  which  it  is  expressed  as  half  the  sum  of  the  products  of  the 
momenta  each  into  its  corresponding  velocity. 

We  may  express  the  velocities  in  terms  of  the  diSercntial 
coefBcients  of  T^,  vrith  respect  to  the  momenta,  as  in  equation  (3), 


■&c.). 


(22) 


This  shews  that  T^  is  a  homogeneous  function  of  the  second 
legree  of  the  momenta  ^)i,pj,  &c. 
We  may  also  express  the  momenta  in  terms  of  T^,  and  we 


f, 


-- Hi' IK-' i--~jr. +''<'■)■ 


(23) 


which  shews  that  T^  is  a  homogeneoua  function  of  the  second 
degree  with  inspect  to  the  velocities  j,,  jj,  &c. 
If  we  write 

tPT, 


and 


PuioT 
ft,  for 


iPT, 

dp,'' 


''"""dm'"'- 


Q„  for 


ftC! 


then,  since  T^  and  T^  are  functions  of  the  second  degree  of 
j  and  p  respectively,  both  the  P's  and  the  Q's  will  be  functions 
of  the  variables  5  only,  and  independent  of  the  velocities  and 
the  momenta.     We  thus  obtain  the  exprossions  for  T, 

2  2-,  =  i;,5,«  +  2^,j,  j,  +  to,  (2<) 

2  r,  =  Q^j,,'  +  2  Q„  ;.,  ft  +  &c.  (25) 

The  momenta  are  expressed  in  terms  of  the  velocities  by  the 
linear  equations     ;,_  =  j;,  j^  +  J>,  j^  +  fe,  (26) 

and  the  velocities  are  expressed  in  terms  of  the  momenta  by  the 
linear  cquaUons      j,  =  Q„  p,  +  g„p,  +  8sc.  (27) 

In  treatises  on  the  dynamics  of  a  rigid  body,  the  coefficients 
corresponding  to  /},,  in  which  the  suffixes  rtq  the  same,  are 
called  Momenta  of  Tnprtifi  and  those  corresponding  to  TJ^,  in 
which  the  suffixes  are  ditferent,  are  called  Products  of  Inertia. 
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lay  extend  these  n&mcs  to  the  more  general  problem  which 
'  before  us,  in  which  these  quantities  are  not.  as  in  the 
'  a  rigid  body,  absolute  constants,  but  are  functions  of 

B  variables  q^ ,  q.^,  &c. 

In  like  manner  we  may  call  the  coefficients  of  the  form  Qj, 
Momenta  of  MolilHty.  and  those  of  the  form  Q,.^  Products  of 
Mobility.  It  is  not  often,  however,  that  we  shall  have  occasion 
to  speak  of  the  coefEcienta  of  mobility. 

566.]  The  kinetic  energy  of  the  system  is  a  quantity  essen- 
tially positive  or  zero.  Hence,  whether  it  be  espresseJ  in  terms 
of  the  velocities,  or  in  terms  of  the  momenta,  the  coefficients 
must  be  such  that  no  real  valuea  of  the  variables  can  make  T 
negative. 

There  are  thus  a  set  of  necessary  conditions  which  the  values 
of  the  coefficienta  P  must  satisfy.  These  conditions  are  as 
follows : 

The  quantities  i^,,  iJa.  &c.  must  all  be  positive. 

The  71—1  determinants  formed  in  succession  from  the  deter- 
minant 

J'       P,. P,. 


^3,        Ii„ 

P,,,      P,^,      P^ ^, 

by  the  omission  of  terms  with  suffix  1,  then  of  terms  with  either 
1  or  2  in  their  suffix,  and  so  on,  must  all  be  positive. 

The  number  of  conditions  for  n  variables  is  therefore  3  n—  1. 

The  coefficients  Q  are  subject  to  conditions  of  the  same  kind. 

567.]  In  this  outline  of  the  fundamental  principles  of  the 
dynamics  of  a  connected  system,  we  have  kept  out  of  view  the 
mechanism  by  which  the  parts  of  the  system  are  connected.  We 
have  not  even  written  down  a  set  of  equations  to  indicate  how 
the  motion  of  any  part  of  the  system  depends  on  the  variation 
of  the  variables.  We  have  confined  our  attention  to  the  variables, 
their  velocities  and  momenta,  and  the  forces  which  act  on  the 
pieces  representing  the  variables.  Our  only  a.ssumptIons  are, 
that  the  connexions  of  the  system  are  such  that  the  time  is  not 
explicitly  contiuned  in  the  equations  of  condition,  and  that 
the  principle  of  the  conservation  of  energy  is  applicable  to 
the  system. 
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Such  a  description  of  the  methods  of  pure  dynamics  is  not  un- 
necessary, because  Lagrange  and  most  of  his  followers,  to  whom 
we  are  indebted  for  these  methods,  have  in  general  confined  them- 
selves to  a  demonstration  of  them,  and,  in  order  to  devote  their 
attention  to  the  symbols  before  them,  they  have  endeavoured  to 
banish  all  ideas  except  those  of  pure  quantity^  so  as  not  only  to 
dispense  with  diagrams,  but  even  to  get  rid  of  the  ideas  of  velocity, 
momentum,  and  energy,  after  they  have  been  once  for  all  sup- 
planted by  symbols  in  the  original  equations.  In  order  to  be 
able  to  refer  to  the  results  of  this  analysis  in  ordinary  dynamical 
language,  we  have  endeavoured  to  retranslate  the  principal  equa- 
tions of  the  method  into  language  which  may  be  intelligible  with- 
out the  use  of  symbols. 

As  the  development  of  the  ideas  and  methods  of  pure  mathe- 
matics has  rendered  it  possible,  by  forming  a  mathematical  theory 
of  dynamics,  to  bring  to  light  many  truths  which  could  not  have 
been  discovered  without  mathematical  training,  so,  if  we  are  to 
!  form  dynamical  theories  of  other  sciences,  we  must  have  our 
minds  imbued  with  these  dynamical  truths  as  well  as  with 
mathematical  methods. 

In  forming  the  ideas  and  words  relating  to  any  science,  which, 
like  electricity,  deals  with  forces  and  their  effects,  we  must  keep 
constantly  in  mind  the  ideas  appropriate  to  the  fundamental 
Rcience  of  dynamics,  so  that  we  may,  during  the  first  develop- 
ment of  the  science,  avoid  inconsistency  with  what  is  already 
established,  and  also  that  when  our  views  become  clearer,  the 
language  we  have  adopted  may  be  a  help  to  us  and  not  a 
hindrance. 
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568.]  We  have  shewn,  in  Art.  552,  that,  when  an  electric 
current  exists  in  a  conducting  circuit,  it  haa  a  capacity  for  doing 
a  certain  amount  of  mechanical  work,  aud  this  independently  of 
any  external  electromotive  force  maintaining  the  current.  Now 
capacity  for  performing  work  is  nothing  else  than  energy,  in 
whatever  way  It  arises,  and  all  energy  is  the  eame  in  kind,  how- 
ever it  may  differ  in  form.  The  energy  of  an  electric  current  is 
either  of  that  form  which  consists  in  the  actual  motion  of  matter, 
or  of  that  which  consists  in  the  capacity  for  being  set  in  motion, 
arising  from  forces  acting  between  bodies  placed  in  certain  posi- 
tions relative  to  each  other. 

The  first  kind  of  energy,  that  of  motion,  is  called  Kinetic  energy, 
and  when  once  understood  it  appears  so  fundamental  a  fact  of 
nature  that  we  can  hardly  conceive  the  possibility  of  resolving 
it  into  anything  else.  The  second  kind  of  energy,  that  depending 
on  position,  ia  called  Potential  ener^^  and  ia  due  to  the  action 
of  what  we  call  forces,  that  is  to  say,  tendencies  towards  change 
of  relative  position.  With  respect  to  these  forces,  though  we  may 
accept  their  existence  as  a  demonetrated  fact,  yet  we  always  feel 
that  every  explanation  of  the  mechanism  by  which  bodiea  are  set 
in  motion  forms  a  real  addition  to  our  knowledge. 

569.]  The  electric  current  cannot  be  conceived  except  as  a 
kinetic  phenomenon.  Even  Faraday,  who  constantly  endeavoured 
to  emancipate  his  mind  from  the  influence  of  those  suggestions 
which  the  words  '  electric  current '  and  '  electric  fluid'  are  too  apt 
to  carry  with  them,  speaks  of  the  electric  current  as  '  something 
progressive,  and  not  a  mere  arrangement*.' 


212 


ELECTROKINETICS. 


[570- 

The  effects  of  the  current,  such  as  electrolysis,  and  the  tranafer 
of  electrification  from  one  body  to  another,  are  all  pragreBsive 
actions  which  require  time  for  their  accompliahment,  and  are 
therefore  of  the  nature  of  motions. 

Ab  to  the  velocity  of  the  current,  we  have  shewn  that  we  know 
nothing  about  it,  it  may"bc  the  tenth  of  an  inch  in  an  hour,  or 
a  hundred  thousand  miles  in  a  second*.  So  far  are  we  from 
knowing  its  absolute  value  In  any  case,  that  wo  do  not  even 
know  whether  what  wo  call  the  positive  direction  is  the  actual 
direction  of  the  motion  or  the  reveree. 

But  all  that  we  assume  here  is  that  the  electric  current  involves 
motion  of  aome  kind.  That  which  is  the  cause  of  electric  currentfl 
has  been  called  Electromotive  Force.  This  name  has  long  been 
used  with  great  advantage,  and  has  never  led  to  any  inconsiai- 
ency  in  the  language  of  science.  Electromotive  force  is  always 
to  be  understood  to  act  on  electricity  only,  not  on  the  bodies  in 
which  the  electricity  resides.  It  is  never  to  be  confounded  with 
ordinary  mechanical  force,  which  acts  on  bodies  only,  not  on  the 
electricity  in  them.  If  we  ever  come  to  know  the  formal  rela- 
tion between  electricity  and  ordinary  matter,  we  shall  probably 
alao  know  the  relation  between  electromotive  force  and  ordinary 
force. 

570.]  When  ordinary  force  acts  on  a  body,  and  when  the  body 
yields  to  the  force,  the  work  done  by  the  force  is  measured  by 
the  product  of  the  force  into  the  amount  by  which  the  body 
yields.  Thus,  in  the  case  of  water  forced  through  a  pipe,  the 
work  done  at  any  section  is  measured  by  the  fiuid  pressure  at 
the  section  multiplied  into  the  quantity  of  water  which  crosaes 
the  section. 

In  the  same  way  the  work  done  by  an  electromotive  force  is 
measured  by  the  product  of  the  electromotive  force  into  the 
quantity  of  electricity  which  crosses  a  section  of  the  conductor 
under  the  action  of  the  electromotive  force. 

The  work  done  by  an  electromotive  force  ia  of  exactly  the 
xame  kind  as  the  work  done  by  an  ordinary  force,  and  both  are 
measured  by  the  same  standards  or  units. 

Part  of  the  work  done  by  an  electi-omotivo  force  acting  on  a 
conducting  circuit  is  spent  in  overcoming  the  resistance  of  the 
ou-cuit,  and  this  part  of  the  work  is  thereby  converted  into  heat. 
*  Kxji.  Sm.,  IMS. 
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Another  part  of  the  work  ia  spent  in  producing  the  electromag- 
netic phenomena  observed  by  Ampfere,  in  which  conductors  are 
made  to  move  by  electromagnetic  furcca.  The  rest  of  the  work 
is  spent  in  increasing  the  kinetic  energy  of  the  cuiTent,  and  the 
effects  of  this  part  of  the  action  are  shewn  in  the  phenomena  of 
the  induction  of  currents  observed  ty  Faraday. 

We  therefore  know  enough  about  electric  currents  to  recognise, 
in  a  system  of  material  conductors  carrying  currents,  a  dynamical 
system  which  ia  the  seat  of  energy,  part  of  wlucb  may  be  kinetic      / 
and  part  potentiaL  ~~     ~        ~       "     /f^' 

The  nature  of  the  connexions  of  the  parts  of  this  system  is 
unknown  to  us,  but  as  we  have  dynamical  methods  of  investiga- 
tion which  do  not  require  a  knowledge  of  the  mechanism  of  the 
system,  we  shall  apply  them  to  this  case. 

We  shall  first  examine  the  consequences  of  assuming  the  most 
general  form  for  the  function  which  expresses  the  kinetic  energy 
of  the  system, 

571.]  Let  the  system  consist  of  a  number  of  conducting  circuit*, 
the  form  and  position  of  which  are  determined  by  the  values  of 
a  system  of  variables  x^,  x^,  &c.,  tbe  number  of  which  is  equal 
to  the  number  of  degrees  of  freedom  of  the  system. 

If  tbe  whole  kinetic  energy  of  the  system  were  that  due  to  the 
motion  of  these  conductors,  it  would  be  expreeae<l  in  tho  form 

T  =\{xy  x^)x^  +  &C.  +  {x■^x.^)a!■^  i^  +  &c., 
where  the  symbols  {x^x^),  &c.  denote  the  quantities  which  wc 
b&ve  called  moments  of  inertia,  and  {x^x^,  &c.  denote  the  pro-  C^'^^t 
ducts  of  inertia. 

If  X'  is  the  impressed  force,  tending  to  increase  the  coordinate 
X,  which  ia  required  to  produce  the  actual  motion,  then,  by 
Lagrange's  equation,       ^j  ^/f     ^I'p 

When  T  denotes  the  energy  due  to  the  visible  motion  only,  we 
shall  indicate  it  by  the  suffix  „,  thus,  T„. 

But  in  a  system  of  conductors  c-arrying  electric  currents,  part 
of  the  kinetic  energy  is  due  to  the  existence  of  the«e  currents. 
Let  the  motion  of  the  electricity,  and  of  anything  whose  motion 
is  governed  by  that  of  the  electricity,  be  determined  by  another 
set  of  coordinates  y„  y^,  &c.,  then  T  will  be  a  homogenous  func- 
tion of  squares  and  products  of  all  tho  velocities  of  the  two  sets 
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of  coordinates.  We  may  therefore  di\'ide  T  into  tbree_gortioDB, 
in  the  first  of  which,  T^,  the  velocities  of  the  coordinatea  x  only 
occur,  while  in  the  Becond,  T^,  the  velocities  of  the  coordinates 
■ij  only  occur,  and  in  the  third,  7",^, ,  each  term  contains  the  pro- 
duct of  the  velocities  of  two  coordinates  of  which  one  is  an  a; 
and  the  other  a  y. 

We  have  therefore       T  =T  +  T  +  T 
where  J",  =  i  {asi  iti)  i,»+&o.  +  («Ja:J«,»a  +  &c.. 

572.]  In  the  general  dynamical  theory,  the  coefficients  of 
every  term  may  be  functions  of  all  the  coordinates,  both  x  and 
y.  In  the  case  of  electric  currents,  however,  it  is  easy  to  see 
that  the  coordinates  of  the  class  y  do  not  enter  into  the  co- 
efficients. 

For,  if  all  the  electric  cuiTents  are  maintained  constant,  and 
ihe  conductors  at  rest,  the  whole  state  of  the  field  will  remain 
constant.  But  in  this  case  the  coordinates  y  are  vai'iable,  though 
the  velocities  y  are  constant.  Hence  the  coordinates  y  cannot 
outer  into  the  expression  for  T,  or  into  any  other  expression  of 
what  actually  takes  place. 

Besides  this,  in  virtue  of  the  equation  of  continuity,  if  the 
conductors  are  of  the  nature  of  linear  cii'cuits.  only  one  variable 
is  required  to  express  the  strength  of  the  current  in  each 
conductor.  Let  the  velocities y|.,yj.  &o.  represent  the.  streDgUis 
of  the  currents  in  the  several  conductors. 

~AIl~lhis  would  be  true,  if,  instead  of  electric  currents,  we  had 
currents  of  an  incompressible  fluid  running  in  fiexihle  tubes. 
In  this  case  the  velocities  of  these  currents  would  enter  into  the 
expression  for  T,  but  the  coefficients  would  depend  only  on  the 
variables  x,  which  determine  the  form  and  position  of  the  tubes. 

In  the  case  of  the  fluid,  the  motion  of  the  fluid  in  one  tube 
does  not  directly  affijct  that  of  any  other  tube,  or  of  the  fluid  in 
it.  Hence,  in  the  value  of  T^,  only  the  squares  of  the  velocities 
_^,  and  not  their  products,  occur,  and  in  T^  any  velocity  y  is 
associated  only  with  those  velocities  of  the  form  i  which  belong 
to  its  own  tube. 

In  the  case  of  electrical  currents  we  know  that  this  restriction 
does  not  hold,  for  the  currents  in  different  circuits  act  on  «acb 
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other.  Hence  we  must  admit  the  existence  of  tei-ms  involving 
products  of  the  form  ^,^2,  and  this  involves  the  existence  of 
something  in  motion,  whose  motion  depends  on  the  strength  of 
both  electric  currents  _^|  and  jf^.  This  moving  matter,  whatever 
it  ia,  is  not  confined  to  the  interior  of  the  conductora  carrying  the 
two  currents,  but  probably  extends  throughout  the  whole  space 
surrounding  them. 

573.]  Let  us  next  consider  the  form  which  Lagrange's  equa- 
tions of  motion  assume  in  this  case.  Let  X'  be  the  impressed 
force  corresponding  to  the  coordinate  x,  one  of  those  which 
determine  the  form  and  position  of  the  conducting  circuits.  This 
is  a  force  in  the  ordinary  sense,  a  tendency  towards  change  of 
position.  It  is  given  by  the  equation 
rf  dT  _  dT 
dt  di      dx 

We  may  consider  this  force  as  the  sum  of  three  parts,  corre- 
sponding to  the  three  parts  into  which  we  divided  the  kinetic 
energy  of  the  system,  and  we  may  distinguish  them  by  the  same 
sufExes.     Thus         x'=  Z'„-|- A",  + J',,. 

The  part  A"„  ia  thatjghich  depends  on  ordinary  dynamical 
consider  at  ions,  and  we  need  not  attend  to  it. 

Smce  r,  does  not  contain  x,  the  first  term  of  the  expression  for 

X'  is  zero,  and  its  value  is  reduced  to 

dT 
X'  =  —  -—'  ■ 

'  dx 

This  is  the  expression  for  the  mechanicfd  force  which  mu8t_be 
applied  to  a  conductor  to  balance  the  electromagnetic  foKe,  aod 
it  asserts  that  it  is  measured  by  the  rate  of  diminution  of  the 
purely  eleotrokinetic  energy  due  to  the  variation  of  the  co- 
ordinate X.  The  electromagnetic  force,  X„  whj^bnngg^thia 
extornal  mechanical  force  into  play,  is  equal  and  opposite  to 
Jf*^an9  is  therefore  measured  by  the  i-ate  of  increase  of  the 
"eleotrokinetic  energy  corresponding  to  an  increase  of  the  co- 
ordinate X.  The  value  of  X^,  since  it  depends  on  squares  and 
products  of  the  currents,  remains  the  same  if  ■ 
directions  of  all  the  currents. 
The  third  part  of  X'  is 

X'     =-  ^  _  ^ 
■*       dt   di         dx 
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TIio  quantity  T„  contains  only  products  of  the  form  a^,  bo  that 

dm 

first  tenu,  therefore,  depends  on  the  rate  of  vaiiation  of  the 
strengths  of  the  currents,  and  indicates  a  mechanical  force  on 
the  conductor,  which  is  zero  when  the  currents  are  constant,  and 
which  Ib  positive  or  negative  according  as  the  currents  are  in- 
creasing or  decreasing  in  strength, 

Tlie  second  term  depends,  not  on  the  variation  of  the  currents, 
but  on  their  actual  strengths.  As  it  is  a  linear  function  with 
respect  to  these  currents,  it  changes  sign  when  the  currents 
change  sign.  Since  every  term  involves  a  velocity  x,  it  is  zero 
when  the  conductors  are  at  rest.     There  are  also  terms  ariBiDg 

.     dT 

from  the  time  variations  of  the  coefEcients  of_yin  —it^-  these 

remarks  apply  also  to  them. 

We  may  therefore  investigate  these  terms  separately.  If  the 
conductors  are  at  rest,  we  have  only  the  first  term  to  deal  with. 
If  the  currents  are  constant,  we  have  only  the  second. 

574.]  As  it  is  of  great  importance  to  determine  whe|hpr  any 
part  of  the  kinetic  energy  is  of  the  form  T^,  consisting  of  pro- 
ducts of  ordinary  velocities  and  strengths  of  electric  currents,  it 
is  desirahle  that  experiments  should  be  made  on  this  subject  with 
great  care. 

The  determination  of  the  forces  acting  on  bodies  in  rapid 
motion  is  difficult.  Let  ns  therefore  attend  to  the  first  term, 
which  depends  on  the  variation  of  the  strength  of  the  current. 

If  any  part  of  the  kinetic  energy  depends  on  the  product  of 
an  ordinary  velocity  and  the  strength  of  a  current,  it  will 
probably  be  most  easily  observed  when  the  velocity  and  the 
current  are  in  the  same  or  in  opposite  directions.  We  therefore 
take  a  circular  coil  of  a  great  many  windings,  and  suspend  it  by 
a  fijie  vertical  wire,  so  that  its  windings  are  horizontal,  and  the 
coil  is  capable  of  rotating  about  a  vertical  axis,  either  in  the 
same  direction  as  the  current  in  the  coll,  or  in  the  opposite 
direction. 

We  shnll  suppose  the  current  to  be  conveyed  into  the  coil  by 
means  of  the  suspending  wire,  and,  after  pas^ng  round  tlie 
windings,  to  complete  its  circuit  by  passing  downwards  through 
a  wire  in  the  same  line  with  the  suspending  wire  and  dipping 
into  a  cup  of  mercury. 
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Since  the  action  of  the  horizontal  component  of  terrestrial 
magnetism  would  tend  to  turn  this  coil  round  a  horizontal  axis 
when  the  current  flows  through  it,  we  shall  suppose  that  the 
horizontal  component  of  terrestriikl  magnetism 
ia  exactly  neutralized  by  means  of  fixed 
magnets,  or  that  the  experiment  is  made  at 
the  magnetic  pole.  A  vertical  mirror  is 
attached  to  the  coil  to  detect  any  motion  in 
azimuth. 

Now  let  a  current  be  made  to  pass  through 
the  coil  in  the  direction  N.E.S.W.  If  elec- 
tiioity  were  a  fluid  like  water,  flowing  along 
the  wire,  thon,  at  the  moment  of  starting 
the  current,  and  as  long  as  its  velocity  ia 
increaaing.a  force  would  require  to  be  supplied 
to  produce  the  angular  momentum  of  the  fluid 
in  pacing  round  the  coil,  and  as  this  must  be 
BUpplied  by  the  elasticity  of  the  suspending 
wire,  the  coil  would  at  first  rotate  in  the 
opposite  direction  or  W.S.E.N.,  and  this 
would  bo  detected  by  means  of  the  miri'or. 
On  stopping  the  consent  there  would  be  another 
movement  of  the  mirror,  this  time 
of  the  current. 

No  phenomenon  of  this  kind  has  yet  been  observed.  Such  an 
action,  if  it  existed,  might  be  easily  distinguished  from  the 
already  known  actions  of  the  current  by  the  following  pecu- 
liarities. 

(1)  It  would  occur  only  when  the  strength  of  the  current 
varies,  as  when  contact  is  made  or  broken,  and  not  when  the 
current  is  constant. 

All  the  known  mechaniciil  actions  of  the  current  depend  on 
the  strength  of  the  currents,  and  not  on  the  rate  of  variation. 
The  electromotive  action  in  the  case  of  induced  currents  cannot 
be  confounded  with  this  electromagnetic  action. 

(2)  The  direction  of  this  action  would  bo  reversed  when  that 
of  all  the  currents  in  the  field  is  reversed. 

All  the  known  mechanical  actions  of  the  current  remain  the 
same  when  all  the  currents  are  reversed,  since  they  depend  on 
sqiUhres  and  products  of  these  currents. 


Fig.  33. 
the  same  direction  as  that 


218  ELECTEOKINETIOS.  [575- 

If  any  action  of  this  kind  were  diBcovored,  we  should  be  able 
to  regard  one  of  the  so-called  kinds  of  electricity,  either  the 
positive  or  the  negative  kind,  as  a  real  substance,  and  we  should 
be  able  to  doacrib©  the  electrio  current  aa  a  true  motion  of  this 
Mubstauce  in  a  particular  direction.  In  fact,  if  electrical  motiona 
were  in  any  way  comparable  with  the  motions  of  ordinary 
matter,  terms  of  the  form  T^  would  exist,  and  their  existence 
would  be  manifested  by  the  mechanical  force  X^. 

According  to  Feehner's  hypothesis,  that  an  electric  current 
consists  of  two  equal  currents  of  positive  and  negative  elec- 
tricity, flowing  in  opposite  directions  through  the  same  con- 
ductor, the  terms  of  the  second  class  T^  would  vanish,  each 
term  belonging  to  the  positive  cun-ent  being  accompanied  by  an 
equal  term  of  opposite  sign  belonging  to  the  negative  current, 
and  the  phenomena  depending  on  these  terms  would  have  no 
existence. 

It  appears  to  me,  however,  that  while  we  derive  great  ad- 
vantage from  the  recognition  of  the  many  analogies  between  the 
electric  current  and  a  current  of  material  fluid,  we  must  carefully 
avoid  making  any  assumption  not  warranted  by  experimental 
evidence,  and  that  there  is,  as  yet,  no  experimental  evidence  to 
shew  whether  the  electric  current  is  really  a  current  of  a  material 
substance,  or  a  double  current,  or  whether  its  velocity  ie  great  or 
small  as  measured  in  feet  per  second. 

A  knowledge  of  these  things  would  amount  to  at  least  the 
l)eginnings  of  a  complete  dynamical  theory  of  electricity,  in 
which  we  should  regard  electrical  action,  not,  as  in  this  treatise. 
OS  a  phenomenon  due  to  an  unknown  cause,  subject  only  to  the 
general  laws  of  djTiamics,  but  as  the  result  of  known  motions  of 
known  portions  of  matter,  in  which  not  only  the  total  eflects  and 
final  results,  but  the  whole  intermediate  mechanism  and  details  of 
the  motion,  are  taken  aa  the  objects  of  study. 

575.]  The  experimental  investigation  of  the  second  terra  of 

dT 
X-.,  namely  ■  ,™ .  is  more  difBcult,  as  it  involves  the  observation 

'    oa; 

of  the  effect  of  forces  on  a  body  in  rapid  motion. 

The  apparatus  shewn  in  Fig.  34,  which  I  had  constructed  in 
1 86 1 ,  is  intended  to  test  the  existence  of  a  force  of  this  kind. 

The  electromagnet  A  is  capable  of  rotating  about  the  horizontal 
axis  fiS',  within  a  ring  which  itself  revolves  about  a  vertical  axis. 
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Let  A,  B,  C  be  the  monients  of  ineibia  of  the  electromagnet 
about  the  axis  of  the  coil,  the  horizontal  axis  BB',  and  a  third 
axis  CC  respectively. 

Let  6  be  the  angle  which  CC  makes  with  the  vertical,  i^  the 
azimuth  of  the  asia  BB",  and  i/-  a  vaiiable  on  which  the  motion 
of  electricity  in  the  coil  depends. 


Then  the  kinetic  energy  T  of  the  electromagnet  may  be  written 
2T  =  A^^sm^3  +  Bff^  +  C<^^cos^d+E{^Bm$  +  y{r)', 
where  £"  ia  a  quantity  which  may  be  called  the  moment  of  ineiiia 
of  the  electricity  in  the  coil. 

If  @  is  the  moment  of  the  impressed  force  tending  to  increase 
0,  we  have,  by  the  equations  of  dynamics, 

&  =  B~j^  —  {{A-C)4>'aiB&  (MB  $  +  £<},  COB  e{4- sine -i-^y:. 

By  making  4',  the  impressed  force  tending  to  increase  ij',  equal 
tQ  Bcro,  we  obtain  .^sinfl  +  i^  =  y. 
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a  confitant,  wbich  we  may  consider  as  ropresenting  the  strength 
of  the  current  in  the  coiL 

If  C  13  somewhat  greater  than  A  :  0  will  be  zero,  and  the  equi- 
librium about  the  axis  BI^  will  be  stable  when 

sin  d  =  .-J-. — 'yt--  • 

This  value  of  0  depends  on  that  of  y,  the  electric  current,  and 
is  poaitive  or  negative  according  to  the  diroction  of  the  current. 

The  current  is  passed  through  the  coil  by  its  bearings  at  B 
and  B\  which  arc  connected  with  the  battery  by  means  of  springs 
rubbing  on  metal  rings  placed  on  the  vertical  axis. 

To  determine  the  value  of  Q,  a  disk  of  paper  is  placed  at  V, 
divided  by  a  diameter  parallel  to  BB"  into  two  parts,  one  of  which 
is  painted  red  and  the  other  green. 

When  the  instrument  is  in  motion  a  red  circle  is  seen  at  t' 
when  @  is  positive,  the  radius  of  which  indicates  roughly  the 
value  of  6.     When  d  is  negative,  a  green  circle  is  seen  at  C. 

By  means  of  nuts  working  on  screws  attached  to  the  electro- 
magnet, the  axis  VC  is  adjusted  to  be  a  principal  axis  having 
its  moment  of  inertia  just  exceeding  that  round  the  axis  ^,  so  as 
to  make  the  instrument  very  aensitive  to  the  action  of  the  force 
if  it  exists. 

The  chief  difficulty  in  the  experiments  arose  from  the  dis- 
turbing action  of  the  earth's  magnetic  force,  which  caused  the 
electromagnetic  to  act  like  a  dip-needle.  The  results  obtwnt^ 
were  on  this  account  very  rough,  but  no  evidence  of  any  change 
in  Q  could  be  obtained  even  when  an  iron  core  was  inserted  in 
the  coi],  BO  as  to  make  it  a  powerful  electromagnet. 

If,  therefore,  a  magnet  contains  matter  in  rapid  rotation,  the 
angular  momentum  of  this  rotation  must  be  very  small  com- 
pared with  any  quantities  which  we  can  measure,  and  we  have 
as  yet  no  evidence  of  the  existence  of  the  terms  T^  derived  from 
their  mechanical  action. 

576.]  Lot  us  next  consider  the  forces  acting  on  the  currents  of 
electricity,  that  is,  the  electromotive  forces. 

Let  1'  be  the  effective  electromotive  force  due  to  induction, 
the  electromotive  force  which  must  act  on  the  circuit  from 
without  to  balance  it  is  1"=  —  1',  and,  by  Lagrange's  equatiop. 
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577-] 

Since  there  are  no  terms  in  2"  involving  tho  coordinat«  y,  the 
second  tenn  ia  zero,  and  Y  is  reduced  to  its  first  terra.  Hence, 
electromotive  force  cannot  exist  in  a  system  at  rest,  and  with 
constant  currents. 

Again,  if  we  divide  1'  into  three  parts,  X»,  ^,  and  Xu, 
corresponding  to  the  three  parts  of  T,  wa  find  that,  since  T^ 
does  not  contain  y,  JJi,  =  0. 

We  also  find  Y  = rr  -rr  ■ 


the  electromotive  force  is  equal  to  the  rate  of  change  of  this 
function.  This  is  tho  electromotive  force  of  induction  dis- 
covered by  Faraday,  We  shall  consider  it  more  at  length 
afterwards. 

577-]  From  the  part  of  T,  depending  on  velocities  multiplied 

\>y  currents,  we  find  !«,=—- 


Now 


dt    dy 
is  a  linear  function  of  the  velocities  of  the  con- 


ductors. If,  therefore,  any  terms  of  T„,  have  an  actual  esistence, 
it  would  be  possible  to  produce  an  electromotive  force  indepen- 
dently of  all  existing  currents  by  simply  altering  the  velocities 
of  the  conductors.  For  instance,  in  the  case  of  the  suspended 
coil  at  Art.  574,  if,  when  the  coil  is  at  rest,  we  suddenly  set  it  in 
rotation  about  the  vertical  axis,  an  electromotive  force  would  be 
called  into  action  proportional  to  the  acceleration  of  this  motion. 
It  would  vanish  when  the  motion  became  uniform,  and  he  re- 
veraed  when  the  motion  was  retarded. 

Now  few  scientific  observations  can  be  made  with  greater  pre- 
cision than  that  which  determinea  the  existence  or  non-existence 
of  a  current  by  means  of  a  galvanometer.  The  delicacy  of  this 
method  far  exceeds  that  of  most  of  the  arrangements  for 
measuring  the  mechanical  force  acting  on  a  body.  If,  therefore, 
any  currents  could  bo  produced  In  this  way  they  would  bo  de- 
tected, even  if  they  were  very  feeble.  They  would  bo  distin- 
guished from  ordinary  currents  of  induction  by  the  following 
characteristics. 

(1)  They  would  depend  entirely  on  the  motions  of  the  con- 
ductors, and  in  no  degree  on  the  strength  of  currents  or  magnetic 
forces  ahready  in  the  field. 
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(2)  They  would  depend  not  on  the  absolute  velocities  of  the 
conductors,  but  on  their  aceelerationa,  and  on  Bquaros  and 
products  of  velocities,  and  they  would  change  when  the  accelera- 
tion becomes  a  retaliation,  though  the  absolute  velocity  is  the 
same. 

Now  in  all  the  cases  actually  observed,  the  induced  currents 
depend  altogether  on  the  strength  and  the  variation  of  currents 
in  the  field,  and  cannot  be  excited  in  a  field  devoid  of  magnetic 
force  and  of  currents.  In  so  far  as  they  depend  on  the  motion 
of  conductors,  they  depend  on  the  absolute  velocity,  and  not  on 
the  change  of  velocity  of  these  motions. 

We  have  thus  three  methods  of  detecting  the  existence  of  the 
terms  of  the  form  T„„  none  of  which  have  hitherto  led  to  any 
positive  result.  I  have  pointed  them  out  with  the  greater  care 
because  it  appears  to  me  important  that  we  should  attain  the 
greatest  amount  of  certitude  within  our  reach  on  a  point  bearing 
so  strongly  on  the  true  theory  of  electricity. 

Since,  however,  no  evidence  has  yet  been  obtained  of  such 
terms,  I  shall  now  proceed  on  the  assumption  that  they  do  not 
exist,  or  at  leaet  that  they  produce  no  sensible  effect,  an  assump- 
tion which  will  considerably  simplify  our  dynamical  theorj'. 
We  ahaSl  have  occasion,  however,  in  discuasing  the  relation  of 
magnetism  to  light,  to  shew  that  the  motion  which  con8titut«s 
light  may  enter  ae  a  factor  into  terms  involving  the  motion 
which  constitntee  magnetiBm. 


L 


678.]  We  may  now  ecmfine  oar  aUenttoo  to  that  put  of  the 
kinetic  energy  of  the  syHtem  irtiich  depends  oa  •qnares  and 
products  of  the  Btrengtfas  of  tlie  deetiie  emrentc  We  may  call 
thia  the  Electro  kinrtia  Eneigy  of  the  ■yrtem.  The  part  de- 
pending OD  the  motion  of  tbe  eondiictoiB  beloDgs  to  ordinary 
dynamics,  and  we  have  eeen  that  tbe  part  depending  on  prodncte 
of  velocities  and  coirentfl  does  not  exist. 

Let  A^,  A^,  &c.  denote  the  difierent  conducting  circoits.  Lei 
their  form  and  relative  position  be  expressed  in  t«rms  of  tbe 
variables  Xi,x.,,  &c..  the  nnmberof  which  is  eqoal  to  the  namber 
of  d^[rec8  of  freedom  of  the  mechanical  system.  We  shall  cal) 
these  tbe  Geometrical  Variables. 

Let  )/,  denote  tbe  quantity  of  electricity  which  has  crossed 
a  given  section  of  the  conductor  J,  since  tbe  beginning  of  the 
time  t.  The  strength  ofji*"*  ''■■"•RH*  will  be  denoted  by  y,,  the 
fluxion  of  this  quantity. 

We  shall  call  /,  the  actual  currenj;,  and  y,  the  int^ral  cur- 
rent.  There  is  one  variable  of  this  kind  for  each  circuit  in  the 
system. 

Let  T  denote  the  eleetrokinetic  ener^  of  the  system.  It  is 
a  homogeneous  function  of  the  second  degree  with  respect  to  the 
strengths  of  the  currents,  and  is  of  the  form 

T=  i  £,>,=  + l£,>,*  +  &c.+J/,j>,>,  +  &c.,  (1) 

where  the  coefficients  L.  M,  &c.  are  functions  of  the  geometi'lcal 
variables  .c, ,  x.^,  &c.  The  electrical  variables  y^,  y.^  do  not  entor 
into  the  expression. 

We  may  call  /,,,  L.^,  &c.  the  electric  moments  of  ipertia  of  tln> 
circuits  A,,  A^,  Sec,  and  M,^  the  electric  product  of  iuortta  of  the 
*»•»  "ircuits  A,  and  A„     When  we  wish  to  avoid  the  langungo  ol' 


(ej.^m) 
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the  dynamical  theory,  we  shall  call  L^  the  coefficient  of  self- 
mduction  of  the  circuit  A^,  and  ifjg  the  coefficient  of  mutual 
induction  of  the  circuits  A^  and  ^2*  ^12  ^^  ^^^  called  the  poten- 
tial of  the  circuit  A^  with  respect  to  A^.  These  quantities  depend 
only  on  the  form  and  relative  position  of  the  circuits.  We  shall 
find  that  in  the  electromagnetic  system  of  measurement  they  are 
quantities  of  the  dimension  of  a  line.     See  Art.  627. 

By  differentiating  T  with  respect  to  y^  we  obtain  the  quantity 
/>!,  which,  in  the  dynamical  theory,  may  be  called  the  mo^ 
mentum  corresponding  to  yj.  In  the  electric  theory  we  shall 
call  Pi  the  electrokinetic  momentum  of  the  circuit  A^,  Its 
value  is  i>i  =  A^i  +  ^uh  +  &<5. 

The  electrokinetic  momentum  of  the  circuit  A^  is  therefore 
made  up  of  the  product  of  its  own  current  into  its  coefficient 
of  self-induction,  together  with  the  sum  of  the  products  of  the 
currents  in  the  other  circuits,  each  into  the  coefficient  of  mutual 
induction  of  A-^  and  that  other  circuit. 

Electromotive  Force, 

579.]  Let  J?  be  the  impressed  electromotive  force  in  the  circuit 
Ay  arising  from  some  cause,  such  as  a  voltaic  or  thermoelectric 
battery,  which  would  produce  a  current  independently  of  mag- 
neto-electric induction. 

Let  R  be  the  resistance  of  the  circuit,  then,  by  Ohm's  law,  an 
electromotive  force  Ry  is  required  to  overcome  the  resistance, 
leaving  an  electromotive  force  E—Ry  available  for  changing  the 
momentum  of  the  circuit.  Calling  this  force  Y\  we  have,  by 
the  general  equations, 

""  dt       dy  ' 

but  since  T  does  not  involve  ?/,  the  last  term  disappears. 
Hence,  the  equation  of  electromotive  force  is 

or  E^Ry+'^-l-' 

at 

The  impressed  electromotive  force  E  is  therefore  the  sum  of 
two  parts.  The  first,  Ry,  is  required  to  maintain  the  current  y 
against    the  resistance   R,      The   second    part  is  required   to 
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increase  the  electromagnetic  momentum  p.  Tliia  ia  the  electro- 
motive force  which  must  be  suppheii  from  sources  independent 
of  magneto- electric  induction.     The  eloctromotive-forae  ariaing 


from  magneto-electiic   induction   alone  ia   evidently  ~  jt'   ^^> 

the  rate  of  decrease  of  the  electrokinelic  viomenluvi.  of  the  cir- 
cuit. 

ElectroTnagnel  ic  Force. 
580.]  Let  A"  be  the  impressed  mechanical  force  ariaing  from 
external  causes,  and  tending  to  increase  the  vaiiable  x.     By  the     (y'/"'' 
general  equationa  d  dT      dT 

dt  di      dx 


X'  = 


Since  the  espreaaion  for  the  electrokinetio  energy  does  not 
contain  the  velocity  (*),  the  first  term  of  the  second  member 
diaappears,  and  we  find 

X'  = 


jiT 

dx' 


I 


Hence 


Here  X'  ia  the  external  force  required  to  balance  the  forcea 
arising  from  electrical  causes.  It  ia  usual  to  consider  this  force 
as  the  reaction  against  the  electromagnetic  force,  which  we  shall 
call  X,  and  which  ia  equal  and  opposite  to  X'. 

X  =  -— . 
dx 

or,  the  dectroTfiagnetic  foive  teiidiTig  to  increase  any  variable  is 
equal  to  Hie  rate  of  im-rease  of  the  eleetrohinetlc  energy  per  unit 
increase  oftluit  variable,  the  currents  being  maintained  constant. 
If  the  currents  are  maintained  constant  by  a  battery  during  a 
displacement  in  which  a  quantity,  W,  of  work  is  done  by  electro- 
motive force,  the  electrokinetic  energy  of  the  system  will  be  at 
the  same  time  increased  by  W.  Hence  the  battery  will  be 
drawn  upon  for  a  double  quantity  of  energy,  or  2  W,  in  addition 
to  that  which  is  spent  in  generating  heat  in  the  cucuit.  Thia 
was  first  pointed  out  by  Sir  W.  Thomson  *.  Compare  this 
result  with  the  electrostatic  property  in  Art.  93, 

i  0/  Ihe  FAgiical  Seieiiett,  cJ.  IBUO,  ulUle  'MagDetiam, 
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Caee  of  Two  Circuits. 
581.]  Let   Aj   bo   called  the   Primary  Circuit,    and    A^  the 
Secondary  Circuit.     The  electrokinetic   energy   of  the   aystem 
may  be  ■written 

where  Z  and  N  are  the  coefficients  of  self-induction  of  the 
primary  and  secondary  circuits  respectively,  and  M  is  the  co- 
efficient of  their  mutual  induction. 

Let  us  suppose  that  no  electromotive  force  acts  on  the 
secondaiy  circuit  except  that  due  to  the  induction  of  the  primary 
current.     We  have  then 

Integrating  this  equation  with  respect  to  t.  we  have 
R^  y^  +  My^  +  Ny^  =  C,  a  constant, 
■where  y^  is  the  integral  current  in  the  secondary  circuit. 

The  method  of  measuring  an  integral  current  of  short  duration 
will  be  described  in  Art.  748,  and  it  is  easy  in  most  cases  to 
eoBure  that  the  duration  of  the  secondary  current  shall  be  very 
short. 

Let  the  values  of  the  variable  quantities  in  the  equation  at  the 
end  of  the  time  t  be  accented,  then,  if  y^  is  the  intcpal  current, 
or  the  whole  quantity  of  el ectricity_whichflQ-'g8_ through  a  sectJOTi 
of  tEeseconJary  circuit  during  the  time  t. 

If  the  secondary  current  arises  entirely  from  induction,  its 
initial  value  y^  must  be  zero  if  the  primary  current  is  constant, 
and  the  conductors  are  at  rest  before  the  beginning  of  the  time  (. 

If  the  time  (  is  suflicient  to  allow  the  secondary  current  to  die 
away,  y^',  itfi  final  value,  is  also  zero,  so  that  the  equation  becomes 
n,y^  =  My,~M'y;. 

The  integral  current  of  the  secondary  circuit  depends  in  this 
case  on  the  initial  and  final  values  of  My^. 

Induced  Currents. 
582.]  Let  us  begin  by  supposing  the  pi-imary  circuit  broken, 
or^i  =  0,  and  let  a  current  jf,'  be  established  in  it  when  contact 
is  made. 
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The  equation  which  determines  the  secondary  integral  current 

"  -«<!/,  = -Jir^,'- 

When  the  circuits  arc  placed  side  by  side,  and  in  the  same 
direction,  W  ia  a  positive  quantity.  Hence,  when  contact  is 
made  in  the  primary  circuit,  a  negative  current  is  induced  in 
the  secondary  circuit. 

When  the  contact  is  broken  in  the  primary  circuit,  the  primary 
current  ceases,  and  the  induced  integral  current  ia  y.^,  where 

The  secondary  current  ia  in  this  case  positive. 

If  the  primary  current  is  maintained  constant,  and  the  form 
or  relative  position  of  the  circuits  altered  so  that  M  becomes  M', 
the  integral  secondary  curreut  is  y.^,  whtre 
R,y,  =  {M-U')i,. 

In  the  case  of  two  circuits  placed  side  by  aide  and  in  the  same 
direction  M  diminishes  as  the  distance  between  the  circuits  in- 
creases. Hence,  the  induced  current  is  positive  when  this 
distance  is  increased  and  negative  when  it  is  diminished, 

These  are  the  elementary  coses  of  induced  currents  described 
in  Art.  530. 

Mechanical  Action  between  the  Two  Circvuita. 
583.]  Let  X  be  any  one  of  the  geometrical  variables  on  which 
the  form  and  relative  position  of  the  circuits  depend,  the  electro- 
magnetic force  tending  to  increase  a:  is  / 

'■''  dx    ■'■'■  dx*^''  dx 
If  the  motion  of  the  system  corresponding  to  the  variation  of 
3;  is  such  that  each  circuit  moves  as  a  rigid  body,  L  and  ^  will 
be  independent  of  x,  and  the  equation  will  be  reduced  to  the  form 
,,      .      <IM 

^  ='''''•  lu- 

Hence,  if  the  primary  and  secondary  currents  are  of  the  same 
sign,  the  force  X,  which  acts  between  the  circuits,  will  tend  to 
move  them  so  as  to  increase  Af. 

If  the  cii'cuits  are  placed  side  by  side,  and  the  currents  flow 
in  the  same  direction,  M  will  be  increased  by  their  being 
brought  nearer  together.  Hence  the  force  Jf  is  in  this  case  an 
attraction. 
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584.]  The  whole  of  the  phenomena  of  the  mutual  action  of 
two  circuits,  whether  the  induction  of  currents  or  the  mechanical 
force  between  them,  depend  on  the  quantity  if,  which  we  have 
called  the  coefficient  of  mutual  induction.  The  method  of  calcu- 
lating this  quantity  from  the  geometrical  relations  of  the  circuits 

is  given  in  Art.  524,  but  in  the  investiga- 
tions of  the  next  chapter  we  shall  not 
assume  a  knowledge  of  the  mathematical 
form  of  this  quantity.  We  shall  consider 
it  as  deduced  from  experiments  on  in- 
duction, as,  for  instance,  by  observing 
the  integral  current  when  the  secondary 
cii'cuit  is  suddenly  moved  from  a  given 
position  to  an  infinite  distance,  or  to 
any  position  in  which  we  know  that 


«• 


^ 


Note. — {There  is  a  model  in  the  CAvendish 
Laboratory  deeigned  by  Maxwell  which  illuBiratei 
▼ery  dearly  the  lawa  of  the  induction  of  current!. 

It  is  represented  in  Fig.  84  a.    P  and  Q  are  two 

disks,  the  rotation  of  P  represents  the  primary 
current,  that  of  Q  the  secondary.  These  disks 
are  connected  together  by  a  differential  gearing. 
The  intermediate  wheel  carries  a  flywheel  the 
moment  of  inertia  of  which  can  be  altered  by 
moving  weights  inwards  or  outwards.  The  resistance 
of  the  secondary  circuit  is  represented  by  the  friction 
of  a  string  passing  over  Q  and  kept  tight  by  an 
Fig.  34  a.  elastic  band.     If  the  disk  P  is  set  in  rotation  (a 

current  started  in  the  primary)  the  disc  Q  will  turn 
in  the  opposite  direction  (inverse  current  when  the  primary  is  started).  When  the 
velocity  of  rotation  of  P  becomes  uniform,  Q  is  at  rest  (no  current  in  the 
secondary  when  the  primary  current  is  constant) ;  if  the  disk  P  is  stopped,  Q 
commences  to  rotate  in  the  direction  in  which  P  was  previously  moving  (direct 
current  in  the  secondary  on  breaking  the  circuit).  The  effect  of  an  iron  core  in 
increasing  the  induction  can  be  illustrated  by  increasing  the  moment  of  inertia  of  the 
fly-wheel,  j 
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TION    OF    THE    FIELD    BY    MEAKS    OF    THE    SECONDARY 
CIRCUIT. 


585.]  We  have  proved  in  Arts.  682,  583,  384  that  the  eleetio- 
magQetic  action  between  the  primary  and  the  secondary  circuit 
depends  on  the  quantity  denoted  by  M,  which  is  a  function  of 
the  form  and  relative  position  of  the  two  cii-cuita. 

Although  this  quantity  M  is  in  fact  the  same  as  the  potential 
of  the  two  cii-cuifs,  the  mathematical  form  and  properties  of 
which  we  deduced  in  Arts.  423,  492,  521,  639  from  magnetic 
and  electromagnetic  phenomena,  we  shall  here  make  no  reference 
to  these  results,  but  begin  again  from  a  new  foundation,  without 
any  assumptions  except  those  of  the  dynamical  theory  aa  stated 
in  Chapter  WU. 
I  The  electrokinctic  momentum  of  the  secondary  circuit  consists 
of  two  part«  (Art.  678),  one,  Jl/'i-,,  depending  on  the  primary 
current  i,,  while  the  other,  iVfj,,  depends  on  the  secondary  current 
i.^.  We  are  now  to  investigate  the  first  of  these  parts,  which 
we  shall  denote  by  p,  where 

j,  =  j/;,.  (1) 

We  shall  also  suppose  the  primary  circuit  fixed,  and  the 
primary  current  constant.  The  quantity  ^i,  the  electrokinctic 
momentum  of  the  secondary  circuit,  will  in  this  case  depend  only 
on  the  form  and  position  of  the  secondaiy  circuit,  so  that  if  any 
closed  curve  be  taken  for  the  secondary  circuit,  and  if  the  direc- 
tion along  this  curve,  which  is  to  be  reckoned  positive,  be  chosen, 
the  value  of  p  for  this  closed  curve  is  determinate.  If  the 
opposite  direction  along  the  curve  had  been  chosen  as  the 
tive  direction,  the  sign  of  the  quantity  p  would  have  been 


^ 


586.]  Since  the  quantity  p  depends  on  the  forra  and  position 
of  the  circuit,  we  may  suppoae  that  each  portion  of  the  circuit 
contributes  something  to  the  value  of  p,  and  that  the  part  con- 
tributed by  each  portion  of  the  circuit  depends  on  the  form  and 
position  of  that  portion  only,  and  not  on  the  position  of  other 
parts  of  the  circuit. 

This  assumption  is  legitimate,  because  we  are  not  now  con- 
sidering a  cui'rent,  the  parts  of  which  may,  and  indeed  do,  act  on 
one  another,  but  a  mere  circuit,  that  is,  a  closed  curve  along 
which  a  current  may  flow,  and  this  is  a  purely  geometrical 
tigure,  the  parts  of  which  cannot  be  conceived  to  have  any 
physical  action  on  each  other. 

We  may  therefore  assume  that  the  part  contributed  by  the 
element  ds  of  the  circuit  is  Jds,  where  /  is  a  quantity  depend- 
ing on  the  position  and  direction  of  the  element  ds.  Hence,  the 
value  of  p  may  be  expressed  as  a  line-integral 


p=  I  Jds, 


f 


(2) 
where  the  integration  is  to  be  extended  once  round  the  circuit. 

587.]  We  have  next  to  determine  the  form  of  the  quantity  J. 

In  the  first  place,  if  ds  is  reversed  in  direction,  J  is  reversed  in 

sign.    Hence,  if  two  circuits  ABCEand  AECD 

have  the  arc  A  EC  common,  but  reckoned  in 

opposite  directions  in  the  two  circuits,  the  sum 

of  the  values  of  p  for  the  two  circuits  ABCE 

*■     ■  and  AECD  -will  he  equal  to  the  value  of  p  for 

the  circuit  ABCD,  which  ia  made  up  of  the  two  circuits. 

For  the  parts  of  the  line-integral  depending  on  the  arc  AEC 
uro  equal  but  of  opposite  sign  in  the  two  partial  circuits,  so  that 
they  destroy  each  other  when  the  sum  ia  taken,  leaving  only 
those  parts  of  the  line -integral  which  depend  on  the  external 
lioundary  of  ABCD. 

In  the  same  way  wo  may  shew  that  if  a  surface  bounded  by  a 
closed  curve  be  divided  into  any  number  of  parte,  and  if  the 
boundary  of  each  of  these  parts  be  considered  aa  a  circuit,  the 
positive  direction  round  every  circuit  being  the  same  as  that 
round  the  external  closed  cui-ve,  then  the  value  of  p  for  the 
closed  curve  is  equal  to  tho  sura  of  the  values  of /»  for  all  the 
circuits.     See  Art.  483. 

588.]  Let  ua  now  consider  a  portion  of  a  surface,  tho  ilimt>n- 
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aions  of  which  are  so  small  with  respect  to  the  principal  radii  of 
curvature  of  the  surface  that  the  variation  of  the  direction  of  the 
normal  within  thia  portion  may  be  neglected.  We  shall  also 
suppose  that  if  any  very  small  circuit  bo  carried  parallel  to 
itself  from  one  pai-t  of  this  portion  to  another,  the  value  of  p  for 
the  email  circuit  is  not  sensibly  altered.  This  will  evidently  be 
the  case  if  the  dimensions  of  the  portion  of  surface  are  small 
enough  compared  with  its  distance  from  the  primary  circuit. 

If  any  clo8etl  curve  be  drawn  on  thia  portion,  of  tlie  surface, 
the  value  of  p  vriU  be  proportional  to  Us  area. 

For  the  areas  of  any  two  circuits  may  bo  divided  into  small 
elements  all  of  the  same  dimenaiong,  and  having  the  same  value 
of  p.  The  areas  of  the  two  circuits  are  as  the  numbers  of  these 
elements  which  they  contain,  and  the  values  of  p  for  the  two 
circuits  are  also  in  the  same  proportion. 

Hence,  the  value  of  p  for  the  circuit  which  bounds  any 
element  dS  oi  a  surface  is  of  the  form 

Id^, 
where  /  is  a  quantity  depending  on  the  position  of  dS  and  on 
the  direction  of  its  normal.     We  Lave  therefore  a  new  expression 
for  p,  f  r 

p  =JJ  Ids,  (3) 

where  the  double  integi-al  is  extended  over  any  surface  bounded 
by  the  circuit. 

589.]  Let  ABCD  be  a  circuit,  of  which  AC  is  an  elementary 
portion,  so  small  that  it  may  be  considered 
straight.  Let  AFB  and  CQB  be  small  equal 
areas  in  the  same  plane,  then  the  value  of  p  will 
be  the  same  for  the  small  circuits  APB  and  CQB, 
or  p(APB)  =  2iiCQB). 

Hence      p(APBQCD)=2>{ABQGD)+2i(APB), 

=  p{ABQCD)  +  p{cqB), 

=  -p{ABCI)), 

nt  the  value  of  yj  is  not  altered  by  the  substitution  of  the  crooked 
line  APQC  for  the  straight  line  AC,  provided  the  area  of  the 
circuit  is  not  sensibly  altered.  This,  in  fact,  is  the  principle 
established  by  Ampfere's  second  experiment  (Art.  50C),  in  which 
a  crooked  portion  of  a  circuit  is  shewn  to  bo  equivalent  to  a 
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straight  portion  provided  no  part  of  the  crooked  portion  is  at  a 
sensible  distance  from  the  straight  portion. 

If  therefore  we  aubatitute  for  the  element  da  three  small 
elements,  dx,  dy,  and  dz,  drawn  in  Buccession,  bo  a«  to  form  a 
continuous  path  from  the  beginning  to  the  end  of  the  clement  d^, 
and  if  Fd:c,  Ody,  and  ffdz  denote  the  elements  of  the  line- 
integral  corresponding  to  dx,  dy.  and  ds  respectively,  then 
',»),  Jd^  =  Fdx-  +  Qdy+IIdz.  (4) 

590.]  We  are  now  able  to  determine  the  mode  in  which  the 
([uantity  J  depends  on  the  direction  of  the  element  ds.     For, 


by  W. 


W.S11J 


'  </. " 


i-S^j 


(5) 


This  is  the  expression  for  the  resolved  part,  in  the  direction  of 
(/*,  of  a  vector,  the  components  of  which,  resolved  in  the  direc- 
tions of  the  axes  of  x,  y,  and  ;,  are  F,  6,  and  H  respectively. 

If  this  vector  be  denoted  by  91,  and  the  vector  from  the  origin 
to  a  point  of  the  circuit  by  p,  the  element  of  the  circuit  will  he 
dp,  and  the  quaternion  expreseion  for  Jda  will  be 
-S.flldp. 

We  may  now  write  e<iuatioii  (2)  in  the  form 


=/(4: 


0Tp  =  ~jS.9ldp.  (7) 

The  vector  81  and  its  constituents  F,  G,  H  depend  on  the 
position  of  da  in  the  field,  and  not  on  the  direction  in  whidi 
it  is  drawn.  They  are  therefore  functions  of  x,  y.  s,  the  co- 
ordinates of  (/«,  and  not  of  t,  ni,  n,  its  direct! on-ooainee. 

Tbovectorjl  represents  in  direction  and  magnitude  the  lime- 
integral  ofthe  electromotive  intensity  which  a  particle  placed  at 
the  point  {x,  y,  z)  would  experience  if  the  primary  current  were 
suddenly  stopped.  We  shall  therefore  call  it  the  Electrokinqtf^ 
Momentum  td  the  point  (x.  y,  s).  It_is  identical  with  thv 
ijuantiiy  which  we  investigated  in  Art.  405  under  the  name 
of  tibg^eetor-potential  of  magnetic  induction. 

The  eleotrol luetic  momentum  of  anyTnite  line  or  inreiiit  Is 
the  Une-int4?gral,  extended  along  the  line  or  circuit,  of  the 
resolved  part  of  the  electi-okiuetic  momentum  at  each  point  of 
the  same. 
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591,]  Let  U9  neit  determine  th«  value  of /)  for  the  elementary 
rectangle  ABCD,  of  which  the  sides  are  ily  and  dz,  the  positive 
direction  being  from  the  direction  of  the 
axis  of  y  to  that  of  z. 

Let  the  coordinates  of  0,  the  centre  of 
gravity  of  the  element,  be  x^,  y„,  s,,,  and 
let  (?„,  i/o  be  the  values  of  0  and  of  U 
at  this  point. 

The  coordinatea  of  A,  the  middle  point 
of  the  first  side  of  the  rectangle,  arc  v/o 

and  Zo 


I^g.  37. 


1   , 


-  ih.     The  corresponding  value  of  G  is 

IdG  ,      ^ 
--^,/.  +  &c., 

and  tho  part  of  the  value  of  p  Tvhich  arises  from  the  side  A  is 
,,    ,        li/C  ,    , 

1  <///  ,    , 
-a^tts, 


approximately 
Similarly,  for  i 


--B,- 


ir,h-t 


(») 


(9) 


2  7/j,' 


torC, 


for  A 


-U..U^\''^.,yJ. 


;,  6,  c,  such  that 


dr^cuJOl 


(A) 


Adding  tliese  four  quantities,  we  find  the  value  of  p  for  the 
rectangle,  via.  ,j/      ,;(j 

''  = '•Si -lE^  "'"'''■  <'  ' 

If  we  now  assume  three  new  quantities 

dy  dz'  \ 
,  dF  dH  \ 
^  =  -^~d^'\ 

_dG  _dF 
•"       d}:       f7^*/ 
and  consider  these  as  the  constituents  of  a  new  vector  S9,  then, 
by  Theorem  IV,  Art.  24,  we  may  express  the  line-integral  of  91 
round  any  circuit  in  the  form  of  the  surface- integral  of  33  over  a 
surface  bounded  by  the  circuit,  thus 

mb  +  nc)dS,      (U) 
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..r  p=JTMcosfds=ffT.'!8cmn'i8,  (12) 

where  <  is  the  ajigle  between  21  and  ds,  and  ij  that  between 
S  and  the  normal  to  rlS,  whose  direction-cosines  are  (,  m,  n, 
and  jT.  91,  2".  S3  denote  the  numerical  values  of  31  and  S. 

Comparing  this  result  with  equation  (3),  it  is  evident  that  the 
quantity  I  in  that  equation  is  equal  to  S  cos  ij,  or  the  i-esolved 
part  of  9i  normal  to  f/A'. 

592.]  We  have  already  aoen  (Arts.  490,  541)  that,  according  to 
Faraday's  theory,  the  phenomefla  of  electromagnetic  force  and 
induction  in  a  circuit  depend  on  the  variation  of  the  number  of 
lines  of  magnetic  induction  which  pass  through  the  circuit. 
Now  the  number  of  these  Lines  is  expressed  mathematically 
by  the  surface-integral  of  the  magnetic  induction  through  any 
surface  bounded  by  the  circuit.  Hence,  we  must  regard  the 
vector  ©  and  its  components  a,  b,  c  as  representing  what  wo 
arc  already  acquainted  with  aa  the  magnetic  induction  and  its 
components. 

In  the  present  investigation  we  propose  to  deduce  the  pro- 
perties of  this  vector  from  the  dynamical  principles  stated  in 
the  last  chapter,  with  as  few  appeals  to  experiment  as  possible. 

In  identifying  this  vector,  which  has  appeared  as  the  result  of 
a  mathematical  investigation,  with  the  magnetic  induction,  the 
properties  of  which  we  learned  from  experiments  on  ma^ets, 
wo  do  not  depait  from  this  method,  for  we  introduce  no  new 
fact  into  the  theory,  we  only  give  a  name  to  a  mathematical 
quantity,  and  the  propriety  of  so  doing  is  to  be  judged  by  the 
agreement  of  the  relations  of  the  mathematical  quantity  with 
those  of  the  physical  quantity  indicated  by  the  name. 

The  vector  '&,  since  it  occurs  in  a  surface-integral,  lielonga 
evidently  to  the  category  of  fluxes  described  in  Art.  12.  The 
vector  21,  on  the  other  hand,  belongs  to  the  category  of  forcee, 
since  it  appears  in  a  line-integral. 

593.]  We  must  here  recall  to  mind  the  conventions  about 
positive  and  negative  quantities  and  directions,  some  of  which 
were  stated  in  Ai-t.  23.  We  adopt  the  right-handed  system  of 
axes,  80  that  if  a  right-handed  screw  is  placed  in  the  direction  ci 
the  axis  of  x,  and  a  nut  on  this  screw  is  turned  in  the  poaitivo 
direction  of  rotation,  that  is,  from  the  direction  of  y  to  that  of  •, 
it  will  move  along  the  screw  in  the  positive  direction  of  x. 


594-]  ELECTROMAGNETIC   TIELTl.  235 

We  also  consider  vitreous  electricity  and  austral  magnetiBm 
aa  positive.  The  positive  direction  of  an  electric  current,  or 
of  a  line  of  electric  induction,  ia  the  direction  in  which  positive 
electricity  moves  or  tends  to  move,  and  the  positive  direction  of 
a  line  of  maguetic  induction  is  the  direction  in  which  a  compass 
needle  points  with  that  end  which  turns  to  the  north.  See 
Fig.  24,  Art.  498,  and  Fig.  25,  Art.  501. 

The  student  is  recommended  to  select  whatever  method  ap- 
pears to  him  most  effectual  in  order  to  fix  those  conventions 
securely  in  his  memory,  for  it  is  far  more  difficult  to  remember 
a  rule  which  determines  in  which  of  two  previously  indifferent 
ways  a  statement  is  to  be  made,  than  a  rule  which  selects  one 
way  out  of  many. 


594.]  We  havo  next  to  deduce  from  dynamical  prineiplea  the 
expressions  for  the  electroiiiagpetic  force  acting  on  a  conductor 
carrying  an  electric  current  through  the  magnetic  field,  and  for 
the  electroTnnt.i  ye  fnrce  acting  on  the  electricity  within  a  body 
moving  in  the  magnetic  fielil.  The  mathematical  method  which 
we  shall  adopt  may  be  compared  with  the  experimental  method 
used  by  Faraday*  in  exploring  the  field  by  means  of  a  wire, 
and  with  what  we  have  already  done  in  Art,  490,  by  a  method 
founded  on  expoiiments.  What  we  have  now  to  do  is  to 
determine  the  effect  on  the  value  of  p,  the  electrokinetic 
momentum  of  the  secondary  circuit,  due  to  given  alterations 
of  the  form  of  that  circuit. 

Let  AA',  Bff  be  two  parallel  straight  conductors  connected 

by  the  conducting  arc  C,  which  may  be  of  any  form,  and  by 

a  straight  conductor  AB,  which  is  capable  of  sliding  parallel 

to  itself  along  th<i  conducting  rails  AA'  and  BB'. 

•  Fjy.  Hit.,  8082,  8087,  3U8. 
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Let  the  circuit  thus  formed  be  coDsidered  as  the  secoodary 
circuit,  and  let  the  direction  ABC  be  assumed  ae  the  positive 
direction  round  it. 

Let  the  sliding  piece  move  parallel  to  itself  from  the  position 
jlfito  the  position  A'B'.  We  have  to  deteimine  the  variation 
of  p,  the  electrokinetic  momentum  of  the  circuit,  due  to  this 
diaplacoment  of  the  sliding  piece, 

The  secondary  circuit  is  changed  from  ABC  to  A'B'C,  hence, 
by  Art.  587,      p[A'B'C}~i)(ABC)  =2>(AA'B'B).  (13) 

We  have  therefore  to  determine  the  value  of  ;)  for  the  parallel- 
ogram AA'B'B.  If  this  parallelogram  is  so  small  that  we  may 
neglect  the  variations  of  the  direction  and  magnitude  of  th^- 
magnetic  induction  at  ditferent  points  of  its  plane,  the  value 
of  p  is,  by  Art.  591,  SB  cosij .  AA'B'B,  where  9i  is  the  magnetic 
induction,  and  tj  the  angle  which  it  makes  with  the  positive 
direction  of  the  normal  to  the  parallelogram  AA'B'B. 

Wo  may  represent  the  result  geometrically  by  the  volume  of 
the  parallelepiped,  whose  baae  is  the  parallelogram  AA'ffB, 
and  one  of  whose  edges  is  the  line  AM,  which  represents  in 
direction  and  magnitude  the  magnetic  induction  SS.  If  the 
parallelogram  is  in  the  plane  of  the  paper,  and  if  AM  is  drawn 
upwards  from  the  paper,  or  more  generally,  if  the  directions  of 
the  circuit  AB,  of  the  magnetic  induction  AM,  and  of  tlie  dis- 
placement AA',  form  &  right-handed  sj'stem  when  taken  in  this 
cyclical  order,  the  volume  of  the  parallelepiped  ia  to  be  taken 
positively. 

The  volume  of  this  parallelepiped  represents  the  increment  of 
the  value  of  yj  for  the  secondary  circuit  due  to  the  displacement 
of  the  sliding  piece  from  AB  to  A'^. 

Electrovioilve  Force  a-ctivg  on  the  Sliding  Piece. 
595,]   The    electromotive   force   produced   in   the   seoondary 
circuit  by  the  motion  of  the  sliding  piece  is,  by  Art.  579, 

If  we  suppose  A  A'  to  he  the  displacement  in  unit  of  time, 
then  AA'  will  represent  the  velocity,  and  the  parallelepiped  will 

represent  ^  i  and  therefore,  by  e<juation  (1-1),  the  electromotive 

force  in  the  negative  direction  BA. 
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Hence,  the  electromotive  force  acting  on  the  sliding  piece  AB, 
in  consequence  of  its  motion  through  the  magnetic  field,  is 
represented  by  the  volume  of  the  parallelepiped,  whoae  edges 
represent  in  direction  and  magnitude— the  velocity,  tlie  mag- 
netic induction,  and  the  sliding  piece  itself,  and  is  positive  when 
these  three  directions  are  in  right-handed  cyclicaJ  order. 

EtedroTnagTietic  Force  octiTig  on  the  Sliding  Piece. 

596.]  Let  j'a  denote  the  current  in  the  secondary  circuit  in  the 
positive  direction  ABC,  then  the  work  done  by  the  electro- 
magnetic force  on  AB  while  it  alides  from  the  position  JB  to 
the  position  A'B"  is  {^f'~M)  ij  i^,  where  M  and  if  are  the 
values  of  M^^  in  the  initial  and  final  positions  of  AB.  But 
{M'—M)  i,  is  equal  to  p'~p,  and  this  is  represented  by  the 
volume  of  the  parallelepiped  on  AB,  AM,  and  AA'.  Hence,  if 
we  draw  a  line  parallel  to  AB  to  represent  the  quantity  AB.i.^, 
the  parallelepiped  contained  by  this  line,  by  AM,  the  magnetic 
induction,  and  by  AA',  the  displacement,  will  represent  the 
work  done  during  this  displacement. 

For  a  given  distance  of  displacement  this  will  be  greatest 
when  the  displacement  is  perpendicular  to  the  parallelogram 
whose  sides  are  AB  and  AM.  The  electromagnetic  force  is 
therefore  represented  by  the  area,  of  the  parallelogram  on  AB 
and  AM  multiplied  by  i.^,  and  is  in  the  direction  of  the  normal 
to  this  parallelogram,  drawn  so  that  AB,  AM,  and  the  normal 
are  in  right-handed  cyclical  order. 

Four  Definitions  of  a  Line  of  Magnetic  Ind-action. 

597.]  If  the  direction  AA',  in  which  the  motion  of  the  sliding 
piece  takes  place,  coincides  with  AM,  the  direction  of  the  mag- 
netic induction,  the  motion  of  the  sliding  piece  will  not  call 
electromotive  force  into  action,  whatever  be  the  direction  of  AB, 
and  iS  AB  carries  an  electric  current  there  will  be  no  tendency 
to  Blide  along  A  A'. 

Again,  if  AB,  the  sliding  piece,  coincides  in  direction  with 
AM,  the  direction  of  magnetic  induction,  there  will  be  no  elec- 
tromotive force  called  into  action  by  any  motion  of  AB,  and 
a  current  through  AB  will  not  cause  AB  to  be  acted  on  by 
meclianical  force. 


L 
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Wo  may  therefore  define  a  line  of  magnetic  induction  in  four 
different  ways.     It  is  a  line  bucIi  that 

(1)  If  a  conductor  be  moved  along  it  parallel  to  itself  it  will 
experience  no  electromotive  force. 

(2)  If  a  conductor  carrying  a  current  be  free  to  move  along 
a  line  of  magnetic  induction  it  will  experience  no  tendency  to 
do  so. 

(3)  If  a  linear  conductor  coincide  in  direction  with  a.  line  of 
magnetic  induction,  and  be  moved  parallel  to  itself  in  any  direc- 
tion, it  will  experience  no  electromotive  force  in  the  direction  of 
ita  length. 

(4)  If  a  linear  conductor  carrying  an  electric  current  coincide 
in  direction  with  a  line  of  magnetic  induction  it  will  not  ex- 
perience any  mechanical  force. 

General  Equations  of  Electromotive  Intensity. 
598.]  We  have  seen  that  E,  the  olectromotive  force  due  to  in- 
duction acting  on  the  Becondary  oircait,  ia  equal  to  —  ~,  where 

To  determine  the  value  of  E,  let  ub  differentiate  the  qnsntity 
under  the  int^ral  sign  with  respect  to  t,  remembering  ih&t  if  the 
secondary  circuit  ie  in  motion,  x,  y,  and  z  are  functions  of  the 
time.    We  obtain 

„  r,dF  dx      dG  dy      dH  dz^  , 

^^-Jy-did^+did^-^-dtdi)'^ 

_  f/dFdx      dGdy      dH^d^s^^ 
J  ^dx  de      dx  de       dx  da^dt 

J  Wy  de  "^  dy  da  "•"  dy  daht 

j^dz  da  "^  dz  da  '^  dz  dafdt 

„  d^x       „  dSi      „  rf*2  X  ,  ,„, 

Now  consider  the  second  line  of  the  integral,  and  substitute 
from  equations  (A),  Art.  591,  the  values  of  -y  and-^— •     Thia 


,=/(. 


-/( 
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598.] 


tiae  then  becomcB, 


-/« 


dFdx 
dx  da 


dFdy 
dy  de 


dFdz^dx 
d^da'dt'^' 


da  da 

which  we  may  write 

c^-b-  ^ „ 

(/b         ds  "^  da^  dt  " 

Treating  the  third  and  fourth  lines  in  the  same  way,  and  col- 


-/(" 


lecting  the  terms 


dx    dy 


ds 
and  -J- 1  remembering  that 


y  Ws  dt   "^     dadt' 


da^F 


dx 


Ws  dt   "^■''  dadt''"""  dt'  f^^ 

and  therefore  that  the  integral,  -when  taken  round   the  closed 
curve,  vanishes. 


^/o 


dH.dz  , 


dt       dt  ^ds 
We  may  write  this  expression  in  the  form 

where  (J*  =  c  -^  —  6  - 


dt 


dt 
.  ds 

dx 
'di- 


da 

dF  _ 

dt 

dO  _ 

dt 


6 


P  _  ,  rfa        dy     dH 
"-    di~''di~~dt~di 


da' 
d*  \ 
dx'\ 

dy'  I 

d* 


(<) 


(5) 


Equationi  of 

Electromotiv'e 
Intenrity. 


The  terms  involving  the  new  quantity  *  are  introduced  for 
the  saiie  of  giving  generality  to  the  expressions  for  P,  Q,  R, 
They  disappear  from  the  integral  when  extended  round  the 
closed  circuit.  The  quantity  +  is  therefore  indeterminate  as  far 
as  regards  the  problem  now  before  us,  in  which  the  electro- 
motive force  round  the  circuit  is  to  be  determined.  We  shall 
find,  however,  that  when  we  know  all  the  circumstances  of  the 
problem,  wo  can  assign  a  definite  value  to  *,  and  that  it  re- 
presents, according  to  a  certain  definition,  the  elccii'ic  potential 
at  the  point  (a;,  y,  s). 


S=/7 
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The  quantity  under  the  integral  sign  in  equation  (5)  re- 
presents the  electromotive  mtenaity  acting  on  the  element  ds 
of  the  circuit. 

If  we  denote  by  T.(S,  the  numerical  value  of  the  resultant  of 
P,  Q,  and  R,  and  by  e,  the  angle  between  the  direction  of  this 
resultant  and  that  of  the  element  iln,  we  may  write  equation  (5), 

fT.Qcoatds.  (6) 

The  vector  (S  is  the  electromotive  intensity  at  the  moving 
element  (/s.  Its  direction  and  magnitude  depend  on  the  position 
and  motion  of  ds,  and  on  the  variation  of  the  magnetic  field,  but 
not  on  the  direction  of  dn.  Hence  we  may  now  disregard  the 
circumstance  that  ds  forms  part  of  a  circuit,  and  consider  it 
simply  as  a  portion  of  a  moving  body,  acted  on  by  the  electro- 
motive intensity  @.  The  electromotive  intensity  has  already 
been  defined  in  Art.  68.  It  is  also  called  the  resultant  electrical 
intensity,  being  the  force_which  would  be  experienced  bj^  a  imit 
of  positive  electricity_ placed^  that  point.  We  have  now  ob- 
tained  the  most  general  value  of  this  qusjitity  in  the  case  of 
a  body  moving  in  a  magnetic  field  due  to  a  variable  electric 
system. 

If  the  body  is  a  conductor,  the  electromotive  force  will  pro- 
duce a  current ;  if  it  is  a  dielectric,  the  electromotive  force  will 
produce  only  electric  displacement. 

The  electromotive  intensity,  or  the  force  on  a  particle,  must  bo 
carefully  distinguished  from  the  electromotive  force  along  an  are 
of  a  curve,  the  latter  quantity  being  the  line-integral  of  the 
former.     See  Art.  69. 

B99.]  The  electromotive  intensity,  the  components  of  which  are 
defined  by  equations  (B),  depends  on  three  circumstances.  The 
first  of  these  is  the  motion  of  the  particle  through  the  magnetic 
field.  The  part  of  the  force  depending  on  this  motion  is  ex- 
pressed by  the  first  two  terms  on  the  right  of  each  equation.  It 
depends  on  the  velocity  of  the  particle  transvexse  to  the  lines  of 
magnetic  induction.  If  (^  is  a  vector  representing  the  velocity, 
and  S  another  representing  tho  magnetic  induction,  then  if  @i  is 
the  part  of  the  electromotive  intensity  depending  on  the  motion, 
et=K©S,  (7) 

or,  the  electromotive  intensity  is  the  vector  part  of  the  product 
of  the  magnetic  induction  multiplied  by  the  velocity,  that  ia  to 
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600.] 

8ay,  tho  iDagmtude  of  the  electromotive  intensity  is  reprefieuted  by 
the  area  of  tho  parallelograui,  whose  sides  represent  the  velocity 
and  the  magnetic  induction,  and  its  direction  is  the  normal  to 
this  parallelogram,  drawn  so  that  the  velocity,  the  magnetic  in- 
duction, and  the  electromotive  intensity  are  iu  right-handed 
cyclical  order. 

The  third  term  in  each  of  the  equations  (B)  depends  on  the 
time-vaiiation  of  the  ma^etio  field.  This  may  be  due  either 
to  the  time- variation  of  the  electric  current  in  the  primary 
circuit,  or  to  motion  of  the  primary  circuit.  Let  (S^  be  the  part 
of  the  electromotive  intensity  which  depends  on  these  terms. 
Its  components  are 

dF  dO  ,       dH 

d% 
and    these   are   the   components   of  the  vector, tt  or   —  W. 

ilt^ice,  e,  =  -  81.  {8) 

The  last  term  of  each  equation  (B)  is  due  to  the  variation  of 

the  function  +  in  different  parts  of  the  field.     Wo  may  write 

the  third  part  of  the  electromotive  intensity,  which  is  duo  to  this 

t^"^.  %  =  -  V*.  (9) 

The  electromotive  intensity,  as  defined  by  equations  (E),  may 

therefore  be  WTitten  in  the  quaternion  form, 

e=  F.@®-3l-V*.  (10) 

On  tJie  Modification  of  the  Equations  of  Electroviotive  Intrnidty 
v;ken  the  Axes  to  ■which  they  are  refei'^red  are  moving  in  Space, 

600.]  Let  of,  y',  z'  be  the  coordinates  of  a  point  referred  to  a 
system  of  rectangular  axes  moving  in  space,  and  let  3:,  y,  s  be  the 
coordinates  of  the  same  point  referred  to  fixed  axes. 

Let  the  components  of  the  velocity  of  the  origin  of  the  moving 
system  be  v.,  v,  w,  and  those  of  its  angular  velocity  lu,,  oi^,  wb 
referred  to  the  fixed  system  of  axea,  and  let  us  choose  the  fixed 
axes  80  as  to  coincide  at  the  given  instant  with  the  moving 
ones,  then  the  only  quantities  which  will  be  different  for  the  two 
systems  of  axes  will  be  those  differentiated  with  lespoct  to  the 

time.     If  rr  denotes  a  component  velocity  at  a  point  moving 

in  rigid  ( 


with  the  moving  axes,  and  -,^  and  -^^   those 


di 


dt 
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of  any  moving  point,  having  the  same  instantaneouB  poeition, 
referred  to  the  fixed  and  the  moving  axes  respectively,  then 

lix  _  hx      duf 

di  ~  bt'^  ~di' 
with  similar  equations  for  the  other  components. 

By  the  theory  of  the  motion  of  a  body  of  invariable  form. 


U 


I 


Since  F\a&  component  of  a  directed  quantity  parallel  to  x,  if 
-j--  be  the  value  of  -jt  referred  to  the  moving  axes,  it  may  be 
shewn  that  r- 

dF'      dFl^-c  .  dFly  ,  dFtz  .  ^         „     ,  dF 

(3) 


dt 
Substituting  for 


dF^  .dFljy 
dxSt       dy  U 


dFtz 


-Hio.- 


dt 


dF 


and 


their  values  aa  deduced  from  the 
bering  that,  by  (2), 


equationa  (A)  of  magnetic  induction,  and 

dxU  "   '      dxU  ""'■  dxbt        "» 
we  find 

dF^_dFix        d^^     dGby  d^6y     dH&e 

dt  ~  dxit^    dxit      dxit  dxU  "''  dxU 


+  ff 


d  Iz 


li  we  now  put 


W 
■U--U-  W 

dF  _     d-V       hy       82      dF 
dt  —  <fe     'u*'S*~S'  P' 

The  equation  for  P,  the  component  of  the  electromotive  inten- 
sity parallel  to  X,  is,  by  (B), /l-'^'?^ 

n        dy     .dz      dP     d* 
•P  =  Ct7 -^TT- -ir--7->  (8) 

dt       dt      dt      dx  ^  ' 

referred  to  the  fixed  axes.    SubetvtAiting  the  valncs  of  the  qnanti- 
ties  as  Inferred  to  the  moving  axes,  we  have 
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r=e 


(9) 


i  iDtensity  is 

r  the  motions 

s  moving  i 


-li" 


'  (it         dt        dt  dx      ' 

for  the  value  of  P  referred  to  the  moving  axes. 

601.]  It  appears  from  this  that  the  electromotiv 
expressed  by  a  formula  of  the  aame  type,  whethei 
of  the  conductors  bo  referred  to  fixed  axes  or  to  i 
space,  the  only  difference  between  the  formula;  being  that  in 
the  ease  of  moving  axes  the  electric  potential  *  must  be  changed 
into  *  +  4^. 

In  all  cases  in  which  a  current  is  produced  in  a  conducting 
circuit,  the  electromotive  force  is  the  line-integral 

taken  round  the  curve.  The  value  of  *  disappears  from  this 
integral,  so  that  the  introduction  of  4^  has  no  influence  on  its 
value.  In  all  phenomena,  therefore,  relating  to  closed_circuit8 
and  the  fiirrnnhi_in_thf'm,  it  ia  innTfTfigTit^  wh^thfr  tiie_aKe8 
to  Which  we  refer  the  system  be  at  reat  or  in  motion.     See 

On  the  Electrvmagiietic  Force  cuiing  on  a  Covductor  wltkh 

carviet  an  Electric  Current  through  a  Magnetic  Field, 

602.]  We  have  seen  in  the  general  investigation,  Art.  583,  that 

if  iCj  is  one  of  the  variables  which  determine  the  position  and 

form  of  the  secondary  circuit,  and  if  X,  is  the  force  acting  on 

the  secondary  circuit  tending  to  increase  this  variable,  then 

^       dM  .   . 


~  dx. 


Since  j'j  is  independent  of  arj,  we  may  write 
.nd  we  have  for  the  value  of  Xj, 

X,: 


-i/(^£-^^ 


'^^%d- 


(1) 


(2) 


(3) 


Now  let  us  suppose  that  the  displacement  consists  in  moving 
every  point  of  the  circuit  through  a  distance  tx  in  the  direction 
of  X,  bx  being  any  continuous  function  of  s,  so  that  the  different 
parts  of  the  circuit  move  independently  of  each  other,  while  the 
circuit  remains  continuoua  and  closed. 
B  3 
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Also  lot  .V  be  the  total  force  in  the  direction  of  x  acting  on 
tin-  part  of  the  circuit  from  8  =  0  to  s  =  e,  then  the  part  corre- 
sponding to  the  element  ih  will  be  -r-t/*'-     We  shall  then  have 

the  following  expression  for  the  work  done  by  the  force  during 
the  displace m en t, 

where  the  integration  is  to  be  extended  round  the  closed  curve, 
remembering  that  8^  ia  on  arbitrary  function  of  s.  We  may 
therefore  perform  the  differentiation  with  respect  to  bx  in  the 
3umo  way  that  we  differentiated  with  respect  to  (  in  Art.  598, 
remembering  that 

(Ix       .       dy       „  ,     dz       ^  ,„, 

— -  -  1,    T-.--  =  0,    and    Ti-  =  0-  {^) 


dix        '    dbx        '  dix 

We  thus  find 


The  laat  term  vanishes  when  the  integration  is  extended 
round  the  closed  curve,  and  since  the  equation  must  hold  for  all 
fonns  of  the  function  8a;,  we  must  have 

an  equation  which  gives  the  force  parallel  to  a;  on  any  unit 
element  of  the  circuit.    The  forces  parallel  to  y  and  z  are 

dY      .  ,  dx       dx<.  ,. 

The  resultant  force  on  the  element  is  given  in  direction  and 
magnitude  by  the  quaternion  expression  i^  V.dp^,  where  i^  is  the 
numerical  measure  of  the  current,  and  dp  and  ®  are  vectors 
representing  the  element  of  the  circuit  and  the  magnetic  in- 
duction, and  the  multiplication  is  to  he  understood  in  the  Hamil- 
tonian  sense. 

60S.]  If  the  conductor  is  to  be  treated  not  aa  a  line  but  as  a 
body,  we  must  express  the  force  on  the  element  of  length,  and  the 
current  through  the  complete  section,  in  terms  of  symbolB  danotisg 
the  force  pet  unit  of  volume,  and  the  current  per  unit  of  area. 

Let  X,  Y,  Z  now  represent  the  components  of  the  foroe  referred 


1 
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to  unit  of  volume,  and  u,  v,  w  thoao  of  tho  curront  referred 
to  unit  of  area.  Then,  if  S  represents  tho  section  of  the  con- 
ductor, which  we  shall  suppose  small,  the  volume  of  the  element 

Hence,  equation  (7)  will  become 

:  S{vc-wb),  .      (10) 

qnntioiui  of 

itnmu^rDetic  ((J) 


[',,  dx 


Simiiarlj 
and 


=  vc  — «j6.\ 
=  vxi—uc,  V 
=  uh  —va.f 


XSda 
ds     '' 
X  =  vc 

Y: 

Z-. 

Here  X,  1'  Z  are  the  components  of  the  electromagnetic  force 
on  an  element  of  a  conductor  divided  by  the  volume  of  that 
element ;  it,  v,  w  are  the  components  of  the  electric  current 
through  the  element  referred  to  unit  of  area,  and  «,  b,  c  are  the 
components  of  the  magnetic  induction  at  the  element,  which  are 
also  referred  to  unit  of  area. 

If  the  vector  %  represents  in  magnitude  and  direction  the  force 
acting  on  unit  of  volume  of  the  conductor,  and  if  S  represents 
the  electric  current  flowing  through  it, 

g  =  1^.693.  (11) 

[The  eqnatione  (B)  of  Art.  S98  m»y  be  proved  by  the  following  method,  derive<l 
froM  Profeiuor  Maxwell'i  Memoir  on  A  Dynuniul  Theory  of  the  Electromagnetic 
Field.    Piil.  Trant.  186S,  pp.  459-512. 

The  time  vari»tioo  of  —p  mny  be  taken  in  two  putts,  one  of  which  depends  md  til* 
other  doe*  not  depend  on  the  motion  of  the  circuit.     The  latter  part  i>  clearly 


-/(■ 


-.1,^^,1, 


7U 


To  find  the  former  let  ns  Cimitder  an  arc  It  Forming  part  of  ■  circuit,  and  let  ue 
imagine  this  arc  to  more  along  rails,  which  may  be  taken  as  parallel,  with  velr>city  » 
wluwe  compoaentt  are  i,  y,  i,  the  mt  of  the  circuit  being  meanwhile  iiipposed 
■tationary.  We  may  then  BUppou  (bat  a  Blnall  parallelogram  ia  generated  by  the 
moving  are,  the  direcdun-eoiinea  of  the  noraval  (o  which  are 
X  u  »  =  "y"""      '-i-"^       m*-Iy 

where  I,  m,  n  are  the  direction-oounei  of  Sf,  and  t  ia  the  angle  between  v  and  t«. 

To  veri^  the  aigni  of  X,  f.,  v  we  may  put  iii  »  —  1,  i  —  e ;  tbey  then  becoint 
0.  0,  -  1  as  they  ought  to  do  with  a  rigbt-banJeil  system  of  axes. 

Nxw  let  1,  b.  0  be  the  coinponenta  uT  magnetic  induction,  we  then  have,  due  to  the 
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from  the  ftWni  eipmuon  Tor  Dp ;  v!i.  l«t  the  arc  St  be  dinpUoed  in  the  dinotion 
I',  n',  «'  Ibrou^jb  a  diatauoe  St',  then 

Bpa  {r(nii-bn)-l-twonmilu'tcnns}  lit^. 
Now  let  X  be  the  2-componeiit  ut  the  force  apoD  Ibe  arc  t,  then  Tor  Quit  cmrent  K' 
find  bj  Art,  69fl, 


<I« 
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EgMtliom  of  the  Elfttromagnrtic  Field. 

{ If  wo  aHBiime  that  electric  onrronla  alwaja  flow  id  oloeed  circuits,  we  cim  wilfaont 
iDtrodccing  the  vector-potential  deduce  eqiwtiona  which  vil[  dslennine  the  ilAte  of 
the  eleotroma^etic  fleld. 

For  let  i  be  the  itrenjftli  of  the  ourrent  ronnd  aoj  drciiit  which  wb  ahall  u 
to  ba  ftt  rest.    The  aloctrokinetic  eoerg)!  T  due  U 
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n=)rfS, 


nunded  bj 
—jj  ths  total  eleclroiDDtive  furoe  raund  the  circuit  lending  U 


where  fLB  is  on  element  of  a  luiface  bounded  b;  the  Dorrent. 
„  ddT 


henoe  if  X,  7,  Z  are  the  componenM  of  the  electromDtire  inteiultj 
bni  b;  Stokei'  Theorem  the  left-bond  tide  of  thi>  e^aation  ii  eijiikl  to 
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ind  side  of  equation  (1,\  we  obtain,  li 
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in  an  insolator  whote  apecific  i  ,        .  .  .... 

itate  of  the  electromagnetio  field.     The  boandarr  couditioDi  at  any  aurface  an  that 
the  magneUo  induction  normal  to  the  Bnrface  skonld  be  oontinuoua,  and  that  the 

Thia  method  of  invealigaling  the  cleclromagnotic  field  bai  the  merit  of  diinpUcity. 
It  has  been  BtronKly  "iipported  by  Mr.  Hoavigide.  It  i*  not  however  no  general  aa 
tile  method  in  the  text,  which  could  be  applied  even  if  the  currents  did  not  alway* 
fiuw  in  cluaed  circuita.  j 


CHAPTER   IX. 


GENEEAL   EQUATIONS    OF   THE    ELECTROMAGNETIC    FIELD. 


604.]  I.v  our  theoretical  discuBaion  of  electrodyn arnica  we 
began  by  aBSuming  that  a  Byatem  of  circuits  carrying  electric 
currents  is  a  dynamical  syBtem,  in  which  the  currents  may  be 
regarded  as  velocities,  and  iji  which  the  coordinatea  corresponding 
to  these  velocities  do  not  them  selves  appear  in  the  equations. 
It  follows  from  this  that  the  kinetic  energy  of  the  syatem,  in 
so  far  as  it  depends  on  the  currents,  is  a  homogeneous  quadratic 
function  of  the  currents,  in  which  the  coefficients  depend  only 
on  the  foiTU  and  relative  position  of  the  circuits.  Assuming 
these  coefficients  to  be  known,  by  experiment  or  otherwise, 
we  deduced,  by  purely  dynamical  reasoning,  the  laws  of  the 
induction  of  currents,  and  of  eleetromngnetic  attraction.  In 
this  investigation  we  introduced  tho  conceptions  of  the  electro-. 
^B.tzjJ  kinetic_eiieEgy  of  a  system  of  currents,  of  the  electromagnetic^ 
^ftil.t't^  momentum  of  a  circuit,  and  of  the  mutual  potential  of  two 
■  circuits. 

^^  We  then  proceeded  to  explore  the  field  by  means  of  vaiious 

^B  configurations  of  the  secondary  circuit,  and  were  thus  led  to 
^1  the  conception  of  a  vector  ^,  having  a  determinate  magnitude 
^H  and  direction  at  any  ^ven  point  of  the  field.  We  called  this 
^B  vector  the  electromagnetic  momentum  at  that  point.  This 
^H  I  quantity  may  he  considered  as  the  time-integral  of  the  electro- 
^H  I  motive  intensity  which  would  be  produced  at  that  point  by  the 
^H  I  sudden  removal  of  all  the  currents  from  the  field.  It^  is 
^B  identical  with  the  quantity  already  investigated  in  Art.  405 
^H  as  the  vector-potential  qfjiagnetic  inductioji.  Its  components 
^B  pamllel  to  ar,  y,  and  z  are  F,  0,  and  H.  The  electromagnetic 
^H        momentum  of  a  circuit  is  the  line -integral  of  $1  round  the  circuit. 
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We  then,  by  means  of  Theorem  TV,  Art.  24,  transformed  the 
line-intcgiiil  of  91  into  the  surface-integral  of  another  vector,  93 
whose  components  are  a,  b,  c,  and  we  found  that  the  phenonema 
of  iDduction  due  to  motion  of  a  conductor,  and  tlioae  of  electro- 
magnetic force  can  be  expressed  In  terms  of  3.  We  gave  to 
©  tho  name  of  the  magnetic  induction,  since  its  properties  are 
identical  with  those  of  the  lines  of  magnetic  induction  as 
investigated  by  Faraday. 

We  also  established  three  seta  of  equations:  the  first  set, 
k^'VS  (A),  are  those  of  magnetic  induction,  expressing  it  in  terms  of 
Jj-23^the  electromagnetic  momentum.  The  second  set,  (B),  are  those 
'  of  electromotive  intensity,  expressing  it  in  terms  of  the  motion 
of  the  conductor  across  the  lines  of  magnetic  induction,  and 
of  the  rate  of  variation  of  the  electromagnetic  momentum, 
w.^tr'fije  third  set,  (C),  are  the  equations  of  electromagnetic  force, 
expressing  it  in  terms  of  the  current  and  the  magnetic  in- 
duction. 

The  current  in  all  these  cases  is  to  be  understood  aa  the 
actual  current,  which  includes  not  only  the  current  of  ood- 
ductioD,  but  the  current  due  to  variation  of  the  electric  dis* 
placement. 

The  magnetic  induction  9  is  the  quantity  which  we  have 
already  considered  in  Art.  400,  In  an  unmagnetized  body  it 
is  identical  with  the  force  on  a  unit  magnetic  pole,  but  if  the 
body  is  magnetized,  either  permanently  or  by  induction,  it  is 
the  force  which  would  be  exerted  on  a  unit  pole,  if  placed  in 
a  narrow  crevasse  in  the  body,  the  walls  of  which  are  jer- 
jendicular  to  the  direction  of  magnetization.  The  compon«sta 
of  S  are  a,  h,  c. 

It  fullows  from  the  equations  (A),  by  which  u,  b,  c  are  defined. 

^'^"^  du       db     .dc 

+   —  +  -  =  0. 
dx      dy      dz 

This  was  shewn  at  Art.  403  to  be  a  property  of  the  magnetic 
induction. 

605.)  We  have  defined  the  magnetic  force  within  a  magnet, 
as  distinguished  from  the  magnetic  induction,  to  be  tlio  foree 
un  a  unit  pole  placed  in  a  narrow  crevasse  out  parallel  to  tho 
direction  of  magnetization.  This  quantity  is  denoted  by  ^,  and 
ita  componente  by  a,  !^,  y.    See  Art.  398. 
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If  3  is  tbe  iotenaity  uf  magnetization,  and  A,  B,  C  its 
components,  then,  by  Art.  400,* 

*  =  T***W  6=^  +  47rit,     [  (Eqi,.lloi«>  of  Magnetization,!  (D) 

^  C  =  y+4-^a    ) 

We  may  call  these  the  equations  of  magnetization,  and  they 
indicate  that  in  the  electromagnetic  system  the  ma^etic  in- 
duction i',  considered  as  a  vector,  is  the  sum,  in  the  Hamiltonian 
sense,  of  two  vectors,  the  magnetic  force  ^,  and  the  magnetiza- 
tion 3  multiplied  by  iir,  or 

©  =  ^4-4^3. 
In  certain  substances,  the  magnetization  depends  on  the  mag- 
netic force,  and  this  is  expressed  Ity  the  system  of  equations  of 
induced  magnetisiu  given  at  Arts.  436  and  435. 

606,]  Up  to  this  point  of  our  investigation  we  have  deduced 
everything  from  purely  dynamicaJ  considerations,  without  any 
reference  to  quantitative  eKperiments  in  eleetiicity  or  magnetism. 
The  only  use  we  have  made  of  experimental  knowledge  is  to 
recognise,  in  the  alistract  quantities  deduced  from  the  theory, 
the  concrete  quantities  discovered  by  experiment,  and  to  denote 
them  by  names  which  indicate  their  physical  relations  rather 
than  their  mathematical  generation. 

In  this  way  we  have  pointed  out  the  existence  of  the  electro- 
magnetic moDientum  91  as  a  vector  whose  direction  and  mag- 
nitude vary  from  one  part  of  spac«  to  another,  and  from  this  we 
have  deduced,  by  a  uiatbematical  process,  the  magnetic  induction, 
39,  as  a  derived  vector.  We  have  not,  however,  obtained  any 
data  for  determining  either  91  or  33  from  the  distribution  of 
currents  in  the  field.  For  this  purpose  we  must  find  the  mathe- 
matical connexion  between  these  quantities  and  the  currents. 

We  begin  by  admitting  the  existence  of  permanent  magnets, 
the  mutual  action  of  which  satisfies  the  principle  of  the 
conservation  of  energy.  We  make  no  assumption  with  respect 
to  the  laws  of  magnetic  force  except  that  which  follows  from 
thia  principle,  namely,  that  the  force  acting  on  a  magnetic  pole 
must  be  capable  of  being  derived  from  a  potential. 

We  then  observe  the  action  between  currents  and  magnets, 
and  we  find  that  a  current  acts  on  a  magnet  in  a  manner 
apparently  the  same  as  another  magnet  would  act  if  its  strength, 
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form,  and  position  were  properly  adjusted,  and  that  tbo  magnet 
acts  on  the  current  in  the  same  way  as  another  current.  These 
ohBer\'atioiis  need  not  be  supposed  to  be  accompanied  by 
actual  measurements  of  the  forces.  They  are  not  therefore  to 
be  considered  as  furnishing  numerical  data,  but  are  useful  only 
in  suggesting  questions  for  our  consideration. 

The  question  these  observations  suggest  is,  whether  the  mag- 
netic field  produced  by  electric  currents,  as  it  is  similar  to  tliat 
produced  by  permanent  magnets  in  many  respects,  resembles  it 
also  in  being  related  to  a  potential  ? 

The  evidence  that  an  electric  circuit  produces,  in  the  space 
surrounding  it,  magnetic  effects  precisely  the  same  aa  those 
produced  by  a  magnetic  shell  bounded  by  the  circuit,  has  been 
stated  in  Arts.  482-485. 

We  know  that  in  the  case  of  the  magnetic  shell  there  is  a 
potential,  which  has  a  determinate  value  for  all  points  outside 
the  substance  of  the  shell,  but  that  the  values  of  the  potential 
at  two  neighbouring  points,  on  opposite  sides  of  the  shell,  difier 
by  a  finite  quantity, 

If  the  magnetic  field  in  tbe  neighbourhood  of  an  electric 
current  resembles  that  in  the  neighbourhood  of  a  magnetic  shell, 
the  magnetic  potential,  as  found  by  a  line -integration  of  the 
magnetic  force,  will  be  the  same  for  any  two  lines  of  integration, 
provided  one  of  these  lines  can  be  transformed  into  the  other  by 
continuous  motion  vrithout  cutting  the  electric  current. 

If,  however,  one  line  of  integration  cannot  be  transformed 
into  the  other  without  cutting  the  current,  the  line-integral  of 
the  magnetic  force  along  the  one  line  will  differ  from  that  along 
tbo  other  by  a  quantity  depending  on  the  strength  of  the 
current.  The  magnetic  potential  duo  to  an  electric  current  ia 
therefore  a  function  having  an  infinite  series  of  values  with 
a  common  difference,  the  particular  value  depending  on  the 
courae  of  the  lino  of  integiation.  Within  the  sul>8tance  of  the 
conductor,  there  is  no  such  thing  bs  a  magnetic  potential. 

607.]  Assuming  that  the  magnetic  action  of  a  current  haa 
a  magnetic  potential  of  this  kind,  we  proceed  to  express  thia 
result  mathematically. 

In  the  first  place,  the  line-integral  of  the  magnetic  force  round 
any  closed  curve  is  zero,  provided  the  closed  curve  does  not 
surround  the  electric  current. 


607.] 
In  t 
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L  the  next  place,  if  the  current  paaaes  once,  and  only  once, 
through  the  closed  cai-vo  in  the  positive  direction,  the  line- 
integral  has  a  determinate  value,  which  may  be  used  as  a 
measure  of  the  strength  of  the  current,  For  if  the  cloaod  curve 
alters  its  form  in  any  continuous  naanner  without  cutting  the 
current,  the  line-integral  will  remain  the  same. 

In  electromagnetic  measure,  the  line-integi-al  of  the  magnetic 
force  round  a  closed  curve  is  numerically  etjual  to  the  current 
through  the  closed  curve  multipled  by  in. 

If  we  take  for  the  closed  curve  the  rectangle  whose  sides 
are  dy  and  ds,  the  line-integral  of  the  magnetic  force  round  the 
parallelogram  is  (/        ^^ 

and  if  u,  v,  w  are  the  components  of  the  flow  of  electricity,  the 
current  through  the  pai'allelogram  is 
u  dy  ds. 
Multiplying  this  by  4  tt,  and  equating  the  result  to  tho  line- 
integral,  we  obtain  the  ec^uation 

dy       dz 
with  the  similar  equations 
f     .     s  a/  .  da       dy 

Q  dz       ax 

_d^  __  da 
~  dx      dy 
which  determine  the  mngnitude  and  direction  of  the  electric 
currents  when  the  magnetic  force  at  every  point  ifi  given. 

When  there  is  no  current,  these  equations  are  equivalent  to 
the  condition  that 
^,*i*V-i;i  adx  +  ^dy  +  ydz  =  -Z>ii. 

or  that  the  magnetic  force  is  derivable  from  a  magnetic  poten- 
tial in  all  points  of  the  field  where  there  are  no  currents. 

By  differentiating  the  equations  (E)  with  respect  to  x,  y,  and  2 
respectively,  and  adding  the  results,  wc  obtain  the  equation 
du      dv      dw 
ilx      dy       dz 
which  indicates  that  the  current  whose  components  are  «,  v,  v; 
is  subject  to  the  condition  of  motion  of  an  incompressible  fluid, 
Bad  that  it  must  necessarily  flow  in  closed  circuits. 
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This  equation  ia  true  only  if  we  take  u,  v,  and  w  as  the  oom- 
ponenta  of  that  electric  flow  which  ia  due  to  the  variation  of 
electric  displacement  as  well  aa  to  true  conduction. 

We  have  very  little  experimental  evidence  relating  to  the 
direct  electromagnetio  action  of  currents  due  to  the  variation  of 
electric  displacement  in  dielectrics,  but  the  extreme  difficulty 
of  reconciling  the  laws  of  electroma^etism  with  the  existence 
of  electric  currents  which  aro  not  closed  is  one  reason  amoi^ 
many  why  we  must  admit  tLe  existence  of  ti'ansient  currents 
due  to  the  variation  of  displacement.  Their  importance  will  be 
seen  when  we  come  to  the  electromagnetic  theory  of  light. 

608,]  We  have  now  determined  the  relations  of  the  principal 
quantities  concerned  in  the  phenomena  discovered  by  Orst^d, 
Ampfere,  and  Faraday.  To  connect  these  with  the  phenomena 
described  in  the  former  parta  of  this  treatise,  some  additional 
relations  are  neceasary. 

When  electromotive  intensity  acta  on  a  material  body,  it  pro- 
duces in  it  two  electrical  effects,  called  by  Faraday  Induction 
and  Conduction,  the  fii'st  being  most  conspicuous  in  dielectrice, 
and  the  second  in  conductor  a. 

In  this  treatiae,  static  electric  induction  is  measured  by  what 
we  have  called  the  electric  dieplacement,  a  directed  quantity  or 
vector  which  we  have  denoted  by  D,  and  its  components  by 
/,  9, '.. 

In  isotropic  substances,  the  displacement  is  in  the  same 
direction  as  the  electromotive  intensity  which  produces  it,  and 
ia  proportional  to  it,  at  least  for  small  values  of  this  intensity. 
This  u  ay  be  expressed  by  the  equation 

where  K  ia  the  dielectric  capacity  of  the  substance.  See 
Art.  68. 

In  substances  which  are  not  isotropic,  the  componenta  /  5,  A 
of  the  electric  displacement  E  are  linear  functions  of  the  com- 
ponents P,  Q,  It  of  the  electii'omotive  intensity  ©. 

The  form  of  the  eqiiationa  of  electric  displacement  is  similar 
to  that  of  the  equations  of  conduction  as  given  in  Art.  298. 

These  relations  may  be  expressed  by  saying  that  ^  is,  in 
isotropic  bodies,  a  scalar  quantity,  but  in  other  bodies  it  is  a 
linear  and  vector  function,  operating  on  the  vector  @. 
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6,,.] 

609.]  Tlie  other  effect  of  electromotive  intensity  is  conduction. 
The  laws  of  condactioo  as  the  result  of  electromotive  intensity 
were  est&bUshed  by  Ohm,  and  are  explained  in  the  second  part  of 
this  treatise.  Art.  241.    They  may  be  summed  up  in  the  equation 
if  =  Cg,  (EquaUonofCundiictWily.)  (G) 

where  6  i»  the  electromotive  intensity  at  the  point,  St  \a  the 
density  of  the  current  of  conduction,  the  components  of  whtcb 
are  p,  q,  and  r,  and  C  is  the  conductivity  of  tbe  substance, 
which,  in  the  case  of  isotropic  substances,  is  a  simple  scalar 
quantity,  but  in  other  substances  becomes  a  linear  and  vector 
function  operating  on  the  vector  ii.  The  form  of  this  function 
is  given  in  Cartesian  coordinates  in  Art.  298. 

610.]  One  of  the  chief  peculiarities  of  this  treatise  is  the 
doctrine  which  it  asserts,  that  the  true  electric  cuiTent  6,  that 
on  which  the  electromagnetic  phenomena  depend,  is  not  the 
same  thing  as  Jf,  the  current  of  conduction,  but  that  the  time- 
variation  of  2),  the  electric  displacement,  must  be  taken  into 
account  in  estimating  the  total  movement  of  electricity,  so  that 
we  must  write, 

S  =  fl+2),         CEqaationofTrueCmrenU.)        (H) 
or,  in  terms  of  the  components, 

da 

611,]  Since  both  jf  and  2)  depend  on  tbe  electromotive  intenaity 
@,  we  may  express  tbe  true  current  S  in  terms  of  the  electro- 
motive intensity,  thus 

(I) 


(!•) 


(H«) 


s  =  (c 

*h''M 

<s. 

in 

the 

case  in 

which  C  and  K  are  Constanta 

u  =  CP  + 

v  =  CQ  + 

1    „dQ 

k 

w  =  CR  + 

1    „rfi! 
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612,]  The  volume-density  of  the  free  electricity  at  any  point 
18  found  from  the  components  of  electric  displacement  by  the 
equation  ^f       ^g      jf^ 

613.]  The  surface-density  of  electricity  ia 

<T=  l/+vig  +  n  h  +  I'f  +  m'^  +  n'h',  (K) 

where  1, 7l^,  51  are  the  direction-coBinea  of  the  normal  drawn  from 
the  surface  into  the  medium  in  which  /,  g,  k  are  the  components 
of  the  displacement,  and  I',  m.',  n'  are  those  of  the  normal  drawn 
from  the  surface  into  the  medium  in  which  they  aie/,  </',  h'. 

614.]  When  the  magnetization  of  the  medium  is  entirely 
induced  by  the  magnetic  force  acting  on  it,  we  may  write  the 
equation  of  induced  magnetization, 

S=F.&,  (L) 

where  ^  ia  the  coefficient  of  magnetic  permeability,  which  may 
be  considered  a  scalar  quantity,  or  a  linear  and  vector  function 
operating  on  §,  according  as  the  medium  is  isotropic  or  not. 

615.]  These  may  be  regarded  as  the  principal  relations  among 
the  quantities  we  have  been  considering.  They  may  be  com- 
bined BO  as  to  eliminate  some  of  these  quantities,  but  our  object 
at  present  b  not  to  obtain  compactness  in  the  mathematical 
formulae,  but  to  express  every  relation  of  which  we  have  any 
knowledge.  To  eliminate  a  quantity  which  expresses  a  useful 
idea  would  be  rather  a  loss  than  a  gain  in  this  stage  of  oar 
enquiry. 

There  is  one  result,  however,  which  we  may  obtein  by  com- 
bining equations  (A)  and  (E),  and  which  is  of  very  great  im- 
portance. 

If  we  suppose  that  no  ma^ets  exist  io  the  field  except  in  the 
form  of  electric  circuits,  the  distinction  which  we  have  hitherto 
maintained  between  the  magnetic  force  and  the  magnetic  in- 
duction vanishes,  because  it  is  only  in  magnetized  matter  that 
these  quantities  diifer  from  each  other. 

According  to  Ampere's  hypothesis,  which  will  be  explained  in 
Art.  833,  the  properties  of  what  we  call  magnetized  matter  are 
duo  to  molecular  electric  circuits,  so  that  it  ia  only  when  we 
regard  the  substance  in  large  masses  that  our  theory  of  mag- 
netization is  applicable,  and  if  our  mathematical  methods  are 
supposed  capable  of  taking  a.ccount  of  what  goc«  on  within  the 
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individual  molecules,  they  will  discover  nothing  but  electric 
circuits,  and  we  shall  find  the  magnetic  force  and  the  magnetic 
induction  everywhere  identical.  In  order,  however,  to  be  able 
to  make  use  of  the  electrostatic  or  of  the  electromagnetic  system 
of  measurement  at  pleasure  we  shall  retain  the  coefficient  fi, 
remembering  that  its  value  is  unity  in  the  electromagnetic 
system. 

616.]  The   components  of  the  magnetic   induction   are   by 
equations  (A),  Art.  591, 

""  dy       dz 


.      dF 
^'^  dz- 

dH 

dx  ' 

dO 
dx 

dF 
dy 

The  components  of  the  electric  current  are  by  equations  (E), 
Art.  607,  given  by  ^y      dB   \ 

__  da      dy 
~'  dz      dx' 
dB      da 
dx      dy 

According  to  our  hypothesis,  a,  6,  c  are  identical  with  fxa,  fxj3, 
fiy  respectively.    We  therefore  obtain  {when  fx  is  constant} 


d?G       d?F     d?F      d^H 


If  we  write 


and" 


j-^     dO      dH 
~  dx      dy       da 


we  may  write  equation  (1 ), 


dsB*     dy*     d^' 


dJ 


(1) 
(2) 
(3) 


Similarly, 


(4) 


*  The  negative  sign  li  employed  here  in  order  to  make  our  expreisions  consiBtent 
with  those  in  which  Quatermons  are  employed. 
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(») 


X  -  rjfj-r^^y^  w 


wImm  r  in  the  diftanoe  of  the  given  point  from  tlie  elemeBft 
(^»  Vi  *)  *nd  the  integmtioDs  are  to  be  extended  over  all  spaioej 

(to 


dy 


(r) 


da  ! 

The  qtmntlty  x  flimppears  from  the  equations  (A),  and  it  is 
tiol  relaiiMl  to  any  pliysioal  phenomenon.  If  we  suppoee  it  to  be 
ffnrci  eV(«rywhorti,  J  will  also  be  sero  everywhere,  and  equations 

(n),  fMiiltilt)|(  Iho  iinoontH,  will  give  the  true  values  of  the 
iM)in|Minon(r4  of  VI. 

CU7.|  \V«*  lurtv  (liprpfoiv  adopt,  an  a  definition  of  SL  that  it 
Ih  iho  voolor-poU^uUal  of  tho  electric  ciirrentj_ataiiding  in  the 
m\\\o  n'Intion  to  tho  oloctric  current  that  the  scalar  potential 
hUimIh  to  tho  nmttor  of  which  it  is  the  potential,  and  obtained 
hy  a  wiiuilar  pn>oos8  of  integration,  which  may  be  thus  de- 
McrilH^l  :  — 

Fr\un  A  given  j'K^int  let  a  vector  bo  drawn,  representing  in 
uts^nitude  and  direction  a  given  element  of  an  electric  current, 
dividtsl  hy  the  numerical  value  of  the  distance  of  the  element 
ft\Mu  the  givon  ]x^int.  IjcX  this  Iv  done  for  every  element  of 
the  ohvtrio  curnnt.  The  resultant  of  all  the  vectors  thus 
t\>und  is  tho  ^x^t<  niial  of  the  whole  current.  Sinc^  the  curr^it 
is  1^  vtvtoT  quantity,  its  potential  is  also  a  vector.     See  Art.  i22. 

When  t.he  distribution  of  tl«rtric  currents  is  given,  thei«  is 
,^n<v  aTid  only  one..  di>mbutic»n  of  the  values  of  SL  such  that  9 
i>  ex'crj  where  firiit*  and  contiDaoufe  and  satisfies  the  equatii 

AT)d  x-anishos  ai  an  infrrirnr  dMASxw:  froiD  th«;  cJeetric 
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This  value  is  that  given  by  equationa  (5),  which  may  be  written 
in  the  quaternion  form 


^  =  i,fffidxdy<h. 


Quaternion  Expressions  for  the  Mecfrmnagnetic  EqiutHa-na. 

618.]  In  thia  treatise  we  have  endeavoured  to  avoid  any 
process  demanding  from  the  reader  a  knowledge  of  the  Calculus 
of  Quaternions.  At  the  same  time  we  have  not  scrupled  to 
introduce  the  idea  of  a  vector  when  it  was  necessary  to  do  so. 
When  we  have  had  occasion  to  denote  a  vector  by  a  symbol, 
we  have  used  a  German  letter,  the  number  of  different  vectors 
being  so  great  that  Hamilton's  favourite  symbols  would  have 
l>een  exhausted  at  once.  Whenever  therefore  a  German  letter 
is  used  it  denotes  a  Hamiltonion  vector,  and  indicates  not  only 
its  magnitude  but  its  direction.  'J'he  constituents  of  a  vector 
are  denoted  by  Roman  or  Greek  letters. 

The  principal  vectors  which  we  have  to  consider  are 
Symbol  of 


The  radius  vector  of  a  point p  x   y   ^ 

The  electromagnetic  momentum  at  a  point  21  FG  H 

The  magnetic  induction ©  ah  v 

The  (total)  electric  current 6  ti  v  w 

The  electric  displacement 55  /  (/    h 

The  electromotive  intensity  (J  P  Q  R 

The  mechanical  force S  X  Y  Z 

The  velocity  of  a  point  ®  or  ;i     *  _^  i 

The  magnetic  force ^  "  /^  V 

The  intensity  of  magnetization 3  ABC 

The  current  of  conduction ff  J'  ^  >" 

We  have  also  the  following  scalar  functions : 

The  electric  potential  +. 

The  magnetic  potential  (where  it  exists)  it. 

The  electric  density  t. 

The  density  of  magnetic  '  matter '  m. 
Besides   these  we   have  the  following  quantities,   indicating 
physical  properties  of  the  medium  at  each  point: — 

C,  the  conductivity  for  electric  currents. 

K,  the  dielectric  inductive  capacity. 

y,  the  magnetic  inductive  capacity. 
VOL.  It.  a 
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These  quajititiee  are,  in  isotropic  media,  mere  ncalar  functionH 
of  p,  but  in  gcDcral  they  are  linear  and  vector  operators  on  the 
vector  functions  to  which  they  are  apphed.    A'  and  ^  are  certainly  ,. »   . 
always  self- conjugate,  and  C  is  probably  bo  aho^^'^j  ^  "*"  ^f'ii^4* 

619.]  Tho  eijuations  (A)  of  magnetic  induction,  of  which  the 
first  is,  _dE_dG 

~  dy       dz  ' 
may  now  be  written  93  =  V.V  91, 

where  V  is  the  operator 

.  d       .  d      ,   d 
dx       dy         dz 
and  V  indicates  that  the  vector  part  of  the  result  of  this  operatiou 
is  to  be  token. 

Since  31  is  subject  to  the  condition  A'.VM  =  0,  VM  is  a  pure 
vector,  and  the  sjTnbol  V  ia  unneceysary. 

The  equations  (B)  of  electromotive  force,  of  which  the  first  is 

become  (S  =  F.  ®©  -  21  -  V*. 

The  equations  (C)  of  mechanical  force,  of  which  the  firflt  is 

X  =  cv  —  bw  +  eP—m—r-  '* 
ax 

become  S  =  7SS  +  e@— niVIl. 

The  equations  (D)  of  magnetization,  of  which  the  first  is 
a  =  a+4vA, 
become  ®  =  ^  +  47r3. 

The  equations  (E)  of  electric  currents,  of  which  the  first  ia 

dy      dz  ' 
become  4ffS  =  V.  V^. 

The  equation  of  the  current  c^  conduction  ia,  by  Ohm's  Law, 

St  =  CIS. 
That  of  electric  displacement  is 


*{lDtlMiituidii>d«diUoMiif  thliwnfc  —  ^  wm  wiittM  fiw  P  1b  thli  MiutiaB, 
•Dm  otartoHoa  U  Ant  to  Praf.  Q.  F.  ntipnM  IVdm  R.  B.  DMIm,  iSS}.} 
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The  equation  of  the  total  current,  arising  from  the  variation  of 
the  electric  displacement  as  well  aa  from  conduction,  ia 
e  =  ff  +  3). 
When  the  magnetization  ariBes  from  magnetic  induction, 

»  =  M-&- 
We  have  also,  to  determine  the  electric  volume-density. 

To  determine  the  magnetic  volume-density, 

m  =  A'.V3. 
When  the  magnetic  force  can  be  derived  from  a  potential, 

^  =  -Vi2. 


APPENDIX  TO  CHAPTER  IX. 

[The  eacpreBHiona  (5)  are  not  in  general  accurate  if  tlie  electromagnetic 
field  contains  substances  of  different  muguelic  pcrmeabiliticB,  for  in  that 
case,  ttt  the  surface  of  Bepsrutiou  of  two  surfaces  of  difCerent  uiaguetic 
permeabihties,  there  will  in  general  be  free  magnetism;  this  wilt  cou- 
trihute  terms  to  the  expression  for  tbe  vector  potential  which  are 
given  by  equations  (22),  p.  30.  Tbe  boundary  equations  at  tbe  sui'face 
tieparating  two  media  whose  magnetic  permeabihties  are  fi^  and  f^,  and 
where  /",,  ff,,  ff,  and  /",,  ff,.  S,  denote  the  values  of  tbe  components  of 
the  vector  potential  on  the  two  sides  of  tbe  Horface  of  separation,  /,  m.  n 
the  direetion  cosines  of  tbe  uormnl  to  this  surface;  are  (1)>  since  tlit? 
normal  induction  is  eootiunous, 


'(f- 


)+•»(' 


■dF.     dJ/.s        ,dG.     dF. 


da 


fix 


•h"( 


,r'?^_!^V 


e  tbe  magnetic  force  along  tbe  surface  is  continuous, 


i^^W 

diJ      fi,  Wy 

-^ 

I','-* 

-If) 

1  ,dS, 

dy  >      ii^^dx 

-f)- 
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The  expreutone  (S)  do  not  in  general  aatiefy  both  these  eorface  conditiona. 
It  is  therefore  beat  to  regard  F,  G,  U  m  given  by  the  equations 

V*ff  =  iv^v 

V^H  =  i  v)iu) 
Hud  the  preceding  boundaty  conditions.; 

I  It  dees  not  appear  legitimate  to  assume  that  ♦  in  equations  (B) 
repi-esents  the  eicctix>Btjitic  potential  when  the  conductors  are  uioring, 
iur  in  deducing  thote  e<iuatioD3  Majiwell  leaves  out  the  term 

since  it  vantabes  when  Integrated  round  a  closed  circuit.    If  we  iosen  this 
term,  then  If  is  no  longer  the  electrostatic  potential  but  \a  the  sum  of 

This  has  an  important  application  to  a  problem  nhich  has  attracted 
niucb  attention,  that  of  a  sphere  rotating  with  angular  velocity  ••  about 
a  vertical  axis  in  a  nniform  magnetic  field  where  the  magnetic  f(NV0  U 
vertical  and  equal  to  c.  Erjnations  (B)  become  in  this  ease,  fuppoting 
the  sphere  to  have  settled  down  into  a  E<teadf  stale. 


Since  the  sphere    is   a  conductor  and  in  a  stead;  atat«,  and  sinoe 

—  I  —f  —  are  the  components  of  the  current, 

dP     dQ     dR^Q. 
dx      dy       dz  ' 

d**     (T*     d** 

This  equation  has  asuaUj  beeu  interpreted  to  mean  that  throuf^ont  the 
sphere  there  is  a  distribution  of  electricity  whose  volume  density  is 
— cw/2ir,  but  this  ia  only  legitimate  if  we  assume  that  ♦  is  the 
electrostatic  potential. 

If  in  accordance  with  the  investigation  by  which  equationa  (B)  were 
deduced  we  assume  that,  *  being  the  electrttstatic  potential, 
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or  in  this  caae  ^  _  ♦+« (fife_/>y), 

then,  since  ,<p      «p      <?.  .  .         .rffir    dF^, 

=  2c, 
we  Bee  that  since  j9^    ^^     ^^ 

d^*     (?♦     ^*  —  ft 

that  is,  there  is  no   distribution  of  free  electricity  throughout  the 
volume  of  the  sphere. 

There  is  therefore  nothing  in  the  equations  of  the  electromagnetic 
field  which  would  lead  us  to  suppose  that  a  rotating  sphere  contains  free 
electricity. 

Equations  of  the  Electromagnetic  Field  eocpreased  in 
Polar  and  Cylindrical  Co-ordinates. 

II  F,  G,  ff  are  the  components  of  the  vector  potential  along  the 
radius  vector,  the  meridian  and  a  parallel  of  latitude  respectively, 
a,  5,  e  the  components  of  the  magnetic  induction,  a,  fi,  y  the  components 
of  the  magnetic  force,  and  u,  v,  to  the  components  of  the  current  in  those 
directions,  then  we  can  easily  prove  that 

1      (dF     d  ) 

1      {da      d  ,     .     ^   ,  ) 

If  P,  Q,  R  are  the  components  of  the  electromotive  intensity  along 
the  radius  vector,  the  meridian  and  a  parallel  of  latitude, 

at  rsind  (a(^       r  ) 


^62 
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If  tlie  cylindrical  co-ordlnateB  are  p,  B,  s,  and  M  F,  6,  S  are  loe  cou- 
ponentB  of  the  vector  potential  parallel  to  ;>,  d,  « ;  a,  6,  c  the  components 
of  tLe  magnetic  induction,  o,  ^,  y  tbe  componeuts  of  the  magnetic  force, 
and  u,  V,  lo  tbe  compouentB  of  the  curreDt  in  these  direclious,  then 


1  Idll   d 
-'pUe    d= 

(pO)J. 

_dr  iu 

dx      dp  ' 

=Jir.('«) 

-S 

Itdy      d 
p\dS     dx 

c«f 

_da_dy 
da     dp 

1  rrf  ,   „     da\ 


If  r,Q,Ra 

to  (I,  6,  s, 


3  the  components  of  the  electromotive  iuteuaity  partillel 


idP   dR\ 


620.]  Every  electromagnetic  quantity  may  be  defined  with 
reference  to  the  fundamental  units  of  Length,  Mass,  and  Time. 
If  we  begin  with  the  detlnition  of  the  unit  of  electricity,  as 
given  in  Art.  G5,  we  may  obtain  definitions  of  the  units  of  every 
other  electromagnetic  quantity,  in  virtue  of  the  equations  into 
which  they  enter  along  with  quantities  of  electricity.  The 
aystem  of  units  thus  obtained  is  called  the  Electrostatic  System, 

If,  on  the  other  hand,  we  begin  with  the  definition  of  the  unit 
magnetic  pole,  as  given  in  Art.  374,  we  obtain  a  different  system 
of  units  of  the  same  set  of  quantities.  This  system  of  units  is 
not  consistent  with  the  former  system,  and  is  called  the  Electro- 
magnetic System. 

We  shall  begin  by  stating  those  relations  between  the  different 
units  which  are  common  to  both  systems,  and  we  shall  then 
form  a  table  of  the  dimensions  of  the  units  according  to  each 
system. 

621.]  We  shall  arrange  the  primary  quantities  which  we  have 
to  consider  in  pairs.  In  the  first  three  pairs,  the  product  of  the 
two  quantities  in  each  pair  is  a  quantity  of  energy  or  work.  In 
the  second  three  pairs,  the  product  of  each  pair  is  a  quantity  of 
energy  referred  to  unit  of  volume. 

First  Three  Paibs. 

EUctroetatic  Pair. 

Sjmbol. 

(1)  Quantity  of  electricity  ......     e 

(2)  Electromotive  force,  or  electric  potential  .     E 
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Magneik  Pair.  SjniW. 

(3)  Qaantitf  of  free  tnagnetiBm,  or  strengtli  of  a  pole     m 

(4)  Magnetic  potential        ......     H 

Eledntkinetie  Pair. 

(5)  Electrokinetic  momentum  of  a  circuit  .         .         .    p 

(6)  Electric  current .     C 

Second  Three  Pair3. 
Elect'i-mtatlc  Pair. 

(7)  Electric  displacement  (measured  by  surface-density)  2) 

(8)  Electromotive  intensity @ 

Matpietic  Pair. 

(9)  Magnetic  induction C 

(10)  Magnetic  force ^ 

Electrokinetic  Pair. 

(11)  Intensity  of  electric  current  at  a  point  € 

(12)  Vector  potential  of  electric  currents     .  .    S( 

623.  The  following  relations  exist  between  these  quantities. 

In  the  first  place,  since  the  dimensions  of  energy  are     ~=^    , 

and  those  of  energy  referred  to  unit  of  volume    -pj^   ,  we  have 
the  following  equations  of  dimensions :    ' 

[Ee]  =  [9«]  =  [(ia]  =  [^].  (2) 

Secondly,  since  e,  p  and  21  are  the  time-integrals  of  C,  E, 
and  @  respectively, 

[a=[l]=[lJ=m.  (3, 
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Thirdly,  since  E,  H,  and  p  are  the  line-integrals  of  @,  S^, 
and  21  respectively, 

[i]=[|]=[f]=t^)*        (') 

Finally,  since  c,  C,  and  m  are  the  surface-integrals  of  2),  6, 
and  S3  respectively, 

[i]=K]-[|]=[^']-  <=) 

628.]  These  fifteen  equations  are  not  independent,  and  in 
order  to  deduce  the  dimensions  of  the  twelve  units  involved,  we 
require  one  additional  equation.  If,  however,  we  take  either 
e  or  m  as  an  independent  unit,  we  can  deduce  the  dimensions  of 
the  rest  in  terms  of  either  of  these. 

(3)  Md  (5)  [p]  =  [m]  =  [^]  =  [»]. 

(4)  .md  (6)  [C]  =  [a]  =  [-1]     =[^]. 

(")  [«]    =[w]=[^]-  ■ 

♦  [We  have  a1m>  [^]  -  [IJ.] 
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624.]  The  relations  of  the  first  ten  of  these  quantitiea  ma.y 
exhihited  by  meanB  of  the  following  arrangement ; — 

e,  2),     ^,     C  and  il.  1  E,        @,     ©,     m  and  p. 

m  and  p,  ©,     %        E.  \    G  and  Q.,   ^,     Ii,  e. 

The  quantities  in  the  first  line  are  derived  from  e  by  the  same 
operations  as  the  corresponding  quantities  in  the  second  line  are 
derived  from  vi.  It  will  be  seen  that  the  order  of  the  quantities 
in  the  first  line  is  exactly  the  reverse  of  the  order  in  the  second 
line.  The  first  four  of  each  line  have  the  first  symbol  in  the 
numerator.  The  second  four  in  each  line  have  it  in  the  de- 
nominator. 

AH  the  relations  given  above  vn  true  whatever  system  of 
units  we  adopt, 

635.]  The  only  systems  of  any  scientific  value  are  the  electro- 
static and  the  electromagnetic  systems.  The  electrostatic  system 
is  founded  on  the  definition  of  the  unit  of  electricity,  Arts.  41, 
42,  and  may  be  deduced  from  the  equation 


which  expresses  that  the  resultant  electric  int«nsity  ($  at  any 
point,  due  to  the  action  of  a  quantity  of  electricity  «  at  a 
distance  L,  is  found  by  dividing  e  by  L^.  Substituting  in  the 
equations  of  dimensioDS  (1)  and  (8),  we  find 

whence  [c]  =  [i*jtf*2^'],    m  =  [i*if*], 

in  the  electrostatic  system. 

The  electromagnetic  system  is  founded  on  a  precisely  similar 
definition  of  the  unit  of  strength  of  a  magnetic  pole.  Art.  374, 
leading  to  the  equation  ^ 

•&=p. 

wheno.       .       [ct]  =  Lt]'         [S]  =  [?■]■ 

and  [e]  =  [Z'if»],         [«]  =  [tiJ/lT"'], 

in  the  electroma^etic  system.     From  these  results  we  find  the 

dimensions  of  the  other  quantities. 


1 
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626.]  Table  of  Divie-nsioTiB. 

DimeDsioiu  in 

Quantity  of  electricity    ....    c  [Z*Jtf*r-']    [I*j)f*]. 

Line-integial  of  electro- 1  ^,  riij^ly.,,     fiU/lj-n 

luotivo  intensity  J  '■ 

Quantity  of  magnetism       i 

Electrokinetic  momentum  i    A     i  [L^ M^]  [iU/ir-']. 

of  a  circuit  '        ' 

Electric  di,place«,entl  j,      [i-ljfll-]  [i-li/»]. 

ourfaco-deiiBity  J  "■  j  l  j 

Electromotive  inteoBity .  ...     6       [£-*  Jlf*  T*-']   [Z*  jtf' 7"-"]. 

Magnetic  induction ©       [i-SJI/*]  [Z-lJf*?*-']. 

Magnetic  force .&       [Z*Jtf»r-^]      [Z**  J»f*r-']. 

Strength  of  current  at  a  point     E        [Z"*  J/*  T'*'\   [Z"*  if'  r-']. 

Vector  potential 21        [Z->J/»]  [ZM/*r-»]. 

627.]  We  have  already  considered  the  products  of  the  pairs  of 
these  quantities  in  the  order  in  which  they  stand.  Their  ratios 
are  in  certain  cases  of  scientific  importance.    Thus 

HectroBtBtic  BectroiDftgnetio 
Symbol.     SjBtem.  SjntBHi. 

e  .  '  TT'I 

-p  =  capacity  of  an  accumulator  .  ,     g         [Z]  T    ' 

(  coefficient  of  self-induction  \  ™ 

4  =  <      of  a  circuit,  or  electro-  > .  Z  \'r\           [-^l- 
'      magnetic  capacity             ' 

?_  /  specific  inductive  capacity  \     ,,  ,  ,              rP"| 

e~l      of  dielectric                       /  •■  ^              U'J' 

-sr  =  magnetic  inductive  capacity  .  .  j*         Ur^  [O]. 

^  =  resistance  of  a  conductor  .  .  .  .  R       ^  \t\' 

(S  _   (  specific  resistance  of  a  (  ^         .  „,  rZ*1 

g~  t      substance  j   .  -  ■    »'         [J  [jy 

628.]  If  the  units  of  length,  mass,  and  time  are  the  same  in  the 
two  systems,  the  number  of  electrostatic  units  of  electricity  con- 
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tained  in  one  electromagnetic  unit  is  numerically  equal  to  a  certain 
velocity,  the  absolute  value  of  which  does  not  depend  on  the  mag- 
nitude of  the  fundamental  units  employed.  This  velocity  is  an  im- 
portant physical  quantity,  which  we  shall  denote  by  the  symbol  v. 

NuTiiber  of  Electrostatic  Units  in  one  Electromagnetic  Unit 
For  «,  0, 12,  2),  ^,  S, V. 

For  m,  ^,  ^,  SB,  e,  a, i. 

V 

For  electrostatic  capacity,  dielectric  inductive  capacity,  and 
conductivity,  v^. 

For  electromagnetic  capacity,  magnetic  inductive  capacity, 

and  resistance,  -^  • 

tr 

Sevei-al  methods  of  determining  the  velocity  v  will  be  given 
in  Arts.  768-780. 

in  the  electrostatic  system  the  specific  dielectric  inductive 
capacity  of  air  is  assumed  equal  to  unity.      This  quantity  is 

therefore  represented  by  -^  in  the  electromagnetic  system. 

In  the  electromagnetic  system  the  specific  magnetic  inductive 

capacity  of  air  is  assumed  equal  to  unity.     This  quantity  is 

therefore  represented  by  -^  in  the  electrostatic  system. 

Practical  Sydcm  of  Electric   Units. 

629.]  Of  the  two  systems  of  units,  the  electi-omagnetic  is  of 
the  greater  use  to  those  practical  electricians  who  are  occupied 
with  electromagnetic  telegraphs.  If,  however,  the  units  of 
length,  time,  and  mass  are  those  commonly  used  in  other  scientific 
work,  such  as  the  m^tre  or  the  centimetre,  the  second,  and  the 
gramme,  the  units  of  resistance  and  of  electromotive  force  will 
be  so  small  that  to  express  the  (|uantities  occurring  in  pi^ctice 
enormous  numbers  must  be  used,  anil  the  units  of  quantity  and 
capacity  will  be  so  large  that  only  exceedingly  small  fractions  of 
them  can  ever  t>ocur  in  practic(\  Practical  electricians  have  there- 
fore adopted  a  sit  of  electrical  units  deduced  by  the  electromagnetic 
system  from  a  large  unit  t>l'  Kngth  and  a  small  unit  of  mass. 

The  unit  of  length  used  fi)r  this  purpose  is  ten  million  of 
metres,  or  approximati^ly  the  length  of  a  (juadrant  of  a  meridian 
of  the  earth. 
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The  unit  of  time  is,  as  before,  one  second. 

The  unit  of  mass  is  10"''  grammes,  or  one  hundred  millionth 
part  of  a  milligramme. 

The  electrical  units  derived  from  these  fundamental  units 
have  been  named  after  eminent  electrical  discoverers.  Thus  the 
practical  unit  of  resistance  ia  called  the  Ohm,  and  is  represented 
by  the  reaistance-coil  issued  by  the  British  Association,  and 
described  in  Art.  340.  It  is  expressed  in  the  electromagnetic 
system  by  a  velocity  of  10,000,000  metres  per  second. 

The  practical  unit  of  electromotive  force  is  called  the  Volt, 
and  is  not  very  different  from  tbat  of  a  Danieira  cell,  Mr. 
Latimer  Clark  has  recently  invented  a  very  constant  cell,  whose 
eleetroniotive  force  is  almost  exactly  1'454  Volts. 

The  practical  unit  of  capacity  is  called  the  Farad.  The 
(|uantity  of  electricity  which  flows  through  one  Ohm  under  the 
electromotive  force  of  one  Volt  during  one  second,  is  equal  to  the 
charge  produced  in  a  condenser  whose  capacity  is  one  Farad  by 
an  electromotive  force  of  one  Volt. 

The  use  of  these  names  is  found  to  be  more  convenient  in 
practice  than  the  constant  repetition  of  the  words  'electro- 
magnetic units,'  with  the  additional  statement  of  the  particular 
fundamental  units  on  which  they  aje  founded. 

When  very  largo  quantities  are  to  be  measured,  a  large  unit  is 
formed  by  multiplying  the  original  unit  by  one  million,  and 
placing  tie  fore  its  name  the  prefix  tneija. 

In  like  manner  by  prefixing  mu-i-o  a  small  unit  is  formed,  one 
millionth  of  the  original  unit. 

The  following  table  gives  the  values  of  these  practical  units  in 
tbe  different  systems  which  have  been  at  various  times  a 


Ukits. 

pBACnCAL 
SlSTKM. 

B.A.EBPOET, 

1683. 

Thoksov. 

»„„, 

Ltmglh, 
Time, 

Earth;  Qw*/rOH/, 
10-"  Gramme. 

Stcond, 
Oramme. 

Ctnlimtlre, 
Qramme. 

Millimnlrr, 

.  JS«o*J, 
atUtlyramvit. 

KJectmmoUve  furcp 

0.p»oity 

tinwitily 

Ohui 

F>na 

(cWged  to  »  Vglt.) 

10' 

lO' 
10-' 

10' 

10' 

10-' 

"       10-' 

10'" 
10" 
10-" 
10 
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Eledroetatic  Energy. 

€30.]  The  energy  of  the   syatem  may  bo   divided  into  the  ^ 
Potential  Energy  and  the  Kinetic  Energy. 

Tho  potential  energy  due  to  electiification  has  been  already 
considered  in  Art.  8S.     It  may  be  written 

Tr  =  i£(e+),  (1) 

where  e  is  the  charge  of  electricity  at  a  place  -where  the  electric 
|)otential  is  4*,  and  the  summation  is  to  be  extended  to  every 
place  where  there  is  electrification. 

If/,  g,  h  are  the  components  of  the  electric  displacement,  the 
quantity  of  electricity  in  the  element  of  volume  dxdydz  is 


"^dx^  dy 


-)^  dxdydz. 


(2) 
(3) 


--^)^dydz, 

where  the  integration  is  to  be  extended  throughout  all  space. 

631.]  Integrating  this  expression  by  parts,  and  remembering 
that  when  the  distance,  r,  from  a  given  point  of  a  finite  elec- 
trified system  becomes  infinite,  the  potential  '^  becomes  an 
infinitely  small  quantity  of  the  order  r~^,  and  that/,  g,  h  become 
infinitely  email  quantities  of  the  order  r~*,  the  expres^on  is 
reduced  to 

where  the  integration  is  to  be  extended  ibroaghoai  all  spaee. 
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If  we  now  write  P,  Q,  It  for  the  components  of  the  eleetro- 

motive  intenaity,  instead  of  —  -y—  < j-   and  —  j—  i  we  find 

W=ifff{rf+Qg  +  Sh}axdsJz*  (5) 

Hence,  the  electroatatio  energy  of  the  whole  field  will  be  the 
same  if  we  suppose  that  it  resides  in  every  part  of  the  field  where 
electrical  force  and  electrical  displacement  occur,  instead  of  being 
confined  to  the  places  where  fi'ee  electricity  is  foimd. 

The  energy  in  unit  of  volume  is  half  the  product  of  the  electro- 
motive force  and  the  electric  displacement,  multiplied  by  the 
cosine  of  the  angle  which  these  vectors  include. 

In  Quaternion  language  it  is  — 1S.@2). 

Magnetic  Enerffy. 
ffiSS.]  We  may  treat  the  energy  due  to  magnetization  in  a  way 
Bimilar  to  that  pursued  in  the  ease  of  electi-ification,  Art.  85.  If 
A,  B,  C  are  the  components  of  magnetization  and  a.  0,  y  the 
components  of  magnetic  force,  the  potential  energy  of  the  system 
of  magnets  is  then,  by  Art.  389. 

-  hfJf(Aa  +  Bli  +  Cy)  ilxdyds,  (6) 

the  integration  being  extended  over  the  space  occupied  by  mt^- 
netdzed  matter.  This  part  of  the  energy,  however,  will  be 
included  in  the  kinetic  energy  in  the  form  in  which  we  shall 
presently  obtain  it. 

633.]  We  may  transform  this  expression  when  there  are  no 
electric  currents  by  the  following  method. 

We  know  that  .ja      db       do 


dx      dy      ds 


(') 


*  -[This  eipreawan  for  tlie  electnwtatic  energy  w 
(lie  aMumptioa  Ih&t  the  eleotroetaUo  farce  couLd  be 


^  u  deducEtl  in  tlie  fint  vnlume  nn 
Uie  aMumptioa  Ih&t  the  eleotroetaUo  farce  couLd  be  derived  from  »  potential  functiun. 
nU  proof  will  not  hold  when  part  of  the  eleotroniotive  intciuit;  is  due  to 
electromagnetio  induotion.  If  hoirever  we  talie  the  view  that  this  pfcrt  of  the 
vaergj  kriaei  &um  the  polarized  state  of  the  dielectric  and  is  per  unit  volDoie 

Dr5(/'  +  l''  +  *')>  *''*  potanUal  energy  will  then  rally  depend  on  the  potariiation 
it  is  produced.     Thua  (ho  energy  will,  dnoe 


^=J(. 


ba  •qD4l  (a  }  {Ff*  Qg  ^  AA)  per  unit  volume.  \ 
t  See  Appendix  I  at  the  end  of  Ihia  Chapter. 


(* 
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Hence,  hy  Art.  V7,  if 

""      dx'     ^~      dy'     ''~      dz' 
as  is  always  the  case  in  magnetic  phenomena  where  there  are  no 
currents,  r  /"  /■ 

J        (aa  +  bl3  +  cy)dxdi/de=0.  (9) 

the  integral  being  extended  throaghout  all  space,  or 

l'ff{{a  +  4iiA)a  +  {^  +  iiiB)li  +  {y  +  i-BC)y\dxdydz  =  li.  (10) 

Hence,  the  energy  due  to  a  magnetic  system 


^h!fj^>' ■'"''■'•''■     '"> 


Ehdrokinetic  Energy. 
634.]  We  have  already,  in  Art.   578,  expressed  the   kinetlo 
energy  of  a  system  of  curronte  in  the  form 

!"=(SW,  (12) 

where  p  is  the  eloctrotnagnetic  momentum  of  a  circuit,  and  *  is 
the  strength  of  the  current  Bowing  round  it,  and  the  summation 
extends  to  all  the  circuite. 

But  we  have  proved,  in  Art.  590,  that  p  may  be  expi-essed  as 
a  line-integral  of  the  form 

where  F,  6,  H  are  the  components  of  the  electromagnetic  mo- 
mentum, 21,  at  the  point  (x,y,z),  and  the  integration  is  to  be  ex- 
tended round  the  eloaed  circuit  s.     We  therefore  find 


.4>.. 


(14) 


If  u,  V,  vj  are  the  components  of  the  density  of  the  current  at 
any  point  of  the  conducting  circuit,  and  if  jS*  is  the  transverse 
.section  of  the  circuit,  then  we  may  write 

.dx         „      .dy        „      .dz  „  ,, ., 

de  .  «M  08  '     ' 

and  we  may  also  write  the  volume 

8ds  IT  dxdydz. 


h-mK-^'^a. 
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and  we  now  find 

r=  iJJJ{Fu+Ov  +  Hw)dxdydz,  (16) 

where  the  integration  ia  to  te  extended  to  every  part  of  ap&oe 
where  there  are  electric  currents. 

635,]  Let  U3  now  substitute  for  u,  v,  w  their  values  as  given 
by  the  equations  of  electric  cuiTents  (E),  Art.  607,  in  terms  of 
the  components  a,  ^,  y  of  the  magnetic  force.     We  then  have 

where  the  integration  is  extended  over  a  portion  of  space  in- 
cluding all  the  currents. 

If  we  integrate  this  by  parte,  and  remember  that,  at  a  great 
distance  r  from  the  system,  a,  /3,  and  y  are  of  the  order  of 
magnitude  t'^,  (and  that  at  a  surface  separating  two  media,  F, 
G,  H,aiid  the  tangential  magnetic  force  are  continuous,}  we  find 
that  when  the  integration  is  extended  throughout  all  space,  the 
expression  is  reduced  to 

By  the  equations  (A),  Art.  591,  of  magnetic  induction,  we  may 
substitute  for  the  quantities  in  small  brackets  the  components 
of  magnetic  induction  a,  h,  c,  bo  that  the  kinetic  energy  may  be 
written  ,     ^  -  ^ 

T=^JJJ{aa  +  bfi  +  cr)dzdydz.  (19) 

where  the  integration  is  to  be  extended  throughout  every  part  of 
space  in  which  the  magnetic  force  and  magnetic  induction  have 
values  differing  from  zero. 

The  quantity  within  brackets  in  this  espression  is  the  product 
of  the  magnetic  induction  into  the  resolved  part  of  the  magnetic 
force  in  its  own  direction. 

In  the  language  of  quaternions  tbis  may  be  written  more  simply, 

where  39  is  the  magnetic  induction,  whoso  components  are  a,  b,  c, 
and  ^  is  the  magnetic  force,  whose  components  are  o,  p,  y. 

636.]  The  electrokinetic  energy  of  the  system  may  therefore 
be  eapressed  either  as  an  integral  to  be  taken  where  there  are 
electric  currents,  or  aa  an  integral  to  be  taken  over  every  part  of 

VOL.  n.  T 
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tho  field  in  which  magnetic  force  exists.  The  first  integral? 
however,  is  the  natural  expression  of  the  theory  which  8UppoB«B 
tho  current*  to  act  upon  each  other  directly  at  a  distance,  while 
the  second  is  appropriate  to  tho  theory  which  endeavours  to 
explain  tho  action  between  the  currents  by  means  of  Bome 
intermediate  action  in  the  space  between  them.  As  in  this 
treatise  we  have  adopted  the  latter  method  of  investigation, 
we  naturally  adopt  the  second  expression  aa  giving  the  most 
significant  form  to  the  kinetic  energy, 

According  to  our  hypothesis,  we  assume  the  kinetic  energy  to 
exist  wherever  there  is  magnetic  force,  that  is,  in  general,  in 
every  part  of  the  field.     The  amount  of  this  energy  per  unit  of 

volume  IB  —  —  S .  ©  .^,  and  this  energy  exists  in  the  form  of  some 

kind  of  motion  of  the  matter  in  every  portion  of  space. 

When  we  come  to  consider  Faraday's  discovery  of  the  effect 
of  magnetism  on  polarized  light,  wo  shall  point  out  reasons  for 
believing  that  wherever  there  are  lines  of  magnetic  force,  there 
18  a  rotatory  motion  of  matt«r  round  those  lines.    See  Art.  821. 

Mapnelic  and  Elect roki net Ir  Eitfrgi/  compared- 

637.]  We  found  in  Art.  423  that  the  mutual  potential  ^lergy 
of  two  magnetic  shells,  of  strengths  <^  and  ^',  and  bounded  by 
the  closed  curves  s  and  ^  respectively,  is 


^ 


^■ir- 


-dsdti'. 


where  <  is  the  angle  between  the  directions  of  ds  and  d^,  and  r 
is  the  distance  between  them. 

We  also  found  in  Ait.  521  that  the  mutual  eneigy  (^  two 
oiicuits  s  and  s',  in  whieh  cuirenta  i  and  1'  flow,  is 


••'-//= 


—  deds'. 


It  I,  i*  are  equal  to  ^  ^'  respeetirely,  the  i 
between  the  magnetic  shells  is  equal  to  that  between  the  eor- 
nepoodii^  electric  citmit&  and  in  tbe  eame  direction.  In  Ui« 
ease  oi  the  magnetic  shells  the  f<H«e  tends  to  "timinwh  thor 
mutual  potential  energy,  in  the  ease  of  tbe  wcnito  it  tem^  to 
inorease  their  mutoal  eoeigy,  becaaw  this  «>ttgy  ia  Htjin 

It  B  Lnpoasibfe,  hj  any  anaagrTwt  of  ■ 


^H      to  those 
^H    order,  s 
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produce  &  eystem  corresponding  in  aU  respects  to  an  electric 
circuit,  for  the  potential  of  the  magnetic  system  is  single  valued 
at  every  point  of  space,  whereas  that  of  the  electric  system  is 
many-valued. 

But  it  is  always  possible,  by  a  proper  ajTRngcment  of  infinitely 
small  electric  circuits,  to  produce  a  system  corresponding  in  all 
I'espects  to  any  magnetic  system,  provided  the  line  of  integration 
which  we  follow  in  calculating  the  potential  is  prevented  from 
passing  through  any  of  these  small  cii-cuits.  This  will  be  more 
fully  explained  in  Art.  833. 

The  action  of  magnets  at  a  distance  is  perfectly  identical  with 
that  of  electric  currents.  We  therefore  endeavour  to  trace  both 
to  the  same  cause,  and  since  we  cannot  explain  electric  currents 
by  means  of  magnets,  we  must  adopt  the  other  alternative,  and 
explain  magnets  by  means  of  molecular  electric  currents. 

638.]  In  our  investigation  of  magnetic  phenomena,  in  Part  III 
of  this  treatise,  we  made  no  attempt  to  account  for  magnetic 
action  at  a  distance,  but  treated  this  action  as  a  fundamental 
fact  of  experience.  We  therefore  assumed  that  the  energy  of  a 
magnetic  system  is  potential  energy,  and  that  this  cnei;gy  is 
diminished  when  the  parts  of  the  system  yield  to  the  magnetic 
forces  which  act  on  them. 

If,  however,  we  regard  magnets  as  deriving  thcii" properties  from 
electric  cun-ents  circulating  within  their  molecules,  their  energy 
is  kinetic,  and  the  force  between  them  is  such  that  it  tends  to 
move  them  in  a  direction  such  that  if  the  strengths  of  the  cur- 
rents were  maintained  constant  the  kinetic  energy  would  iiicrcaee. 
This  mode  of  explaining  magnetism  requires  us  also  to  abandon 
the  method  followed  in  Part  III,  in  which  we  regarded  the  magnet 
as  a  continuous  and  homogeneous  body,  the  minutest  part  of 
which  has  magnetic  properties  of  the  same  kind  as  the  whole. 

We  mubt  now  regard  a  magnet  as  containing  a  finite,  though 
very  great,  number  of  electric  circnits,  so  that  it  has  essentially 
a  molecular,  as  distinguished  from  a  continuous  structure. 

If  we  suppose  our  mathematical  machinery  to  he  so  coarse 
that  our  line  of  integration  cannot  thread  a  molecular  circuit, 
and  that  an  immense  number  of  uiagnetic  molecules  are  containe<i 
in  our  element  of  volume,  we  shall  still  arrive  at  results  similar 
to  those  of  Part  III,  but  if  we  suppose  our  machinery  of  a  finer 
order,  and  capable  of  investigating  all  that  goes  on  in  the 
T  2 
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interior  of  tbe  molecules,  we  must  give  up  the  old  theory  of 
magnetism,  and  adopt  that  of  Ampfere,  which  admits  of  no 
magnets  except  those  which  consist  of  electiic  currenta. 

Wo  must  also  regard  both  magnetic  and  electromagnetic 
energy  as  kinetic  energy,  and  we  must  attribute  to  it  tho  proper 
sign,  as  given  in  Art.  035. 

In  what  follows,  though  we  may  oocasionaUy,  as  in  Art.  G39, 
&c.,  attempt  to  carry  out  the  old  theory  of  magnetism,  we  shall 
find  that  we  obtain  a  perfectly  consistent  system  only  when  wo 
abandon  that  theory  and  adopt  Ampere's  theory  of  molecular 
currents,  as  in  Art.  644. 

The  enei^'y  of  tho  field  therefore  consists  of  two  parts  only. 
the  electrostatic  or  potential  energy 

W=\jJj{Pf-^Qg+Rh)dxdydz, 

and  the  electromagnetic  or  kinetic  energy 


im- 


+  b^  +  cy)dxdyds. 


ON  THE  FORCES   WHIOH  ACT  Olf  hS  KLEUENT  0!"  A   BODY 
PLACED    IN   THE    KLEOTROMAONETIC    FIELD. 


1 


Forces  acting  on  a  Magnetic  Element. 

*639.]  The  potential  energy  of  the  element  dxdydz  of  a  tody 
ma^etized  with  an  intensity  whose  components  are  A,  B,  C, 
and  placed  in  a  field  of  magnetic  force  whose  components  are 
a,  A  y,  ia  ~{Aa  +  Bfi-\-Cy)d<cdydz. 

Hence,  if  the  force  uig:ing  the  element  to  move  without  rotation 
in  the  direction  of  a:  is  X^dxdydz, 

and  if  the  moment  of  the  couple  tending  to  turn  the  element 
about  the  axis  of  x  from  y  towards  z  is  Ldxdydz, 

L  =  By-Cfi.  (2) 

The  forces  and  the  momenta  corresponding  to  the  axes  of  y 

and  z  may  be  written  down  by  making  the  proper  substitutions. 

640.1  If  the  magnetized  body  carries  an  electric  current,  of 

which  the  components  are  u,  v,  w,  then,  by  equations  (C),  Art.  603, 

*  See  Appendix  n  »t  the  and  of  lUi  Charter. 
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there  will  be  an  additional  electromagnetic  force  whose  com- 
ponents are  X^,  Y^,  Z^  of  which  X^  is  given  by 

Xg  =  vc^wh,  (3) 

Hence,  the  total  force,  X,  arising  from  the  magnetism  of  the 
molecule,  as  well  as  the  current  passing  through  it,  is 

X  =  A^^.B^^+Cp-  +  vc-wh.  (4) 

dx       dx        dx  ^  ' 

The  quantities  a,  6,  c  are  the  components  of  magnetic  induction, 
and  are  related  to  a,  )3,  y,  the  components  of  magnetic  force,  by 
the  equations  given  in  Art.  400^ 

a  =  a+4iril,  \ 

6=^  +  4irJ5,  i  (5) 

C  =  y  +  47r(7.  i 
The  components  of  the  current,  u,  t;,  ^c;,  can  be  expressed  in 
terms  of  a,  ^,  y  by  the  equations  of  Art.  607, 

.  dy     dp  \ 

dy      dz 


Hence 


da  dy 
dz  dx 
da     da 

4^TTW=  -y- =--• 

dx     dy 


m 


•■^     »  dd     do     dc  ,  V 

By  Art  403.  ^  +  ^  +  ^=0.  (8) 

Multiplying  this  equation,  (8),  by  a,  and  dividing  by  47r,  we 
may  add  the  result  to  (7),  and  we  find 

alao,by(2),  X  =  ^((6-/3)y-(c-y)^),  (10) 

=  ^(6y-c^).  (11) 

where  X  is  the  force  refe  red  to  unit  of  volume  in  the  direction 
of  Xy  and  L  is  the  moment  of  the  forces  (per  unit  volume)  about 
this  axis. 
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On  the  Explanation  of  these  Forces  by  the  Hypotketds  of  a 
Medium  in  a  State  of  Stress. 

641.]  Let  us  denote  a  stress  of  any  kind  referred  to  unit  of 
area  by  a  sjTnbol  of  the  fgnn  P^^,  where  the  first  suffix,  j. 
indicates  that  the  noiioal  to  the  siurface  on  which  the  sti'ess  is 
supposed  to  act  is  parallel  to  the  axis  of  h,  and  the  second 
suffix,  J,  indicates  that  the  direction  of  the  stress  with  which 
the  part  of  the  body  on  the  positive  side  of  the  surface  acts  on 
the  part  on  the  negative  side  is  parallel  to  the  axis  of  k. 

The  directions  of  A  and  k  may  ha  the  same,  in  which  case  the 
stress  is  a  normal  stress.  They  may  be  oblique  to  each  other,  in 
which  case  the  stress  is  an  oblique  stress,  or  they  may  be  perpen- 
dicular to  each  other,  in  which  case  the  stress  is  a  tangential 
stress. 

The  condition  that  the  stresses  shall  not  produce  any  t«ndency 
to  rotation  in  the  elementary  portions  of  the  body  is 

In  the  case  of  a  magnetized  body,  however,  there  is  such  a 
tendency  to  rotation,  and  therefore  this  condition,  which  holds 
in  the  ordinary  theory  of  stress,  is  not  fulfilled. 

Let  us  consider  the  edect  of  the  stresses  on  the  six  sides  of 
the  elementary  portion  of  the  body  dxdydz,  taking  the  origin 
of  coordinates  at  its  centre  of  gravity. 

On  the  positive  face  dydz,  for  which  the  value  of  m  ia  i  dx, 
the  forces  are— 

ParaUel  to  x,        {P„  +  \^dx)dydz  =  X^,,  \ 

Parallel  to  J/,         {Ht+\'^dx)dydz  =Y^„   I  (12) 

Parallel  to  z,        {H.+  \  ^''^)  <iy<^^  =  -^tx-  J 

The  forces  acting  on  the  opposite  side,  ~X_^,  —Y^,  and 
—Z_,,  may  be  found  from  these  by  changing  the  sign  of  dx. 
We  may  express  in  the  same  way  the  systems  of  three  forces 
acting  on  each  of  the  other  faces  of  the  element,  the  direction 
of  the  force  being  indicated  by  the  capital  letter,  and  the  fiaoe  on 
which  it  acts  by  the  auflSx. 


642.] 
element. 


THEOKV    OF    8THE8S. 


ydz  in  the  whole  force  parallel  to  x  acting  on  the 


£dxdydz=X^^  +  X^^  +  X^,  +  Z_+X.,  +  X.„ 


=(■ 


dx 


dP„     dP^-..    .    . 


V     "        rhl      '  It- 


(13) 


dx  "     dy   "     dz   ' 
liLdxdydz  ia  the  moment  of  the  forces  about  the  axis  of  ic 
tending  to  turn  the  element  from  y  to  r, 

Ldxdydz  =  iidy{Z^,-Z^,)-\dz{y^-'Z.,), 
=  (P,.-P.,)dxdyde, 
whence  L  =  P^,—  P,,.  (H) 

Comparing  the  values  of  X  and  L  given  by  equations  (9)  and 
(11)  with  those  given  by  (13)  and  (14),  we  find  that,  if  we  make 

P„=j!;la.-J(a-  +  ^'  +  ,>)), 
{cy -i  ("'  +  !>' +  V^), 


-C^, 


p»- 


1 


(15) 


'   / 


the  force  arising  from  a  system  of  stress  of  which  these  are  the 
components  will  be  statically  equivalent,  in  ita  effects  on  each 
element  of  the  body,  to  the  forces  arising  from  the  magnetiza- 
tion and  electric  currents. 

642.]  The  nature  of  the  stress  of  which  these  are  the  com- 
ponents may  be  easily  found,  by  making  the  axis  of  a:  bisect 
the  angle  between  the  directions  of  the  magnetic  force  and 
the  magnetic  induction,  and  taking  the  axis  oi  y  in  the  plane 
of  these  directions,  and  measured  towards  the  aide  of  the 
magnetic  force. 

If  we  put  ^  for  the  numerical  value  of  the  magnetic  force, 
9  for  that  of  the  magnetic  induction,  and  2  c  for  the  angle 
between  their  directions, 
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3=      •6ai 


[64* 
(16) 


P„  =  P_  =  P„  =  ^„  =  0, 

Hence,  the  state  of  stress  may  be  considered  as  compounded 
of— 

(1)  A  pressure  equal  in  all  directions  =  5— ^*- 

(2)  A  tension  along  the  line  bisecting  the  angle  between  tJ)6  . 
directions  of  the  magnetic  force  and  the  magnetic  induction 

=  -^©■6co8*<. 

4  )T  * 

(3)  A  pressure  along  the  line  bisecting  the  exterior  angle 
between  these  directions  =  — -  $  ^  sin^  c. 

(4)  A  couple  tending  to  turn  every  element  of  the  substance 
in  the  plane  of  the  two  directions /rom  the  direction  of  magnetic 

induction  to  the  direction  of  magnetic  force  =  —  S3^  sin  2 1. 

When  the  magnetic  induction  is  in  the  same  direction  as  the 
magnetic  force,  as  it  always  is  in  fluids  and  non-magnetized 
solids,  then  e  =  0,  and  making  the  axis  of  x  coincide  with  the 
direction  of  the  magnetic  force, 

fl.=  ^(9*-**'),       ^■  =  a  =  -j^-&'.  (18) 

and  the  tangential  stresses  disappear. 

The   stress  in  this  case  is  therefore  a  hydrostatio  pressure 

—  ^*,  combined  with  a  longitudinal  tension-— 99^  along  Uie 

lines  of  force. 


(17) 

-4 


643-] 
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648.]  When  there  is  no  magnetization,  9  =  ^,  and  the  stress 
is  still  further  simplified,  being  a  tension  along  the  lines  of 

force  equal  to  -t-^^,  combined  with  a  pressure  in  aU  directions 

at  right  angles  to  the  lines  of  force,  numerically  equal  also  to 

— ^^.    The  components  of  stress  in  this  important  case  are 

8  Tt 


^.=i(«"-^'-y")A 


8ir 


^«=8^(^'-/-«*). 


^«=8^(/-a*-n 


1 


y 


P,.=  P.,=  :^Py, 


1 


(19) 


Pm=Pm  =  T-y''' 

The  a^component  of  the  force  arising  firom  these  stresses  on  an 
element  of  the  medium  referred  to  unit  of  volume  is 


d 
dx 


d_ 


X=^P^+^P„+^^P^, 


1  i  da     „dp        dyl        1   (    dff     „da)       1    (  dy    ..   da) 

_    1      ^da      dp      dy\        1      ^da      dy\        1    q/^      da\ 
~  47r    ^dx     dy      dz^     ^tir^^dz'^dx^''  ^v^dx^ dy^ 


Now 


da      dfi     dy 


dx 


dz 


dcL     dy 

dz      dx^         * 

d^^da  _  4 
dx     dy  ~'         ' 

where  m  is  the  density  of  austral  magnetic  matter  referred  to 
unit  of  volume,  and  v  and  w  are  the  intensities  of  electric 
currents  perpendicular  to  y  and  z  respectively.    Hence, 


SimiJady 
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A'  =  am  +  Vy~wfi.  1 
Y  =  ^m+iva—uy,  V 
Z  =  ym+U^-va.   } 


[645- 


(EqmUiDiu  of 
Electroaik^iiuUc 


(20) 


(2.) 


644.]  If  we  adopt  the  theories  of  Ampere  and  Webei-  as  to 
the  nature  of  magnetic  and  diamagnetic  bodies,  and  assume  that 
magnetic  and  diamagnetie  polaaity  are  due  to  molecular  electric 
currents,  we  get  rid  of  imaginary  magnetic  matter,  and  find  that 
overywhere  m  =  0,  and 

da       dfi       dy 

ax      ay       az 
so  that  the  equations  of  electromagnetic  force  become 

Y  =  Wa-uyA  (22) 

Z  =  u^-Va.  ) 

These  are  the  components  of  the  mechanical  force  referred 
to  unit  of  volume  of  the  substance.  The  components  of  the 
magnetic  force  are  a,  0,  y,  and  those  of  the  electric  current  ore 
u,  V,  w.  These  equations  are  identical  with  those  already 
established.     (Equations  (C),  Art.  G03.) 

645.]  In  explaining  the  electromagnetic  force  by  moans  of 
a  state  of  stress  in  a  medium,  we  are  only  following  out  the 
conception  of  Faraday*,  that  the  lines  of  magnetic  force  tend 
to  shorten  themselves,  and  that  they  repel  pach  other  when 
placed  side  by  side.  All  that  we  have  done  ia  to  express  the 
value  of  the  tension  along  the  lines,  and  the  pressure  at  right 
angles  to  them,  in  mathematical  language,  and  to  prove  that  the 
state  of  stress  thus  assumed  to  exist  in  the  medium  will  actually 
produce  the  observed  forces  on  the  conductors  which  carry 
electric  currents. 

We  have  asserted  nothing  as  yet  with  respect  to  the  mode 
in  which  this  state  of  stress  is  originated  and  maintained  in  the 
medium.  We  have  merely  shewn  that  it  ia  possible  to  conceive 
the  mutual  action  of  electric  cum.'nt3  to  depend  on  a  particular 
kind  of  stress  in  the  surrounding  medium,  instead  of  being 
a  direct  and  immediate  action  at  a  distance. 

Any  further  explanation  of  the  state  of  stress,  by  moans  of 
the  motion  of  the  medium  or  otherwise,  must  be  regarded  an 


•  Exp.  &fi..  3366,  3-267.  3263. 
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a  separate  and  independent  part  of  the  theory,  which  may  stand 
or  fall  without  a£fecting  our  present  position.    See  Art.  832. 

In  the  first  part  of  this  treatise,  Art.  108,  we  shewed  that  the 
observed  electrostatic  forces  may  be  conceived  as  operating 
through  the  intervention  of  a  state  of  stress  in  the  surrounding 
medium.  We  have  now  done  the  same  for  the  electromagnetic 
forces,  and  it  remains  to  be  seen  whether  the  conception  of 
a  medium  capable  of  supporting  these  states  of  stress  is  consistent 
with  other  known  phenomena,  or  whether  we  shall  have  to  put 
it  aside  as  unfruitful. 

In  a  field  in  which  electrostatic  as  well  as  electromagnetic 
action  is  taking  place,  we  must  suppose  the  electrostatic  stress 
described  in  Part  I  to  be  superposed  on  the  electromagnetic 
stress  which  we  have  been  considering. 

646.]  If  we  suppose  the  total  terrestrial  magnetic  force  to  be 
10  British  units  (grain,  foot,  second),  as  it  is  nearly  in  Britain, 
then  the  tension  along  the  lines  of  force  is  0-128  grains  weight 
per  square  foot.  The  greatest  magnetic  tension  produced  by 
Joule*  by  means  of  electromagnets  was  about  140  pounds 
weight  on  the  square  inch. 

*  Sturgeon's  Annals  of  Electricity,  vol.  v.  p.  187  (1840) ;  or  Philosophioal  Mag<u%ne, 
Dee.  1851. 


[The  fenowing  note,  dErived  fi-om  a  letter  written  bj  Professor  Clerk  HkxwtU  In 
ProfoMor  ChrjitUl,  ii  miport&nt  in  connexion  with  Arts.  389  and  632  :  — 

In  Art.  389  the  energy  due  to  the  presence  of  a  magnet  whose  mas;- 
neti/ation  compouente  are  A^,  B^,  C,,  placed  iu  a  field  whose  magnetic 
force  componenta  are  a,,  ^,,  y,,  ia 

-///{A,  a,+ A  ^i  +  C.  y.)  dxdydz, 
where  the  integration  is  confined  to  the  magnet  in  virtue  of  A,,  B,.  C, 
Joeing  zero  everyn-here  else. 

But  the  whole  energy  b  of  the  form 

the  integration  extending  to  every  jiart  of  space  where  there  are  mag- 
netized bodies,  and  ii,,  B^,  C^  denoting  the  components  of  magnetization 
at  any  point  exterior  to  the  magnat. 

The  whole  energy  thus  coneists  of  four  parts  :— 

-i/fAA,a,  +  lkc.)J^di,dz,  _  (I) 

which  is  conEtant  if  the  magnetization  of  the  magnet  is  rigid ; 

which  is  equal,  by  Green's  Theorem,  to 

-i///{A,ci^+&c.)<h:dydz,  (3) 

and  -^///(Atat+&c.)dxJydz,  (4) 

which  last  we  may  suppose  to  arise  from  rigid  magnetizfltionB  and  tliere- 
fore  to  be  conafant. 

Hence  the  variable  part  of  the  energy  of  the  moveable  magnet,  as 
rigidly  monetized,  is  the  sam  of  the  expressions  (2)  and  (3),  viz., 

Bemembering  that  the  displacement  of  the  magnet  alters  the  values  of 
"ii  /3a.  7i.  but  not  those  of  A^,  B,,  C„  we  find  for  the  component  of  the 
force  on  the  magnet  in  any  direction  <f>  — 

'd<}> 

If  instead  of  a  magnet  we  have  a  body  magnetized  by  induction,  the 
expression  for  the  force  must  be  the  same    viz.,  writing  A^  z=  ko,  Ac., 

In  this  expression  a  is  put  for  Oj  +  a,,  ftc,  but  if  either  the  magnetized 
body  be  small  or  k  be  small  we  may  neglect  a,  in  comparison  with  a,, 
and  the  expression  for  th    force  becomes,  as  in  Art  440, 

The  work  done  by  the  magnetic  forces  while  a  body  of  small  indnctive 
capacity,  magnetized  inductively,  ia  carried  off  to  infinity  is  only  half 
of  that  for  the  same  body  rigidly  magnetized  to  the  same  original 
Btrengtb,  for  as  the  indnced  magnet  is  carried  off  it  ktaea  its  Btnngtfa.] 


///(^ 


APPENDIX  II. 

[Objection  has  been  taken  to  the  expression  contained  in  Art.  639  for 
the  potential  energy  per  unit  volume  of  the  medium  arising  from  mag- 
netic forces,  for  the  reason  that  in  finding  that  expression  in  Art.  389  we 
assumed  the  force  components  a,  ^,  y  to  be  deiivable  from  a  potential, 
whereas  in  Arts.  639,  640  this  is  not  the  caee.  This  objection  extends 
to  the  expression  for  the  force  JT,  which  is  the  space  variation  of  tlie 
energy.  The  purpose  of  this  note  is  to  bring  forward  some  considerations 
tending  to  confirm  the  accuracy  of  the  text.] 

\  The  force  on  a  piece  of  magnetic  substance  carrying  a  current  may  for 

convenience  of  calculation  be  divided  into  two  parts,  (i)  the  force  on  i\\v. 

element  in  consequence  of  the  presence  of  the  cun*eiit,  (2)  the  force 

due  to  the  magnetism  in  the  element.     The  first  part  will  be  the  same 

as  the  force  on  an  element  of  a  non-magnetic  substance,  the  coniponentH 

being  respectively, 

yv—fiw,    iu,  V,  to  being  components 

ato—yu,    I  of  current,   a,   /3,  y  those 

fiu^av,     ( of  magnetic  force. 

To  calculate  the  second  force  imagine  a  long  narrow  cylinder  cut  out 
of  the  magnetic  substance,  the  axis  of  the  cylinder  being  parallel  to  the 
direction  of  magnetization. 

If  /  is  the  intensity  of  magnetization  the  force  parallel  to  x  on  flic 
magnet  per  unit  volume  is 

or,  i£  A,  B,  C  are  the  components  of  /, 

da     D^,/>^ 
dx         dy         dz 

The  total  force  on  the  element  parallel  to  x  is  therefore 

yv-Bv,+A  g+5(^-4:r«)+C-(2+.l^«)' 

or  v(y  +  47rC)-t£703+47r/?)+y(-^+^^   +^  ,^» 

-       .da     „dfi      .^dy 

I.e.  vc  —  wo  +  A'=-  +  n^—+C,-9 

dx        dx         ax 

the  expression  in  the  text.} 


CHAPTER  Xir. 


CUREENT-SHEETS. 


647,]  A  CLRBE NT-SHEET  is  au  infinitely  thin  stratum  of  con- 
ducting matter,  bounded  on  bcth  aidea  by  inaulating  media.  «« 
that  electric  currents  may  flow  in  tbe  sheet,  but  cajinot  escape 
from  it  except  at  certain  points  called  Electrodes,  where  currente 
are  made  to  enter  or  to  leave  the  ahe-et. 

In  order  to  conduct  a  finite  electric  current,  a  real  sheet  must 
have  a  finite  thickness,  and  ought  therefore  to  be  considered 
a  conductor  of  tbi'ee  diraenaiona.  In  many  cases,  however,  it  is 
practically  convL'uiciit  to  dcdiioe  the  electric  properties  of  a  real 
conducting  sheet,  or  of  a  thin  layer  of  coiled  wire,  from,  those  of 
a  current-sheet  as  defined  above. 

We  may  therefore  regard  a  surface  of  any  form  as  a  current- 
sheet.  Having  selected  one  side  of  this  surface  as  the  positive 
side,  we  shall  always  suppose  any  lines  drawn  on  the  surface  to 
be  looked  at  from  the  positive  side  of  the  surface.  In  the  case 
of  a  closed  surface  we  shall  consider  the  outside  as  positive.  See 
Art.  294,  where,  however,  the  direction  of  the  current  ia  defined 
as  seen  from  the  negative  side  of  the  sheet. 

Tlte  Current-fuTutioTi. 

648.]  Let  a  fixed  point  A  on  the  surface  be  chosen  as  origin, 
and  let  a  line  be  drawn  on  the  surface  from  A  to  another  point 
P.  Let  the  quantity  of  electricity  which  in  unit  of  time  croeaes 
tiiis  line  from  left  to  right  be  <f>,  then  tfi  is  called  the  Current- 
function  at  the  point  P. 

The  current-function  depends  only  on  the  position  of  the 
point  P  and  is  the  same  for  any  two  forms  of  the  line  AP, 
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provided  this  line  can  be  transformed  by  continuous  motion 
from  one  form  to  the  other  without  passing  through  an  electrodp. 
For  the  two  forme  of  the  line  will  enclose  an  area  within  which 
there  is  no  electrode,  and  therefore  the  same"  quantity  of 
electricity  which  enters  the  area  across  one  of  the  lines  must 
issue  across  the  other. 

K  8  denote  the  length  of  the  line  AP,  the  current  across  de 

from  left  to  right  will  be  -j-  de. 

If  (^  is  constant  for  any  curve,  there  is  no  current  across  it. 
Such  a  curve  is  called  a  Current-line  or  a  Stream-line, 

649.]  Let  ^  be  the  electric  potential  at  any  point  of  the  sheet, 
then  the  electromotive  force  along  any  element  da  of  a  curve 
will  he  rf^ 

—  -r-  da, 

provided  no  electromotive  force  exists  except  that  which  arises 
from  differences  of  potential. 

If  t/r  is  constant  for  any  curve,  the  curve  is  called  an  Equi- 
potential  Line. 

650.]  We  may  now  suppose  that  the  position  of  a  point  on 
the  sheet  is  defined  by  the  values  of  i/i  and  ^  at  that  point. 
Let  (foj  be  the  length  of  the  element  of  the  equipotential  line  ^ 
intercepted  between  the  two  current  lines  ifi  and  <l>  +  dtj>,  and  let 
da,  be  the  length  of  the  element  of  the  current  line  0  intercepted 
between  the  two  equipotential  lines  yj/  and  ^  +  d\}r.  We  may 
consider  dv^  and  ds^  as  the  sides  of  the  element  dif>d\lr  of  the 
sheet.  The  electromotive  forco  —d^  in  the  direction  of  di^^ 
produces  the  current  dip  across  (/»,. 

Let  the  resistance  of  a  portion   of  the  sheet  whose  length 

is  ds^,  and  whose  breadth  is  de^,  be 

ds, 

de,' 

where  a  is  the  specific  resistance  of  the  sheet  referred  to  unit  of 

area,  then  ^a 

,  da,         de, 

whence  -~  =  a-r^ . 

a<t>        dijr 

651.]  If  the  sheet  is  of  a  substance  which  conducts  equally 

well  in  all  directions,  dsi  is  perpendicular  to  d^,.     In  the  case 
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of  a  aheet  of  unifonn  resistance  a  is  constant,  and  if  we  make 


i/*  =  ir^',  we  shall  have 


.8* 


5«3  Jl/f' 

and  the  etream-Unes  and  equipotential  lines  will  cut  the  surface 
Into  little  squares. 

It  follows  from  this  that  if  ^|  and  V/  are  conjugate  functions 
(Art.  183)  of  <^  and  i^i',  the  cur\-eB  ^1  may  be  stream-lines  in  the 
shoet  for  which  the  curves  ■^i'  are  the  corresponding  eqai- 
potential  lines.  One  case,  of  course,  ia  that  in  which  ^,  =  ^^' 
and  1/'^'  =  — 1/1.  In  this  case  the  equipotential  lines  become 
current-lines,  and  the  currenHinos  equipotential  lines*. 

If  we  have  obtained  the  solution  of  the  distribution  of  electric 
currents  in  a  uniform  sheet  of  any  form  for  any  particular  oase, 
we  may  deduce  the  distribution  in  any  other  case  by  a  proper 
transformation  of  the  conjugate  functions,  according  to  the 
method  given  in  Art.  190. 

&b'i,'\  We  have  next  to  detei^nine  the  magnetic  action  of  a 
current-sheet  in  which  the  current  is  entirely  cou£ned  to  the 
sheet,  there  being  no  electrodes  to  convey  the  current  to  or  from 
the  sheet. 

In  this  case  the  current-function  4>  lias  b,  determinate  value  at 
every  point,  and  the  stream-lines  arc  closed  curves  which  do  not 
intersect  each  other,  though  any  one  stream-line  may  intersect 
itself. 

Consider  the  annular  portion  of  the  sheet  between  the  stream- 
lines ^  and  if)  +  btf>-  T^'^s  part  of  the  sheet  is  a  conducting  cir- 
cuit in  which  a  current  of  strength  bift  circulates  in  the  positive 
direction  round  that  part  of  the  sheet  for  which  (p  is  greate^r 
than  the  given  value.  The  magnetic  efl'ect  of  this  circuit  is  the 
same  as  that  of  a  ma^etic  shell  of  strength  fii^  at  any  point  not 
included  in  the  substance  of  the  shell.  Let  us  suppose  that  the 
shell  coincides  with  that  part  of  the  corrent^shcet  for  which  1^ 
has  a  greater  value  than  it  has  at  the  given  stream-line. 

By  drawing  all  the  successive  stream -lines,  beginning  with 
that  for  which  0  has  the  greatest  value,  and  ending  with  that 
for  which  its  value  ia  least,  we  shall  divide  the  current-sheet 
into  a  series  of  circuits.  Sulistituting  for  each  circuit  Jta  corre- 
sponding magnetic  shell,  we  find  that  the  magnetic  effect  of  the 

*  See  Tbonuon.  Cum'r  Mttth.  Journ.,  vol.  iji.  p.  SSS, 
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cun-ent-shect  at  any  pnint  not  included  in  the  tHickness  of  the 
sheet  Ih  the  same  as  that  of  a  complex  magnetic  ahell,  whose 
strength  at  any  point  is  C  +  0,  where  C  is  a  constant. 

If  the  current-sheet  is  bounded,  then  we  must  mako  C  +  <p  =  0 
at  the  bounding  curve.  If  the  sheet  forms  a  closed  or  an  in- 
,finite  surface,  there  is  nothing  to  determine  the  value  of  the 
constant  C. 

653.]  The  magnetic  potentiaJ  at  any  point  on  either  side  of 
the  curreut-aheet  is  given,  as  in  Art.  415,  by  the  expi-ession 


a  =  IJ^<j,co&$dS, 


where  r  is  the  distance  of  the  given  point  from  the  element  of 
surface  dS,  and  0  is  the  angle  between  the  direction  of  r,  and 
that  of  the  normal  drawn  from  the  positive  side  of  dS. 

This  expression  gives  the  magnetic  potential  for  all  points  not 
included  in  the  thickness  of  the  current-sheet,  and  wo  know 
that  for  points  within  a  conductor  candying  a  current  there  is  no 
such  thing  as  a  magnetic  potential. 

The  value  of  ii  is  discontinuous  at  the  current-sheet,  for 
if  fl,  is  its  value  at  a  point  just  within  the  current-sheet, 
and  Hg  its  value  at  a  point  close  to  the  first  but  just  outside 
the  current- sheet, 

where  <^  is  the  current-function  at  that  point  of  the  sheet. 

The  value  of  the  component  of  magnetic  force  normal  to  the 
sheet  is  continuous,  being  the  same  on  both  sides  of  the  sheet. 
The  component  of  the  magnetic  force  parallel  to  the  current- 
lines  is  also  continuous,  but  the  tangential  component  per- 
pendicular to  the  current-lines  is  discontinuous  at  the  sheet.  If 
8  is  the  length  of  a  curve  drawn  on  the  sheet,  the  component  of 
magnetic  force  in  the  direction  of  ds  is,  for  the  negative  aide, 

r-' '  and  for  the  positive  Bide, r^  = r^  —  4  ir  -r-  ■ 

de  '  ds  da  ds 

The  component  of  the  magnetic  force  on  the  positive  side 

therefore  exceeds  that  on  the  negative  side  by  —  Iw-r-  •     At  a 

given  point  this  quantity  will  be  a  maximum  when  ds  is  per- 
pendicular to  the  current-lines. 
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On  the  Induction  of  Electric  Cuii'ents  in  a  Sfieet  of 
Infinite  Conductivity. 
654,]  It  was  shewn  in  Art.  579  that  in  any  oircuit 

.=!.«.■, 

where  E  is  the  impressed  electromytive  force,  j}  the  electro- 
kinetio  momentum  of  the  circuit,  if  the  resistance  of  the  circuit, 
and  i  the  current  round  it.     If  there  is  no  impi'essed  electro- 

motive  force  and  no  resistance,  then  ^  =  0,  or  »  is  constant. 
at  ^ 

Now  p,  the  clcctrokinetic  momentum  of  the  circuit,  wse 
shown  in  Art.  588  to  be  measured  hy  the  surface-integral  of 
magnetic  iudnction  through  the  circuit.  Hence,  in  the  caec 
of  a  current-Bheet  of  no  resistance,  the  surface-integral  of  mag- 
netic induction  thi-ough  any  closed  curve  drawn  on  the  surface 
must  ho  constant,  and  this  implies  that  the  normal  component 
of  iiiagnetic  induction  remains  constant  at  every  point  of  thv 
current-sheet. 

655.]  If,  therofore.  hy  the  motion  of  magnets  or  variatioos 
of  curi'enls  in  the  neighbourhood,  the  magnetic  field  is  in  any 
way  altered,  electric  currents  wilt  be  set  up  in  the  current-sheet, 
such  that  their  magnetic  effect,  combined  with  that  of  Uie 
magnets  or  currents  in  the  field,  will  maintain  the  normal 
component  of  mi^netic  induction  at  every  point  of  the  sheet 
unchanged.  If  at  first  there  is  no  magnetic  action,  and  no 
currents  in  the  sheet,  then  the  normal  component  of  magnetic 
induction  will  always  be  zero  at  every  point  of  the  sheet. 

The  sheet  may  therefore  be  regarded  as  impervious  to  mag- 
netic induction,  and  the  lines  of  magnetic  induction  will  be 
deflected  by  the  sheet  exactly  in  the  same  way  as  the  lines 
of  Bow  of  an  electric  current  in  an  infinite  and  uniform  con- 
ducting mass  would  be  defiected  by  the  introduction  of  a 
sheet  of  the  same  form  made  of  a  substance  of  infinite  re- 
sistance. 

If  the  sheet  forms  a  closed  or  an  infinite  surface,  no  magnetic 
actions  which  may  take  place  on  one  side  of  the  sheet  will 
produce  any  magnetic  effect  on  the  other  side. 
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Theory  of  a  Plane  Current-sheet. 
656.]  Wo  have  seen  that  the  external  magnetic  action  of 
a  current-sheet  is  equivalent  to  that  of  a  magnetic  shell  whose 
strength  at  any  point  is  numerically  equal  to  0,  the  current- 
function  When  the  sheet  is  a  plane  one,  we  may  express  all 
the  quantities  required  for  the  determination  of  electromagnetic 
effects  in  terms  of  a  single  function,  P,  which  is  the  potential 
due  to  a  sheet  of  imsf^ary  matter  spread  over  the  plane  with 
a  surface-density  0.     The  value  of  P  is  of  course 

p^JjiMj,/,  (1) 

where  r  is  the  distance  from  the  point  (x,  y,  s)  for  which  F  is 
calculated,  to  the  point  {x',  y',  o)  in  the  plane  of  the  sheet,  at 
which  the  element  ila^'tiy'  is  taken. 

To  Und  the  magnetic  potential,  we  may  regard  the  magnetic 
shell  as  consisting  of  two  surfaces  parallel  to  the  plane  of  ^y,  the 

Si'st,  whose  equation  is  s  =  ^  r,  having  the  surface-density  -,  and 
the  second,  whose  equation  is  s  =  —  |c,  Laving  the  surface- 
density  — ;  • 

The  potentials  due  to  these  surfaces  will  be 
lp^_,j  and    -ii=(„.j 
respectively,  where  the  suffixes  indicate  that  s  — ^  is  put  for  s 
in  the  fii-st  expression,  and  a  +  -  for  r  in  the  second.    Expanding 

these  expressions  by  Taylor's  Theorem,  adding  them,  and  then 
making  c  infinitely  small,  we  obtain  for  the  magnetic  potential 
due  to  the  sheet  at  any  point  estemal  to  it, 

-=-S-  (^» 

657.]  The  quantity  /*  is  symmetrical  with  respect  to  the 
plane  of  the  sheet,  and  is  therefore  the  same  when  —z  is 
substituted  for  z. 

il,  the  magnetic  potential,  changes  sign  when  —z  is  put  for  £. 

At  the  positive  surface  of  the  sheet 
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itfkL    The  matt-         I 
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ia  the  aaaK  oa  both  aidei    of  tha   sheet  and  throaghont   its 
«ah«Unc«. 

If  a  aoij  P  be  the  compoocnta  of  the  magnetic  foiee  pAtaUel  to 
X  nod  to  y  at  the  positive  mr&£e,  and  a',  ^  those  oa  the  lugatiTe 
•ijrfnee,  d*  . 


(2^ 


The  equations 


Within  the  aheet  the  compooeotB  vary  continQoaflly  from  a 
and  /9  to  a'  and  ^. 

dy       dz  dx'  \ 

dF_dH__da 

dz       dx  ~      dy 

dO__dF^_da    I 

dx      dy  ds'f 

which  connect  the  components  F,  0,  H  of  the  vector-potential 
ilii^  to  tho  current-sheet  with  the  scalar  potential  Q,  are  satisfied 
il'  wo  make      _      ^p  ^p 


(8) 


T=- 


0  =  --. 


ir= 


-di-      '•  =  "■  P> 

Wo  tnay  also  obtain  these  vaJnea  by  direct  int^ration,  thus 
for  F  {wo  have  by  Art,  fiI6  if  fi  is  everywhere  eqaal  to  unity}, 


658.] 


TBCTOE-POTENTIAL, 


293 


d  I  , 

-p  -  for  - 


Since  the  integi'ation  in  to  be  estimated  over  the  infinite  plane 
sheet,  and  since  the  first  term  vanishes  at  infinity,  tiie  oxpreBsion 
a  reduced  to  the  second  term ;  and  by  substituting 

dy'r' 
and  remembering  that  4>  depends  on  «'  and  y',  and  not  on  x,  y,  s, 

If  il'  is  the  magnetic  potential  due  to  any  magnetic  or  electric 
system  external  to  the  sheet,  we  may  write 

P'  =  -fQ.'dz.  (1») 

and  we  shall  then  have 

dy  *  dx  ' 

for  the  components  of  the  vector- potential  due  to  this  Bystem. 

658.]  Let  us  now  determine  the  electromotive  intensity  at  any 
point  of  the  sheet,  supposing  the  sheet  fixed. 

Let  X  and  Y  be  the  components  of  the  electromotive  intensity 
pai-allel  to  x  and  y  respectively,  then,  by  Art,  598,  we  have 
iwritingyfor*}  <^/p^tvi    •^''' 


F'  = 


H'=(i, 


(") 


X  = 


Y  =  - 


(12) 
(13) 


If  the  electric  resistance  of  the  sheet  is  uniform  and  equal  to  u. 
X  =  au,         Y  =  <TV,  (14) 

where  u  and  v  are  the  components  of  the  current,  and  if  ^  is 
the  current-function, 

dp 
But,  by  equation  (3),     2itif>  = t— 

at  the  positive  surface  of  the  curreJit-sheet.     Hence,  equations 
(12)  and  (13)  may  be  written 

i^dydi         dydt^    ^     '    dx 
_a   rf^P  _  _d^  dV- 

i^dxdz'  dxdt^  '    ly' 


(16) 
(17) 
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wbere  the  values  of  the  expresaioDB  are  those  correspondmg  to 

the  positive  surface  of  the  sheet. 

If  we  differentiate  the  first  of  these  equations  with  respect  to  x, 
and  the  second  with  respect  to  y,  and  add  the  results,  we  obtain 

;^  +  -j4  =  0.  (18) 

The  only  value  of  -^  which  satisfies  this  equation,  and  is  finite 
and  continuous  at  every  point  of  the  piano,  and  vanishes  at  an 
infinite  distance,  is  li  ^  0,  (19) 

Hence  the  induction  of  electric  currents  in  an  infinite  plane 
sheet  of  uniform  conductivity  is  not  accompanied  with  differences 
of  electric  potential  in  different  parts  of  the  sheet. 

Substituting  this  value  of  ^,  and  integrating  equations  (16), 
(17),  we  obtain  „  ^p     ^ip     ^jv 


r  dz 


-=/(.,().  (20) 

Since  the  values  of  the  currents  in  the  sheet  are  found  by 
differentiating  with  respect  to  x  or  y,  the  arbitrary  function  of  s 
and  t  will  disappear.     We  shall  therefore  leave  it  out  of  account. 

If  we  also  write  for  — ,  the  single  symbol  R,  which  represents 

a  certain  velocity,  the  equation  between  P  and  t^  becomes 

659,]  Let  us  first  suppose  that  there  is  no  external  magnetic 
system  acting  on  the  current  sheet.  We  may  therefore  suppose 
P'  =  0.  The  case  then  becomes  that  of  a  system  of  electric 
currents  in  the  sheet  left  to  themselves,  but  acting  on  one 
another  by  their  mutual  induction,  and  at  the  same  time  losing 
their  energy  on  account  of  the  resistance  of  the  sheet.  The 
result  is  expressed  by  the  equation 

the  solution  of  which  \&P  =  F  {z,  y,  (z  +  St)].  (23) 

*  Hence,  the  value  of  P  at  any  point  on  the  positive  side 

•  (The  eqii»tioiiB  ( 20)  and  (22)  »re  prorei!  to  be  true  only  Kt  the  dtu-nm  of  Ifc* 
sheet  for  which  i  c:  0.  The  eapreaiion  (23)  BaliHtin  (231  geoemUy.  mi'I  therefew 
abo  >t  tlie  lurface  of  th«  ah«et.  ll  aiao  UtigHs*  tlie  other  ounditiona  of  lh«  |imblmti, 
and  u  therefore  A  Boltitiaa.  '  Any  olhei  ■oluUon  molt  differ  ham  tbia  by  a  tjtUm 
•>l  cloeed  current*,  dependiiig  on  the  initial  (Ute  o(  the  ifaeet.  Dot  doe  tn  uif  external 
cauH,  knil  which  therefore  miut  decsy  r»piillj.  Hence,  (inoc  we  •niinir  ui  etamin 
«f  put  time,  thifl  i*  the  only  »latioii  of  tlie  nrublem.'  Stt  Frofbuor  Clurk  MiuwtU  ■ 
I'»per,  Eoyal  Sue.  Prac.,  %x.  pp.  IBO-iaa.] 
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of  tbe  sheet  mhoae  coordinates  are  x,  y,  z,  and  at  a  time  (,  is 
equal  to  the  value  of  P  at  the  puint  x.  i/,  (5  +  Rl)  at  the  instant 
when  t  =  0. 

If  therefore  a  sjetem  of  currents  is  excited  in  a  uniform  plane 
sheet  of  infinite  extent  and  then  left  to  itself,  its  magnetic  effect 
at  any  point  on  the  positive  side  of  the  sheet  will  be  the  same 
as  if  the  system  of  currents  had  btien  maintained  constant  in 
the  sheet,  and  the  sheet  moved  in  the  direction  of  a  norma)  from 
its  negati%-e  side  with  the  constant  velocity  R.  The  diminution 
of  the  electromagnetic  forces,  which  arises  from  a  decay  of  the 
currents  in  the  real  case,  is  accurately  represented  by  the 
diminution  of  the  forces  on  account  of  the  increasing  distance  in 
the  imaginary  case. 

660.]  Integrating  equation  (21)  with  respect  to  t,  we  obtain 

If  we  suppose  that  at  first  P  »nd  P'  are  both  zero,  and  that 
a  magnet  or  electromagnet  is  suddenly  magnetized  or  brought 
from  an  infinite  distance,  so  a«  to  change  the  value  of  P' 
suddenly  from  zero  to  P",  then,  since  the  time-integral  in 
the  second  member  of  (24)  vanishes  with  the  time,  we  must 
have  at  the  first  instant  P  —  ~  P'  a.t  the  surface  of  the  sheet. 

Hence,  the  system  of  currents  excited  in  the  sheet  by  the 
sudden  introduction  of  the  system  to  which  /"  is  due,  is  such 
that  at  the  surface  of  the  sheet  it  exactly  neutralizes  the 
magnetic  effect  of  this  system. 

At  the  surface  of  the  sheet,  therefore,  and  consequently  at  all 
points  on  the  negative  side  of  it,  the  initial  system  of  currents 
produces  an  effect  exactly  equal  and  opposite  to  that  of  the 
magnetic  system  on  the  positive  side.  We  may  express  this 
by  saying  that  the  effect  of  the  currents  is  equivalent  to  that 
of  an  image  of  the  magnetic  system,  coinciding  in  position 
with  that  system,  Tint  opposite  as  regards  the  direction  of  its 
magnetization  and  of  its  electric  currents.  Such  an  image  is 
called  a  iinjative  image. 

The  effect  of  the  currents  in  the  sheet  at  a  point  on  the 
positive  side  of  it  is  equivalent  to  that  of  a  positive  image  of 
the  magnetic  system  on  the  negative  aide  of  the  sheet,  the 
lines  joining  corresponding  points  being  bisected  at  right  angles 
by  the  sheet. 
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The  action  at  a  point  on  either  side  of  the  sheet,  due  to  the 
currents  in  the  sheet,  may  therefore  be  regarded  as  due  to  an 
image  of  the  magnetic  system  on  the  side  of  the  sheet  opposite 
to  the  point,  this  image  being  a  positive  or  a  negative  image 
according  as  the  point  is  on  the  positive  or  the  negative  side  of 
the  sheet. 

661.]  If  the  sheet  is  of  infinite  conductivity,  i2  =  0,  and  the 
right-hand  side  of  (24)  is  zero,  so  that  the  imago  will  represent 
the  effect  of  the  cuiTonts  in  the  sheet  at  any  time. 

In  the  case  of  a  real  sheet,  the  resistance  R  has  some  finite 
value.  The  image  just  described  will  therefore  represent  the 
effect  of  the  currents  only  during  the  first  instant  after  the 
sudden  introduction  of  the  magnetic  system.  The  currents  will 
immediately  begin  to  decay,  and  the  effect  of  this  decay  wiU  be 
accurately  represented  if  we  suppose  the  two  images  to  move 
from  their  original  positions,  in  the  direction  of  normals  drawn 
from  the  sheet,  with  the  constant  velocity  i2. 

662.]  We  are  now  prepared  to  investigate  the  system  of 
currents  induced  in  the  sheet  by  any  system,  M,  of  magnets  or 
electromagnets  on  the  positive  side  of  the  sheet,  the  position  and 
strength  of  which  vary  in  any  manner. 

Let  F\  as  before,  be  the  functiou  from  which  the  direct  action 
of  this  systi'in  is  to  be  deduced  by  the  equations  (3),  (9),  &c., 

then  .  bt  will  be  the  function  corresponding  to  the  system  re- 
presented by    jfbt.     This  quantity,  which  is  the  increment  of 

M  in  the  time  hi,  may  be  regarded  as  itself  representing  a 
magnetic  system. 

If  we  suppose  that  at  the  time  t  a  positive  image  of  the  system 

-^  hi  is  formed  on  the  negative  side  of  the  sheet,  the  magnetic 
it  1/ 

action  at  any  point  on  the  positive  side  of  the  sheet  due  to  this 
image  will  be  e(iuivalent  to  that  due  to  the  currents  in  the  sheet 
excited  by  tht*  change  in  M  during  the  iirst  instant  after  the 
change,  and  tlie  image  will  continue  to  be  equivalent  to  the 
currents  in  the  sheet,  if,  as  soon  as  it  is  formed,  it  begins 
to  move  in  the  negative  direction  of  z  with  the  constant 
velocity  R, 

If  we  suppose  that  in  every  successive  element  of  the  time  an 


664.] 
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image  of  this  kind  is  formed,  aad  that  as  soon  aa  it  is  formed 
it  begins  to  move  away  from  the  sheet  with  velocity  H,  we  shall 
obtain  the  conception  of  a  trail  of  images,  tho  last  of  which  is 
in  process  of  formation,  while  all  the  rest  are  moving  like  a 
rigid  body  away  from  the  shoot  with  velocity  R. 

663.]  If  P"  denotes  any  function  whatever  arising  from  the 
action  of  the  magnetic  system,  we  may  find  F,  the  corresponding 
function  arising  fi*om  the  currents  in  the  sheet,  by  the  following 
process,  which  ia  merely  the  symbolical  expi-esaion  for  the  theory 
of  the  trail  of  images. 

Let  ^  denote  the  value  of  P  (the  function  arising  from  the 
currents  in  the  sheet)  at  the  point  (x,  y,  z  +  Rt),  and  at  the  time 
t  —  T,  and  let  li'  denote  the  value  of  P'  (the  function  arising 
from  the  magnetic  system)  at  the  pomt  (x,  y,  —(z  +  Rt)),  and  at 
tho  time  (— r.     Then 

(25) 


iW_  „dn_  d_K 

,!t  -      di        dt' 


and  equation  (21)  becomes 


dP, 


dt   ' 


(2C) 


(27) 


and  we  obtain   hy  int^rating  with   respect  to   t  from  i 

to  r  =  OG  ,  r^     IP' 

^  =  -.(  ■§-■'' 

as  the  value  of  the  function  P,  whence  we  obtain  all  the  pro- 
perties of  the  current-sheet  by  differentiation,  as  in  equations 
(3),  (S),  *»,' 

664.]  As  an  example  of  the  process  here  indicated,  let  us  take 

•jTliiiiiiniofmsybowTfuigedM  follows:  lal  $rli<i  the  Tnluenf  Pat  Ihe  time  e-r 
ftt  the  point  7,  «,  —  ((-•- Rt).  the  rest  of  the  notattOD  beinj;  the  same  u  in  the  text. 
Thsnauue  $t  te  ft  funodoo  of^,  y,  c  +  Rr,  f-r  wb  have 


and  nnoe  by  the  footnote  on  p«ge  WK  eqimtioE 
Bald  tad  not  otetriy  in  the  pluie,  wo  h»vu 


but  eince  P  hu  tht  i 


-J.'dr 

my  point  w 
V'  -  Ft, 


298  CUEBBNT-SHBETS.  [665. 

the  case  of  a  single  magnetic  pole  of  strength  unity,  moving 
with  uniform  velocity  in  a  straight  line. 

Let  the  coordinates  of  the  pole  at  the  time  t  be 

The  coordinates  of  the  image  of  the  pole  formed  at  the  time 
f  —  r  are 

and  if  r  is  the  distance  of  this  image  from  the  point  (a?,  y,  z), 

To  obtain  the  potential  due  to  the  trail  of  images  we  have  to 
calculate  ^  f^dr 

^  dtjo      r  ' 
If  we  write  Q*  =  u^  +  (i?  -  n))^ 

f    ^  =  -Qlog{Qr  +  u(aj— uO  +  (^-tt>)(«+c  +  tt>0}, 

+  a  term  infinitely  great  which  however  will  disappear  on  differ- 
entiation with  regard  to  t,  the  value  of  r  in  this  expression  being 
found  by  making  r  =  0  in  the  expression  for  r  given  above. 

Differentiating  this  expression  with  respect  to  t,  and  putting 
f  =  0,  we  obtain  the  magnetic  potential  due  to  the  trail  of 
images, 


By  difforontiatiiig  this  expression  with  respect  to  .r  or  z,  we 
o])taiii  the  components  parallel  to  x  or  z  respectively  of  the 
magnetic  force  at  any  point,  and  by  putting  x  =  0,  z  =  Cy  and 
/•  =  2  c  in  these  expressions,  we  obtain  the  following  values  of 
the  components  of  the  force  acting  on  the  moving  pole  itself, 

Y  _  _    1_  » (,    ,   ^^^  __  "^  ) 


Z=  - 


1     \U>  "-  ^* 


66;").]  Li  these  expressions  wo  must  remember  that  the  motion 
is  supposed  to  have  been  going  on  for  an  infinite  time  before  the 

"    {These  exj>r«'«'sioiiH  mav  be  written  in  the  Bimpler  fomi.s 
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time  considered.  Hence  we  must  not  take  vo  a  positive  quan- 
tity, for  in  that  case  the  pole  must  have  passed  through  the 
sheet  within  a  finite  time. 

If  we  make  u  =  0,  and  »  negative,  X  =  0,  and 


or  the  pole  aa  it  approaches  the  sh«et  ia  repelled  Irom  it. 
If  we  make  »»  =  0,  we  find  Q^  =  ii^  + il*, 

-Y  =  —  --5  777-ii — ^.     and    Z  =  - 


The  component  A'  represents  a  retarding  force  acting  on  the 
pole  in  the  direction  opposite  to  that  of  its  own  motion.  For  a 
givea  value  of  R,  X  ia  a  maximum  when  w  =  1-27  R. 

When  the  sheet  is  a  non-conductor,  R  =  so  and  X  =  0. 

When  the  sheet  is  a  perfect  conductor,  R  =  n  and  X  =  0. 

The  component  Z  represents  a  repulsion  of  the  pole  from  the 
sheet.     It  increases  as  the  velocity  u  increases,  and  ultimately 


hecomea   —  ^  when  the   velocity   is  infinite.     It  has  the  same 

value  when  R  is  zero. 

666.]  When  the  magnetic  pole  moves  in  a  curve  parallel  to 
the  sheet,  the  calculation  becomes  more  complicated,  but  it  is 
easy  to  see  that  the  effect  of  the  nearest  portion  of  the  trail  of 
images  is  to  produce  a  force  acting  on  the  pole  in  the  direction 
opposite  to  that  of  its  motion.  The  efiect  of  the  portion  of  the 
trail  immediately  behind  this  is  of  the  same  kind  as  that  of  a 
magnet  with  its  axis  parallel  to  the  direction  of  motion  of  the 
pole  at  some  time  before.  Since  the  nearest  pole  of  this  magnet 
is  of  the  same  name  with  the  moving  pole,  the  force  will  consist 
partly  of  a  repulsion,  and  partly  of  a  force  parallel  to  the  former 
direction  of  motion,  hut  backwards.  This  may  be  resolved  into 
a  retarding  force,  and  a  force  towards  the  concave  side  of  the 
path  of  the  moving  pole. 

667.]  Our  investigation  does  not  enable  us  to  solve  the  case 
in  which  the  system  of  currents  cannot  be  completely  formed,  on 
account  of  a  discontinuity  or  boundary  of  the  conducting  sheet. 

It  ia  easy  to  see,  however,  that  if  the  pole  is  moving  parallel 
to  the  edge  of  the  sheet,  the  currents  on  the  side  next  the  edge 
will  be  enfeebled.  Hence  the  forces  due  to  these  currents  will 
be  less,  and  there  will  not  only  be  a  smaller  retarding  force,  but. 
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since  the  repulsive  force  is  least  on  the  side  next  the  edge,  the 
pole  will  be  attracted  towards  the  edge. 

Theory  of  Arago'e  Rotating  Di»k. 

668,]  Arago  discovered*  that  a  magnet  placed  near  a  rotating 
metallic  disk  e^cperiences  a  force  tunding  to  make  it  follow  the 
motion  of  the  disk,  although  when  the  disk  is  at  rest  there  is 
no  action  hetween  it  and  the  magnet. 

This  action  of  a  rotating  disk  was  attributed  to  a  new  kind 
of  induced  magnetization,  till  Faradayf  explained  it  by  means 
of  the  electric  currents  induced  in  the  disk  on  account  of  its 
motion  through  the  field  of  magnetic  force. 

To  determine  the  distribution  of  these  induced  currents,  an<l 
their  effect  on  the  ma^et,  we  might  make  use  of  the  results 
already  found  for  a  conducting  sheet  at  rest  acted  on  by  a 
moving  magnet,  availing  ourselves  of  the  method  given  in 
Art.  GOO  for  treating  the  electromagnetic  equations  when  re- 
ferred to  a  moving  system  of  axes.  As  this  case,  however,  has 
a  special  importance,  we  shall  treat  it  in  a  direct  manner,  be- 
ginning by  assuming  that  the  poles  of  the  magnet  are  so  for 
from  the  edge  of  the  disk  that  the  effect  of  the  hmitation  of  the 
conducting  sheet  may  be  neglected. 

Making  use  of  the  same  notation  as  in  the  preceding  articles 

(656-667),  we  find  {equations  13,  %  598,  writing  ^  for  4']  for 

the  components  of  the  electromotive  intensity  parallel  to  x  and  y 

respectively,  ^       dy     d^ 

'^'^~     '^'dt~dx 

dx        rflir 

where  y  is  the  resolved  part  of  the  magnetic  force  normal  to 
the  disk. 

If  we  now  express  u  and  v  in  terms  of  ^,  the  current-function, 

dA  d^ 

dy  (KC 

and  if  the  disk  is  rotating  about  the  axis  of  z  with  the  angular 

velocity  <u,  dy  _  dx 


(1) 


(2) 


(3) 
de  Phi^qmt.  Tome  32,  pp.  213-223, 1836. 
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Substituting  these  values  in  equations  (1),  we  find 

_a_  =  ya,y-^.  (5) 

Multiplying  (4)  by  x  and  (5)  by  y,  and  adding,  we  obtain 

Multiplying  (4)  by  y  and  (5)  by  —a?,  and  adding,  we  obtain 

If  we  now  express  these  equations  in  terms  of  r  and  0,  where 

aj  =  rcos^,        y  =  rsin^,  (8) 

they  become  a-^  =:  yoar^^r -~ >  (9) 

Equation  (10)  is  satisfied  if  we  assume  any  arbitrary  function 
X  of  r  and  $,  and  make  ^^ 

^=,rrj.  (12) 

Substituting  these  values  in  equation  (9),  it  becomes 

Dividing  by  <rr^,  and  restoring  the  coordinates  x  and  y,  this 
becomes  d^     d\_<^  ,     . 

This  is  the  fundamental  equation  of  the  theory,  and  expresses 
the  relation  between  the  function,  x»  ^^^  the  component,  y,  of 
the  magnetic  force  resolved  normal  to  the  disk. 

Let  Q  be  the  potential,  at  any  point  on  the  positive  side  of  the 
disk,  due  to  imaginary  attracting  matter  distributed  over  the 
disk  with  the  surface-density  x* 

At  the  positive  surface  of  the  disk 

^  =  -2.x.  05) 
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Hence  the  first  member  of  equation  (H)  becomes 

But  since  Q  satisHes  Laplace's  equation  at  all  points  external 

tothedisk,  ^     ,PQ__U'Q  .     , 

dx'  ■*"  tij'  ~      rf>  '  *     ' 

and  equation  (14)  becomes 


d'Q  _ 


(18) 


Ag&in,  since  Q  b  the  potential  due  to  the  distributioD  x<  the 

potential  due  to  the  distribution  ^.  or  -t^>  wilJ  bo  ~r^-     From 

this  we  obtain  for  the  magnetic  potential  due  to  the  currents  in 
the  disk,  jsn 

ii.=-m-'  (19) 

and  for  the  component  of  the  magnetic  force  normal  to  tbt 
disk  due  to  the  cun-ents, 

If  iij  is  the  magnetic  potential  due  to  external  magnets,  and 
if  we  write  r 

P'  =  -ja^dz,  (21) 

the  component  of  the  magnetic  force  normal  to  the  disk  due  to 
the  magnets  will  be  ,n  xn 

We  may  now  write  equation  (16),  remembering  that 

y  =71  +  72. 

2w  ds*     '^d0dz^~  "  dz'^  ' 


(23) 


Integrating  twice  with  respect  to  z,  and  writing  iJ  for  —  i 

If  the  values  of  P  and  Q  are  expressed  in  terma  of  r,  the  dis- 
tance from  the  axis  of  the  disk,  and  of  f  and  f  two  new  variables 
SQch  that  n  p 

2^  =  z  +  -e,         2C~z--0,  (26) 
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equation  (2!)  becomes,  by  integration  with  respect  to  f, 

«=/j^<'f  (26) 

6G9.]  The  form  of  this  expression  taken  Ln  conjunction  with 
the  method  of  Art.  662  shews  that  the  magnetic  action  of  the 
currents  in  the  disk  is  equivalent  to  that  of  a  trail  of  images  of 
the  magnetic  system  in  the  form  of  a  helix. 

If  the  magnetic  system  consists  of  a  single  magnetic  pole  of 
strength  unity,  the  helix  will  lie  on  the  cylinder  whose  axis  is 
that  of  the  disk,  and  which  passes  through  the  magnetic  pole. 
The  helix  will  begin  at  the  position  of  the  optical  imago  of  the 
pole  in  the  disk.     The  distance,   parallel  to  the  axis,  between 

consecutive  coils  of  the  helix  will  be  2  tt  —  ■    The  magnetic  effect 

of  the  trail  will  be  the  same  as  if  this  helix  had  been  magnetized 
everywhere  in  the  direction  of  a  tangeut  to  the  cyUnder  perpen- 
dicular to  its  axis,  with  an  intensity  such  that  the  magnetic 
moment  of  any  small  portion  is  numerically  equal  to  the  length 
of  its  projection  on  the  disk. 

The  calculation  of  the  effect  on  the  magnetic  pole  would  be 
complicated,  but  it  is  easy  to  see  that  it  will  consist  of — 

{1)  A  dragging  force,  parallel  to  the  direction  of  motion  of 
the  disk. 

(2)  A  repulsive  force  acting  from  the  disk. 

(3)  A  force  towards  the  axis  of  the  disk- 
When  the  polo  is  near  the  edge  of  the  disk,  the  third  of  these 

forces  may  be  overcome  by  the  force  towards  the  edge  of  the 
disk,  indicated  in  Art.  667  *. 

All  these  forces  were  obserreil  by  Arago,  and  described  by 
him  in  the  Aniiules  de  Chi-niie  for  1826.  See  also  Felici,  in 
Toitolini's  Annate,  iv,  p.  173  (1853),  and  v,  p.  35;  and  E. 
Jocbmann,  in  Cre/ie's  i/tmrnui.  Ixiii,  pp.  158  and  329;  alsoiuPogg. 
Ann.  cxxii,  p.  2H  (1864).  In  the  latter  paper  the  equations 
necessary  for  detei-mining  the  induction  of  the  cuiTents  on 
themselves  arc  given,  but  this  part  of  the  action  is  omitted  in 
the  subsequent  calculation  of  results.  The  method  of  images 
given  here  was  published  in  the  Proceedinga  of  the  RoyalSociety 
for  Feb.  15,  1872. 

■  {if  a»  tlie  dUUnoe  arapolefram  tbe  axis  of  the  disk  e  iuhejgbt  above  the  dM 

B  thktfor  •uuJl  vttluMoEou,  the  dragging  foroe  on  Uic  pole  itm'av/Se' 1(, 

■■a'(v<>/Bc'A>,  the  iorce  Ufxatdi  the  uJb  la'aJ'/ica'.] 
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Spherical  Current-Sheet. 
670.]  Let  t/i  be  the  current-function  at  any  point  Q  of  a 
spherioal  current-aheet,  and  let  P  be  the  potential  at  a  given 
point,  due  to  a  sheet  of  imaginary 
matter  distributed  over  the  Bpkere 
with  surf  ace-density  1^,  it  ia  re- 
quired to  find  the  magnetic  po- 
tential and  the  vector-potential  of 
the  current-sheet  in  terms  of  i". 

Let  a  denote  the  radius  of  the 

sphere,  r  the  distance  of  the  given 

point  from  the  centre,  and  p  the 

reciprocal   of  the   distance  of  the 

1  the  sphere  at  which  the  cnrrent- 


F!g,  89. 


given  point  from  the  point  Q  o 
function  is  i}>- 

The  action  of  the  current-aheet  at  any  point  not  in  its  suh- 
stance  is  identical  with  that  of  a  magnetic  shell  whose  strength 
at  any  point  is  numerically  equal  to  the  current-function. 

The  mutual  potential  of  the  magnetic  shell  and  a  unit  pole 
placed  at  the  point  P  ia,  by  Art.  410, 

Since  j)  ib  a  homogeneous  function  of  the  degree  —  1  in  r  and  a, 


da        dr 
dp  _      id, 
da~      adr 


Since  r  and  a  are  constant  throughout  the  surface-iut^ratJon, 

But  if  P  is  the  potential  due  to  a  sheet  of  imo^nary  matter 
of  surface-density  d,  rr 

P  =JJ  <ppd8, 

and  H,  the  magnetic  potential   of  the  current-sheet,  may  be  . 
expressed  in  terms  of  P  in  the  form 

adr^      ' 
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671.]  We  may  detennine  F^  the  a:-component  of  the  vector- 
potential,  from  the  expression  given  in  Art.  416, 


'-!!*  ( 


where  f,  1;,  Cwe  the  coordinates  of  the  element  dS,  and  I,  vi,  n 
are  the  direction-cosines  of  the  normal. 

Since  the  sheet  is  a  sphere,  the  direction-cosines  of  the  normal 


are 


a  a  a 


and  |  =  (y^,)^3  =  _|, 

so  that         m^-n^  =  [7j{z-C)-C{y-rj)]^> 

=  {^(';-y)-2/(C-^)}^, 

"  ady      adz  ' 
Multiplying  by  <^d!5,  and  integrating  over  the  surface  of  the 
sphere,  we  find  o  _  «  ^^      ydP 

"^  ady       adz 

omiilarly  G  =  -  -7 -=—  > 

""  adx       ady  * 

The  vector  SI,  whose  components  are  F^  (?,  J7,  is  evidently 
perpendicular  to  the  radius  vector  r,  and  to  the  vector  whose 

components  are -5—  '  -7— >  aiid  -r-*     If  we  determine  the  lines 
^  dx     dy  dz 

of  intersection  of  the  spherical  surface  whose  radius  is  r,  with 
the  series  of  equipotential  surfaces  corresponding  to  values  of  P 
in  arithmetical  progression,  these  lines  will  indicate  by  their 
direction  the  direction  of  $1,  and  by  their  proximity  the  magni- 
tude of  this  vector. 

In  the  language  of  Quaternions, 

81=  -  r.pVP. 

a      '^ 

VOL.  II.  X 
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672,]  If  we  OBSUine  as  the  value  of  P  within  the  sphere 

where  X  '^  ^  Bphorical  harraonic  of  degree  i,  then  outaide  the 
sphere  ^  <-n 

p-=d(2)    1;. 

The  ouixent-funotion  ^  is  since  (-^ -j- L=„=4n^,  given 

by  the  equation  2i  +1  t 


4Tr 


-AY,. 


The  magnetic  potential  within  the  sphere  is 


and  outside 


G'=i 


For  example,  let  it  be  required  to  produce,  by  means  of  a  wire 
coiled  into  the  form  of  a  spherical  shell,  a  uniform  magnetic 
force  M  within  the  shell.  The  magnetic  potential  within  the 
ehell  is,  in  this  case,  a  solid  harmonic  of  the  first  degree  of  the 


form 


-Mi-coad. 


where  M  is  the  magnetic  force.    Hence  A  =  i  a*M,  and 
0  =  ~—  Ma  cos  6. 

The  current-function  is  therefore  proportional  to  the  distance 
from  the  equatorial  plane  of  the  sphere,  and  therefore  the 
number  of  windings  of  the  wire  between  any  two  small  circles 
must  be  proportional  to  the  distance  between  the  planes  of  these 
circles. 

If  N  is  the  whole  number  of  windings,  and  if  y  is  the  strength 
of  the  current  in  each  winding, 

0  =  J  Ny  cos  9. 

Hence  the  magnetic  force  within  the  coil  is 

3      a 
673.]  Let  us  next  find  the  method  of  coiling  the  wire  in  order 
to  produce  within  the  sphere  a  magnetic  potential  of  the  form  of 
a  solid  zonal  harmonic  of  the  second  degree. 


674.] 


Here 


CUBREST-SHEETS. 


*  =  ^^5 «.'«-». 


If  the  -whole  number  of  windings  18  N,  the  number  between 
the  pole  and  the  polar  distance  fl  is  i  JVain'tf. 

The  windings  are  cloBcst  at  latitude  45°,  At  the  equator  the 
direction  of  winding  changes,  aud  in  the  other  hemisphere  the 
windings  arc  in  the  contraiy  direction. 

Let  y  be  the  strength  of  the  current  in  the  wire,  then  within 
the  shell  a_        _2 

Let  us  now  consider  a  conductor  in  the  form  of  a  plane  closed 
curve  placed  anywhere  within  the  shell  with  its  plane  perpen- 
dicular to  the  axis.     To  determine  its  coefficient  of  induction  we 

-  -j-  over  the  plane  bounded 


have  to  find  the  surface-integral  of 
by  the  curve,  putting  y  =  1. 

Now  il=-  il^N{z'-i(3.^ 


and 


5  a* 
dz  " 


H2/^)}, 


~.!fz. 


Hence,  if  jS'  is  the  area  of  the  closed  curve,  its  coefficient  of 
induction  is 


U=p-,NSz. 


i^^^^y-' 


If  the  current  in  this  conductor  is  y,  there  will  be,  by  Art.  583. 
a  force  Z,  urging  it  in  the  direction  of  s,  where 

and,  since  this  is  independent  of  x,  y,  z,  the  force  is  the  same  in 
whatever  part  of  the  shell  the  circuit  is  placed. 

674.]  The  method  given  by  Poisson,  and  described  in  Art.  437, 
may  be  applied  to  current-sheets  by  Bubstituting  for  the  body, 
supposed  to  bo  uniformly  magnetized  in  the  direction  of  s  with 
intenBity  /,  a  cuiTent-sbeet  having  the  form  of  ite  surface,  and 
for  which  the  current-function  is 

*  =  73.                                                   (1) 
The  currents  in  the  sheet  will  be  io  planes  parallel  to  that  of  xy, 
and  the  strength  of  the  currant  round  a  slice  of  thickness  ds  will 
be  Idz. 
X3 
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The  magnetic  potential  due  to  this  cuiTont-slieet  at  any  point 

outside  it  will  ba  n—      T^^  •  /9\ 

~~      dz'  *  ' 

{where  V  is  the  gra^-itation  potential  due  to  the  sheet  when 
the  surface  density  is  unity,} 

At  any  point  inside  the  sheet  it  will  be 

a  =  _4,/,-/^^.  (3) 

Tho  components  of  the  vector-potential  are 

dy  tlx  ^  ' 

These  results  can  be  applied  to  several  cases  oocuniug  in 
practice. 

675.]  (1)  A  plane  electric  circuit  of  any  form. 
Let  V  be  the  potential  due  to  a  [Tlane  sheet  of  any  form  of 
which  the  surface -density  is  unity,  then,  if  for  this  aheet  we 
substitute  either  a  magnetic  shell  of  strength  /  or  an  electric 
current  of  strength  /  round  its  boundary,  the  values  of  Q.  and  of 
F,  6,  II  will  be  those  given  above. 

(2)  For  a  solid  sphere  of  radius  a, 

T'  =  —  -_;  when  r  \b  greater  than  a,  (5) 

and       V=  —  {3a*— r*)  when  r  is  less  than  a.  (6) 

Hence,  if  such  a  sphere  is  magnetized  parallel  to  z  with  inten- 
sity /,  the  magnetic  potential  will  be 

Q,=-  ~-  I  -^z  outside  the  sphere,  (7) 

and         Q.=  —  Iz  inside  the  sphere,  (8) 

If,  instead  of  being  magnetized,  the  sphere  is  coiled  with  wire 
in  equidistant  circles,  the  total  strength  of  current  between  two 
small  circles  whose  planes  are  at  unit  distance  being  /,  then  out- 
side the  sphere  the  value  of  12  is  as  before,  but  within  Uie  sphere 

Q=-y/2.  (9) 

This  is  the  case  already  discussed  in  Art.  672. 

(3)  The  case  of  an  ellipsoid  uniformly  magnetized  parallel  to 
a  given  line  has  been  discussed  in  Art.  437. 

If  the  ellipsoid  is  coiled  with  wire  in  parallel  and  equidistant 
planes,  the  magnetic  force  within  the  ellipsoid  will  be  uniform. 


i 


676.] 


(4)  A  Cylimlric  Magnet  or  Solenoid. 


676.]  If  the  body  is  a  cylinder  having  any  form  of  section  and 
bounded  by  planes  perpendicular  to  its  generating  lines,  and  if 
Tf  is  the  potential  at  the  point  (j,  y,  r)  due  to  a  piano  area  of 
surface-denaity  unity  coinciding  with  the  positive  end  of  the 
solenoid,  and  ^  the  potential  at  the  same  point  due  to  a  plane 
area  of  surface-deDsity  unity  coinciding  with  the  negative  end, 
then,  if  the  cylinder  is  uniformly  and  longitudinally  magnetized 
with  intensity  unity,  the  potential  at  the  point  (x,  y,  z)  will  be 
0.=  ^-%.  (10) 

If  the  cylinder,  instead  of  being  a  magnetized  body,  lb  uni- 
formly lapped  with  wire,  so  that  there  are  n  windings  of  wire  in 
unit  of  length,  and  If  a  current,  y,  is  made  to  Sow  through  this 
wire,  the  magnetic  potential  outeide  the  solenoid  is  as  before, 

a=ny(r,-r,),  (ii) 

but  within  the  apaoe  bounded  by  the  solenoid  and  its  plane  ends 
il  =  ny{-iT!Z+Vi-V;),  (12) 

The  magnetic  potential  is  discontinuous  at  the  plane  ends  of 
the  solenoid,  but  the  magnetic  force  is  continuous. 

If  r, ,  r.„  the  distances  of  the  contres  of  inertia  of  the  positive 
and  negative  plane  ends  respectively  from  the  point  (x,  y,  z),  are 
very  great  compared  with  the  transverse  dimensions  of  tlie 
solenoid,  we  may  write 

y,  =  -^.       K=-,  (13) 

where  A  is  the  area  of  either  section. 

The  magnetic  force  out«ide  the  solenoid  is  therefore  very  small. 
and  the  force  inside  the  solenoid  approximates  to  a  force  parallel 
to  the  axis  in  the  positive  direction  and  equal  to  4  n  ny. 

If  the  section  of  the  solenoid  is  a  circle  of  radius  a,  the  values 
of  V,  and  V^  may  be  expressed  in  the  series  of  spherical  hai- 
monics  given  in  Thomson  and  Tait's  Natural  Pkilosvphy, 
Art.  54G,  Ex.  II., 


-r7{+a  +  i-Pj 


y=^^\^-^^^ 


-  i!  -*^  ^.  +  ir^f  -!  ^i-&c.!  when  r  <  «,     (1 1) 
2.4(i'    *      2.4.6(('>    "J  '      \     / 


1.1.3  «« 
2.4.6  r''    * 


&c.t  when  r>a. 


(IS) 
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lu  lhe«o  expressiorB  r  ia  the  distance  of  the  point  {x.  y,  z) 
from  the  oentrfl  of  one  of  the  circular  enda  of  the  solenoid,  and 
the  zonal  hnrmonicH,  /*,,  Pj,  &c.,  are  those  coiTeaponding  to  the 
Angle  0  which  r  makes  with  the  axis  of  the  cylinder. 

'llio  diffOTential  coefficient  with  reapoct  to  s  of  the  first  of  these 

uxprcRMionH  ir  didcontinuous  when  S  =  -^  but  we  must  remember 

that  witliin   th«   adenoid  we  must  add  to  the  nia^etic  force 
iloducwd  from  this  expression  a  longitudinal  foi-ce  i-nny. 

677.]  Let  «8  now  consider  a  solenoid  so  long  that  in  the  part 
of  iipAOC  which  wo  consider,  the  terms  depending  on  the  distance 
Froni  tbo  ends  may  Im  neglected. 

The  magnetic  induction  through  any  closed  curve  drawn 
within  thn  tiolenoid  ia  AiinyA',  where  A'  is  the  arta  of  the 
projection  of  the  curve  on  a  plane  normal  to  the  axis  of  the 
solenoid. 

If  the  closed  curve  is  outsido  the  eolenoid,  then,  if  it  encloses 
the  solenoid,  tbo  magnetic  induction  through  it  ia  4v»yj4, 
where  .-I  is  the  arwi  of  the  section  of  the  solenoid.  If  the  dosed 
cur\-o  dtxw  tiot  Bun-ound  tho  solenoid,  the  magnetic  induction 
thivii^'h  it  i-  Kon', 

If  a  wire  he  wound  n'  times  round  the  solenoid,  the  coefficient 
of  induction  between  it  and  the  solenoid  is 

jr=4»HH'J.  (16) 

By  supposing  these  windings  to  coincide  with  n  wincUngs  of 
the  solenoid,  we  find  that  the  coefficient  of  self-induction  of  unit 
of  lengUi  of  the  solenoid,  ta.kei>  at  a  sufficient  distance  from  its 
estrvmities,  is  L=  Atn?A.  (17) 

Near  the  ends  of  a  solenoid  we  must  take  into  account  the 
t^mts  depending  on  tiie  inuginaiy  distribution  of  magnetism  on 
the  plane  ends  of  the  solenoid.  Th«  effect  of  th«if«  terms  is  to 
make  the  c^i^cjent  of  induction  brtween  the  soIen<ad  and  a 
riivuit  which  ^urrvunds  it  W«s  than  the  value  ^THJ.wtudt  it 
has  when  the  ciivuit  sorrMiods  a  very  loi^  solenoid  al  a  great 
<&4an«^  fivtm  either  end. 

Lei  OS  take  the  ns«  t>f  tmv>  cuenlar  and  tviaxal  scJenoids  of 
the  same  lei^^ith  L  Let  the  ladios  of  the  ooter  fmleooid  be  Cj. 
and  let  it  he  w^wibcI  wuh  wiie  so  as  to  haw  »,  winding  im  sut 
ofki^tL  La  tke  i»fitts  of  Ibe  iBMr  solBMid  Ik  ^2- **' ^  ^^ 
MMfelwr  of  wi»fi^s  w  awt  of  hagih  be  m^  thaa  tfw  tiiufciit 


of  induction  between  the  solenoids,  if  we  neglect  the  effect  ( 
the  ends,  is  M  =  Og,  (18) 

where  G  =  i-nv^,  (19) 

and  g  =  vc^ln-^.  (20) 

era.]  To  determine  the  effect  of  the  positive  end  of  the 
solenoid  we  must  calculate  the  coefficient  of  induction  on  the 
outer  solenoid  due  to  the  circular  disk  which  forms  the  end  of 
the  inner  solenoid.  For  this  purpose  we  take  the  second  ex- 
pression for  V,  as  given  in  equation  (15),  and  differentiate  it 
with  respect  to  )■.  This  gives  the  magnetic  force  in  the  direction 
of  the  radius.     We  then  multiply  this  oxprcssion  by  2-ni'dfi,, 


This  gives  the  cocfEcieut  of  induction  with  respect  to  a  single 
winding  of  the  outer  solenoid  at  a  distance  s  from  the  positive 
end.  We  then  multiply  this  by  dz  and  integrate  with  respect  to 
z  from  3  =  Z  to  3  =  0.  Finally,  we  multiply  the  result  by  n^ii^, 
and  so  find  the  effect  of  one  of  the  ends  in  diminishing  the 
coefficient  of  induction. 

We  thus  find  for  U,  the  value  of  the  coefficient  of  mutual  in- 
duction between  the  two  cylinders, 

M=  47r'7i,njc/(?-2eia),  (21) 

,  ,c.  +  i-r       1.3      1    c/^, 

where    a  =  \  ■^— — —  —  -—  -  -— r  ^  ( 1 

p,  2.4    2.3P.*'- 


2.4.6    4.5Ci* 
where  r  is  put,  for  brevity,  instead  of  vT^^fT, 

It  appeal's  from  this,  that  in  calculating  the  mutual  induction 
of  two  coaxal  solenoids,  wo  must  use  in  the  expression  (20) 
instead  of  the  true  length  /  tho  corrected  length  l  —  2<\a,  in 
which  a  portion  equal  to  ac-^  is  supposed  to  be  cut  off  at  each 
end.  When  the  solenoid  is  very  long  compared  with  its  ex- 
ternal radius,  .  i  . « 

«=*-TV-^-Tiirr4  +  &C-  (23) 

Cy  Cy 

679.]  When  a  solenoid  consists  of  a  number  of  layers  of  wire 
of  fluoh  a  diameter  that  there  are  71  layei-s  in  unit  of  length,  the 
number  of  layers  in  the  thickness  r/i-  is  iidr,  and  we  have 

G  =  i-nf-n?dT,     and     g  =  nl  fn^r^dr.  (24) 
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If  the  thickness  of  the  wire  is  constant,  and  if  the  inductdcm 
take  place  between  an  external  coil  whose  outer  and  inner  radii 
are  x  and  y  respectively,  and  an  inner  coil  whose  outer  and  inner 
radii  are  y  and  z,  then,  neglecting  the  effect  of  the  ends, 

0»=S»"«V","(»-!/)b'-2')-  (2S) 

That  this  may  he  a  maximum,  x  and  s  being  given,  and  y 
variable,  es 

':  =  iy-if-  (26) 

This  equation  gives  the  best  relation  between  the  depths  of 
the  primary  and  secondary  coil  for  an  induction-machine 
without  an  iron  core. 

If  there  is  an  iron  core  of  radius  z,  then  G  remains  as  before, 

but  r 

(t  =  T:lfn'^(i''+ivKZ^}dr,  (271 

=  ^U^(l^^i^.^{y-z)).  (28) 

If  y  19  given,  the  value  of  z  which  gives  the  maximum  value 
of  If  ia  1 9  w  r 

^  =  «"tSi-  (^" 

When,  as  in  the  case  of  iron,  k  is  a  lai^e  number,  z  =  ly,  nearly. 

If  we  now  make  x  constant,  and  y  and  z  variable,  we  obtain 
the  maximum  value  of  Gg,  k  being  large, 

X.y:z::4:3:2.  (30) 

The  coefficient  of  self-induction  of  a  long  solenoid  whose  outer 
and  inner  radii  are  x  and  y,  having  a  long  iron  core  whose 
radius  is  z,  is  per  unit  length 

4  r  /     j  u  /    n*  (fj^  +  4  nKZ^)  dr+Tt  I   n*  (r*  +  4  jtkz*)  dr  f  n^dp, 

=  %Ti^'n'(x-yf(x^-i-2xy+3y'  +  2ivK^).  (81) 

680.]  We  have  hitherto  supposed  the  wire  to  be  of  uniform 
thickness.  We  shall  now  determine  the  law  according  to  which 
the  thickness  must  vary  in  the  different  layers  in  order  that,  for 
a  given  value  of  the  resistance  of  the  primary  or  the  secondary 
coil,  the  value  of  the  coefficient  of  mutual  induction  may  be  a 
maximum. 

Let  the  resistance  of  unit  of  length  of  a  wire,  such  that  n 
windings  occupy  unit  of  length  of  the  solent^d,  be  fin*. 


68 1.]  ENDLESS    SOLENOID. 

The  resistance  of  the  whole  solenoid  is 
1  nlr. 


H=  lipdn'r 


(32) 

The  condition  that,  with  a  given  value  of  R,  G  may  Ije  a 

.    dG      „dR      .         „  . 
maximiini  le  -^  =  C  -,  - 1  where  6  la  some  conBtant. 
dr  dr 

This  gives  n*  proportional  to  -,  or  the  thickness  of  the  wire  of 

the  exterior  coil  must  be  proportional  to  the  square  root  of  the 
radius  of  the  layer. 

In  order  that,  for  a  given  value  of  li,  <j  may  be  a  maximum 

«>  =  C(r+l^").  (S3) 

Hence,  if  there  is  no  iron  core,  the  thickness  of  the  wire  of  the 
interior  coil  should  be  inversely  aa  the  square  root  of  the  radius  of 
the  layer,  but  if  there  is  a  core  of  iron  having  a  high  capacity  for 
magnetization,  the  thickness  of  the  wire  should  be  more  nearly 
directly  proportional  to  the  square  root  of  the  radius. 

An  Endlem  Solenoid. 
681.]  If  a  solid  be  generated  by  the  revolution  of  a  plane  area 
A  about  an  axis  in  its  own  plane,  not  cutting  it,  it  will  have  the 
form  of  a  ring.  If  this  ring  be  coiled  with  wire,  so  that  the 
windings  of  the  coil  are  in  planes  passing  through  the  axis  of 
the  ring,  then,  if  ti  ia  the  whole  number  of  windings,  the  current- 


function  of  the  layer  of  wire  i 


jtyfl,  where  d  is  the 


angle  of  azimuth  about  the  axis  of  the  ring. 

If  D.  is  the  magnetic  potential  inside  the  ring  and  ii'  that 
outside,theu  ii_ii'  =  _47r</.  +  C  = -2)ty0  +  C. 
Outside  the  ring,  ii'  must  satisfy  Laplace's  equation,  and  must 
vanish  at  an  infinite  distance.  From  the  nature  of  the  problem 
it  must  be  a  function  of  e  only.  The  only  value  of  ii'  which 
fulfils  these  conditions  is  zero.     Hence 

ii'=0,  ii=— 2)iytf  +  C. 

The  magnetic  force  at  any  point  within  the  ring  is  perpen- 
dicular to  the  plane  passing  through  the  axis,  and  is  equal  to 

2  Ky-,  where  r  is  the  distance  from  the  axis.     Outside  the  ring 

there  is  no  magnetic  force. 
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If  the  form  of  a  closed  curve  be  given  by  the  coordinatea  z,  r, 
and  Q  of  its  ti&cing  point  as  functions  of  s,  its  length  from  a 
fixed  point,  the  magnetic  induction  through  the  closed  curve 
may  1m  found  by  integration  round  it  of  the  vector  potential, 
the  components  of  which  are 


^y^' 


We  thufl  find 


0  =  2ny 
'Jo  r  de 


yz 


H=o. 


taken  round  the  curve,  provided  the  curve  is  wholly  inside  the 
ring.  If  the  curve  lies  wholly  without  the  ring,  but  embraceB  it, 
the  magnetic  induction  through  it  is 

where  a  is  the  linear  quantity  /    -,  -p  de,  and  the  accented 

coordinates  refer  not  to  the  closed  curve,  but  to  a  single  winding 
of  the  solenoid. 

The  magnetic  induction  through  any  closed  curve  embracing 
the  ring  is  therefore  the  same,  and  equal  to  2nya.  If  the  closed 
curve  does  not  embrace  the  ring,  the  magnetic  induction  through 
it  is  zero. 

Let  a  second  wire  be  coiled  in  any  manner  round  the  riDg 
not  necessarily  in  contact  with  it,  so  as  to  embrace  it  n'  timee. 
The  induction  through  this  wire  is  2nn'ya,  and  therefore 
M,  the  coefficient  of  induction  of  the  one  coil  on  Uie  other,  is 
M=  2nn'a. 

Since  this  is  quite  independent  of  the  particular  form  or 
position  of  the  second  wire,  the  wires,  if  traversed  by  electric 
currents,  will  experience  no  mechanical  force  acting  between 
them.  By  making  the  second  wire  coincide  with  the  first,  we 
obtain  for  the  coefficient  of  self-induction  of  the  ring-coil 
L=2n^a. 


k 


CHAPTER  Xni. 


PARALLEL    OUIIRENTS. 


Cylindrical  Conductors. 

682,]  In  a  very  important  class  of  electrical  arrangementa  the 
euiTcnt  is  conducted  through  round  wires  of  nearly  unifonn 
section,  and  either  straight,  or  such  that  the  radius  of  curvature 
of  the  axis  of  the  wire  is  very  great  compared  with  the  radius  of 
the  transverse  section  of  the  wire.  In  order  to  be  prepared  to 
deal  mathematically  with  such  arrangements,  we  shall  begin 
with  the  case  in  which  the  circuit  consists  of  two  very  long 
parallel  conductors,  with  two  pieces  joining  their  ends,  and  we 
ehall  confine  our  attention  to  a  part  of  the  circuit  which  is  so  far 
from  the  ends  of  the  conductors  that  the  fact  of  their  not  being 
inBnitely  long  does  not  introduce  any  sensible  change  in  the 
flifitributioQ  of  force. 

We  shall  take  the  axis  of  s  parallel  to  the  direction  of  the 
conductors,  then,  from  the  symmetry  of  the  arrangemonta  in  the 
part  of  the  field  considered,  evei'ything  will  depend  on  H,  the 
component  of  the  vector-potential  parallel  to  2. 

The  components  of  magnetic  induction  become,  by  equations 
(A),  ,H  ,„ 


6  = 


dx' 


V) 


For  the  sake  of  generality  we  shall  suppose  the  coeffieiont  of 
ma^etic  induction  to  be  \k,  bo  that  <i  =  \t.a,  h=^^,  where  a  and 
^  are  the  components  of  the  magnetic  force. 
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The  equations  (E)  of  electric  currents,  Art.  607,  give 

u=0,         1'=  0,         4iiw=  ^  _  ^-^.  (ta 

dz      dy  ^  n 

683.]  If  the  current  is  a  function  of  r,  the  distance  from  thv 
axis  of  s,  and  if  we  write 

r  =  rcos0,     and     y=riia  0,  (i) 

and  ^  for  the  magnetic  force,  in  the  direction  in  which  0  ib 
inetusured  perpendicular  to  the  plane  through  the  axis  of  z,  wc 
liavc  ,jR      1  1  -7 

*""=!+ >=?sW')-  (=> 

If  C  is  the  whole  current  flowing  through  a  section  bounded 
by  a  circle  in  the  plane  *y,  whose  centre  is  the  origin  and  whose 
radius  is  >■,  rv 

C  =  l    2trrwdT=i^r.  (6) 

It  appears,  therefore,  that  the  magnetic  force  at  a  given  point 
duo  to  a  current  arranged  in  cylindrical  strata,  whose  common 
axis  is  the  axis  of  s,  depends  only  on  the  total  strength  of  tho 
current  flowing  through  the  strata  which  lie  between  the  given 
point  and  the  axis,  and  not  on  the  distribution  of  the  current 
among  the  difl'erent  cylindrical  strata. 

For  instance,  let  the  conductor  be  a  uniform  wire  of  radius  «, 
and  let  the  total  current  through  it  be  C,  then,  if  the  current  is 
uniformly  distributed  through  all  parts  of  the  section,  w  will  be 
constant,  and  (j  _  irira^  (7) 

The  current  flowing  through  a  circular  section  of  radias  r, 
r  being  less  than  a,  is  C=  -uwr^.  Hence  at  any  point  within  the 
wire.  Iff  r 

Outside  the  wire         ^  =  2--  (9) 

In  the  substance  of  the  wire  there  is  no  magnetic  potential,  for 
within  a  conductor  carrying  an  electric  current  the  magnetic 
force  does  not  fulfil  the  condition  of  having  a  potential. 
Outside  the  wire  the  magnetic  potential  is 

a  =  -2C0.  (10) 

Let  us  suppose  that  instead  of  a  wire  the  conductor  ia  a  metal 
tube  whose  external  and  internal  radii  are  a,  and  a,,  then,  if  Cis 
the  current  through  the  tubular  conductor, 

C=  iiu;(a|*-ag»}.  (n^ 
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The  magnetic  force  within  the  tuhe  is  zero.  In  the  motal  of  the 
tube,  where  r  is  between  «j  and  a^, 

/3  =  2C„-pAjj(r-'i"),  (12) 

and  outside  the  tube,  p 

13  =  2^,  (13) 

the  same  as  when  the  current  flows  through  a  solid  wire. 

684.]  The  magnetic  induction  at  any  point  is  b  =  fi^,  and 
since,  by  equation  (2),  ^ff 

~      dr 
H=  —  fijfidr. 

The  value  of  H  outside  the  tube  is 

A-2^Clogr, 

where  p^  is  the  value  of  n  in  the  space  outside  the  tube,  and  A  is 
a  constant,  the  value  of  which  depends  on  the  position  of  the 
return  current. 

In  the  substance  of  the  tube, 

In  the  space  within  the  tube  H  is  constant,  and 

jy=4-2poClog«j  +  fxC(l+     ^^"'\log-^)- 

685.]  Let  the  circuit  be  completed  by  a  return  current,  flowing 
in  a  tube  or  wire  parallel  to  the  first,  the  axes  of  the  two  currents 
being  at  a  distance  b.  To  determine  the  kinetic  energy  of  the 
system  we  have  to  calculate  the  in.tegral 


(IB) 
(16) 


(") 


(18) 


r=i 


ifffllvxlxiliidi. 


(19) 


If  we  confine  our  attention  to  that  part  of  the  system  which 
lies  between  two  planes  perpendicular  to  the  axea  of  the  oon- 
<luctors,  and  distant  I  front  each  other,  the  expression  becomes 

T=\lffHwdi:'hj.  (20) 

If  we  distinguish  by  an  accent  the  quantities  belonging  to  the 
retura  current,  we  may  write  this 

=  ffUtifiix'ily'  +ffWwdxJy  +  ffHwdxdy  ^jJH'vfibfd]/.   (21) 
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Since  the  action  of  the  ooiTent  on  any  point  outaide  the  tube 
is  the  same  as  if  the  same  current  had  been  concentrated  at  the 
axis  of  the  tube,  the  mean  value  of  H  for  the  section  of  the 
return  current  \s  A  —  2fi„  Clog  h,  and  the  mean  value  of  H'  for 
the  section  of  the  positive  current  a  A' -2  fi.^  C  log  h. 

Hence,  in  the  expression  for  T,  the  first  two  terms  may  be 
written        AC -2^^CG'\ogh,  and  A'C-2y.^CG'\(igh. 

Integrating  the  two  latter  terms  in  the  ordinary  way,  and 
adding  the  results,  remembering  that  C  +  C=0,  we  obtain  the 
value  of  the  kinetic  energy  T.  Writing  this  \  LC-,  where  L  Is 
the  coefficient  of  solf-induction  of  the  system  of  two  conductors, 
we  find  as  the  value  of  L  for  length  I  of  the  system  _ 

L 
I  " 


If  the  conductors  are  solid  wii-es,  «j  and  a/  are  zero,  and 
L 


(22) 


e  of  iron  wires  that  we 


(23) 

It  is  only  in  the  case  of  iron  wires  that  we  need  take  account 
of  the  m^netic  induction  in  calculating  their  self-induction.  In 
other  cases  we  may  make  ^t^,  ft,  and  i/  all  equal  to  unity.  The 
smaller  the  ladii  of  the  wires,  and  the  greater  the  distance 
between  them,  the  greater  ib  the  self-induction. 

To  find  the  Jtepvlsion,  X,  between  the  Two  Portions  of  Wire. 
686.]  By  Art.  580  we  obtain  for  the  force  tending  to  increase  h. 


■'•'i" 


(2)) 

which  agrees  with  Ampere's  formula,  when  fj^  =  1,  aa  in  air. 

687.]  If  the  length  of  the  wires  is  great  compared  with  the 
distance  between  them,  we  may  use  the  coefficient  of  self- 
induction  to  determine  the  tension  of  the  wires  arising  from  the 
action  of  the  current. 

*  j  If  the  wirw  ■»  mmgnetic,  th«  mftgnetiiim  indaced  in  tliem  will  disturb  the 
magiielio  Bold  and  we  cumat  kpply  the  preoadin^  reiaoning.  EquMiom  ('12),  (33; 
and  (2S)  ue  onlj  (trictly  true  wbeu  >■  —  !<'  —  /^  -  [ 


'  687-] 
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If  Z  is  this  tcDsioQ, 


=  Ch..log,j 


(23) 


In  one  of  Ampfere'a  experiments  the  parallel  conductors  con- 
sist of  two  troughs  of  mercury  connected  with  each  other  by  a 
floating  bridge  of  wire.  When  a  current  is  made  to  enter  at  the 
extremity  of  one  of  the  troughs,  to  flow  along  it  till  it  reaches 
one  extremity  of  the  floating  wire,  to  pasa  into  the  other  trough 
through  the  floating  bridge,  and  so  to  return  along  the  second 
trough,  the  floating  bridge  moves  along  the  troughs  so  aa  to 
lengthen  the  part  of  the  mercury  traversed  by  the  current. 


Fig.  40. 

Professor  Tait  haa  eimplified  the  electrical  conditions  of  this 
experiment  by  substituting  for  tho  wire  a  floating  siphon  of  glasf 
filled  with  mercury,  so  that  the  current  flows  in  mercury  through- 
out itfi  course. 

This  experiment  is  sometimes  adduced  to  prove  that  two 
elements  of  a  current  in  the  same  straight  line  repel  one  another, 
and  thus  to  shew  that  Amp^ru's  formula,  which  indicates  such 
a  repulsiou  of  collincar  elements,  is  more  correct  than  that  of 
Qrassmanu,  which  gives  no  action  between  two  elements  in  the 
same  straight  line ;  Art.  526. 

But  it  is  manifest  that  since  the  formulae  both  of  Ampere  and 

of  Grassmann  give  the  same  results  for  closed  circuits,  and  since 

I  we  have  in  the  experiment  only  a  closed  circuit,  no  result  of  the 

I  experiment  can  favour  one  mure  than  the  other  of  these  theories. 
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In  fact,  both  formulae  lead  to  the  very  same  value  of  the 
repulsion  as  that  already  given,  in  which  it  appeain  that  h, 
the  distance  between  the  parallel  conductore,  is  an  important 
element. 

When  the  length  of  the  conJuctors  ia  not  very  great  compared 
with  their  distance  apart,  the  form  of  the  value  of  L  becomes 
somewhat  more  complicated, 

688.]  As  the  distance  between  the  conductors  is  diminiBhcd, 
the  value  of  L  diminishes.  The  limit  to  this  diminution  is  when 
the  wires  are  in  contact,  or  when  6=a, +O1'.     In  this  case  if 

L=2l[hg^^h±<y^i^.  (26) 

This  is  a  minimum  when  a^  =  a^,  and  then 
Z  =  2?(log4  +  i), 
=  2;(l-8863), 

=  3-7726/.  (27) 

This  is  the  smallest  value  of  the  self-induction  of  a  round  wire 
doubled  on  itself,  the  whole  length  of  the  wire  being  2 1. 

Since  the  two  parts  of  the  wire  must  be  insulated  from  each 
other,  the  self-induction  can  nevor  actually  reach  this  limiting 
value.  By  using  broad  flat  strips  of  metal  instead  of  round 
wires  the  self-induction  may  be  diminished  indefinitely. 


On  the  Electromotive  Force  required  to  produce  a  Current  0/ 
Varying  Intensity  along  a  Cylindrical  Conductor. 

689.]  When  the  current  in  a  wire  is  of  varying  intensity,  the 
electromotive  force  arising  trom  the  induction  of  the  current  on 
itself  ia  different  in  different  parts  of  the  seotioD  of  the  wire, 
being  in  general  a  function  of  the  distance  &om  the  axis  of  the 
wire  aa  well  as  of  the  time.  If  we  suppose  the  cylindrical 
conductor  to  consist  of  a  bundle  of  wires  all  forming  part  of  the 
same  circuit,  bo  that  the  current  is  compelled  to  be  of  uniform 
strength  in  every  part  of  the  section  of  the  bundle,  the  method  of 
calculation  which  we  have  hitherto  used  would  he  strictly 
applicable.  If,  however,  we  consider  the  cylindrical  conductor 
as  a  solid  mass  in  which  electric  currents  are  free  to  flow  in 
obedience  to  electromotive  force,  the  intensity  of  the  current  will 
not  be  the  same  at  different  distances  from  Uie  axis  of  the 
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cylinder,  and  the  electromotive  forces  themselves  will  depend  on 
the  distribution  of  the  current  in  the  different  cylindric  stiuta  of 
the  wire. 

The  vector-potential  JT*,  the  density  of  the  current  w^  and  the 
electromotive  intensity  at  any  point,  must  bo  considered  as  func- 
tions of  the  time  and  of  the  distance  from  the  axis  of  the  wire. 

The  total  current,  C,  through  the  section  of  the  wire,  and  the 
total  electromotive  force,  E^  acting  round  the  circuit,  are  to  be 
regarded  as  the  variables,  the  relation  between  which  we  have  to 
find. 

Let  us  assume  as  the  value  of  ^, 

5^=S+ro  +  ^i^  +  &c.  +  r^r2*  +  .,.,  (1) 

where  /S,  T^,  T^,  &c.  are  functions  of  the  time. 
Then,  from  the  equation 

we  find  -ir'M;=ri  +  &c.  +  7i2r„r«— 2+...,  (3) 

If  p  denotes  the  specific  resistance  of  the  substance  per  unit  of 
volume,  the  electromotive  intensity  at  any  point  is  pw^  and  this 
may  be  expressed  in  terms  of  the  electric  potential  and  the 
vector  potential  H  by  equations  (B),  Art.  598, 

d4'      dH  „, 

d^  ^dS  ^dT^^dT^^^^    ^dT^^^^  .^. 

or        -p^=_  +  _  +  _o+_V  +  &c.+  -^r«*  +  ....     (5) 

Comparing  the  coefficients  of  like  powers  of  r  in  equations 
(3)  and  (6).  ^  .^      .^      ^j. 

T=li^  (7) 


pi"  dt' 

T  — ^J-^?J!=1 
"~p»*    dt 


(8) 


Hence  we  may  write         Jf  ^'^  dT  ^  ^^^ 
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690,]  To  find  the  total  current  C,  we  must  integrate  iv  over 
the  section  of  the  wire  whose  radius  is  a. 


?=2n-rw 


tm-iir.  (II) 

SubetituUng  the  valne  of  niw  from  equation  (3),  we  obtain 

C=-  (?",aH&c.  +  i'r„a»-  +  ...).  (12) 

The  value  of  II  at  any  point  outside  the  wire  depends  only  on 
the  total  current  C,  and  not  on  the  mode  in  which  it  ia  distri- 
buted within  the  wire.  Hence  we  may  assume  that  the  value  of 
H  at  the  surface  of  the  wire  ia  AC,  where  J  la  a  constant  to  be 
determined  by  calculation  fiom  the  general  form  of  the  circuit. 
Potting  H=AG  when  r  =  tt,  we  obtain 

AC=S  +  r(,  +  r,aV&c.  +  2'„a^-  +  ....  (13) 

If  we  now  write  —  =  a,  a  ia  the  value  of  the  conductivity  of 

unit  of  length  of  the  wire,  and  we  have 

^C-5=r+„^+-4^  +  &c.-.^^.&c.  (15) 

To  elimiimte  T  from  these  equfttioDs  we  moBt  firat  reverae  the 
•erie»(H).     We  thus  find 

dT        „    ,    dC     ,  ,d'C       ,    .d'C      ,.     ,d'0    . 

We  have  also  from  (14)  and  (15) 
,,dC     dS.     „     ,  ,d'T     ,  ,d'T ,   ,    ,d>T      ,      ,d'I    . 

From  the  last  two  equations  we  find 
,,dCdS.„,dC      ,    ,dV     ,    .d'C      ,     .d'C    .       „    ,  „ 

If  Hs  the  whole  length  of  the  circuit,  R  its  resistance,  and  B 
the  electromotive  force  due  to  other  causes  than  the  induction  of 
the  current  on  itaelf, 

dt     r       °    R'  ■  '•   ' 

-•'HdF*"R'^~'^R'dF*^-  '    ' 
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The  first  terni,  RC,  of  the  right-hand  member  of  this  equation 
expresses  the  electromotive  force  required  to  overcome  the  reeiBt- 
ance  accoi-ding  to  Ohm's  law. 

The  second  term,  l(A  +  i)  -j-,  expresses  the  electromotive  force 

which  would  be  employed  in  increasing  the  electrokinetic  mo- 
mentum of  the  chcuit,  on  the  hypothesis  that  the  current  is  of 
uniform  streugth  at  every  point  of  the  section  of  the  wire. 

The  remaining  terms  express  the  correction  of  this  value, 
arising  from  the  fact  that  the  current  is  not  of  uniform  strength 
at  different  distances  from  the  axis  of  the  wire.  The  actual 
system  of  currents  has  a  greater  degree  of  freedom  than  the 
hypothetical  system,  in  which  the  current  is  constrained  to  be 
of  uniform  strength  throughout  the  section.  Hence  the  electro- 
motive force  required  to  produce  a  rapid  change  in  the  strenglJi 
of  the  current  is  somewhat  less  than  it  would  be  on  this 
hypothesis. 

The  relation  between  the  time-integral  of  the  electromotive 
force  and  the  time-integral  of  the  current  is 

fEdt  =  Rfcdt  +  t{A  +  JJ  C-1'5  ~  ^+  &c.  (19) 

If  the  current  before  the  beginning  of  the  time  has  a  constant 
value  C„,  and  if  during  the  time  it  rises  to  the  value  6',,  and 
remains  constant  at  that  value,  then  the  terms  involving  the 
differential  coefficients  of  C  vanish  at  both  limits,  and 

JEdt  =  Rfcdt  +  l{A-\-\){C^-C^\  {20) 

the  same  value  of  the  electromotive  impulse  a^  if  the  current  had 
been  uniform  throughout  the  wire*. 


he  CQirenta  flawing  tbrangh  the  wire  tit  periodic  knd  vvy  m  t'>*,  tlie 
urretponding  to  (18j  wlien  /i  ii  do  longer  Hgumed  ta  be  unit;  may  be  written 


I. 


uTpi 


\dC 


Thus  the  ifitem  beh>v«  M  if  the  r- 

*I2     n         IbO     R'    ^•■• 
knil  the  lelf- induction 

Thni  the  offeetive  rniituiee  <■  IncreMoil  when  tbe  oamnti  *t»  oeoillatorjr,  and 

Uia  •elf-inductioD  ii  diminiihed.    At  Maxwell  pt^nta  oat,  tliia  effect  in  duo  lo  tbe 

T  2 
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Oh.  the  Gfomdrical  Mean  Dlstawe  of  Tu-o  Fiijure>*  in  a  Plane*. 

691.]  In  calculatiDg  the  electromagnetic  action  of  a  current 

flowing  in  a  straight  conductor  of  any  given  section  on  the 

•  TVoiM.  R.  a.  E'iia.,  1671-3. 

AlMmlion  in  the  dintribution  of  the  corrent.  When  the  cnirent  i«  altenuitjoff  llli  Of 
loDgtt  eqnikUv  dUtributwl  otbc  Ibe  »ocU™  of  the  comluctor.  but  bx  ft  tf"^*""? 
ti  lo«Ye  the  liiiildle  and  crowd  towiiniff  the  eurficp  of  tlio  conductor,  cinoB  by  doing 
.r.  it  diminiiiliea  the  BBlf-indootinn  Mid  therpfore  the  Kinetio  Energy.  The  Inertuj  of 
the  BTitem,  in  aocordanco  with  >  general  law  of  dynaniica,  make!  the  current  tand  to 
dUlribute  itwlf  so  that  while  fulfilling  the  condition  that  the  whole  Bow  acro«i  My 
cro«»  section  ii  given,  the  Kinetic  Energy  a  M  iniall  u  po»ible;  and  thi»  tendency 
get*  more  and  iniH*  powerful  aa  the  rapidity  with  which  the  momeolaro  of  the  sjateni 
i«  rsTersed  ie  increMed.  An  inspooti on  of  Equation  ;  23},  Art.  flR5,  will  «ho«  that  the 
nolC-iod  notion  of  a  lyalem,  and  therefore  the  Kinetic  Energy  for  a  i^ion  cnrrent,  la 
diminiabed  by  making  the  current  denser  near  the  lurface  of  the  wire  than  '""ae, 
tor  thin  correepond.  to  the  caae  of  the  current  Bowing  through  tube*,  and  equation  J  38] 
.howfl  that  the  lelf-induolion  for  tnbe.  »  lew  than  for  .i>lid  wire*  of  the  iwne  r»<liiu. 
Ab  the  rush  of  the  current  towards  the  aide  of  the  tube  leaves  it  a  ■mailer  area  to 
flow  through,  we  can  readily  nnrtontand  the  inoreMe  in  the  reBiilanco  to  alternating 
an  oompftred  with  steady  ourrents.  As  this  anbjeet  ia  one  of 
further  reaalta  are  jrivcn  here,  the  pnwfa  of  whith  will  be  giyen  in 
Volnme.     See  also  Rayleigh.  Phit.  Mag.  XSI.  p.  381. 

The  relation  between  the  current  and  the  eleolromoUvc  force  i 
«lualion  g  q^   itiaJ.(iiw)        (fC 

T"       airn'    J.\i«w)     ■*■'    cU  ' 
where  d*  "  twfiip/f,  and  J,  ii  Benel'a  function  of  aero  order. 

Since  by  the  dirtKrential  e^iiialion  aatiified  by  this  funoUon 

^■^.w  - 

re  the  gonu  of  the  reciprooali  of  the  squam,  fourth  and  nzth 
M  of  the  equation 

Si... 


etprewed  by  the 


webaTS 


UogJ^C'). 


v.  of 'tl 


3.4.1.6     3.4.S.4.( 


..-0. 


L^. 
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current  in  a  parallel  conductor  whose  section  is  also  given,  we 
have  to  find  the  integral 


/  /  ff^^^  rdxdydaf  dy", 


where  dxdy  is  an  element  of  the  area  of  the  first  section,  dx'dy 
an  element  of  the  second  section,  and  r  the  distance  between 
these  elements,  the  integration  being  extended  first  over  every 
element  of  the  first  section,  and  then  over  every  element  of  the 
second. 


Uence  Bubstitating  in  equation  (1)  this  value  for  -^jrrr. — r-^  ,  we  get 

l"»a»\'*"l2\     p     )       180V     p     /**■••/ 

wbioh  agreei  with  (18)  when  /<»  1.  This  ■eries  is  not  oonvenient  if  na  is  l^ive,  but 
in  that  case  J^\ina)  ^—iJ^iina);  Heine's  Kugelfunctionen,  p.  248,  2nd  Edition. 
Hence  when  the  rate  of  alternation  is  so  rapid  that  f^pa'/p  is  a  large  quantity, 

and  since  n*  =  4  — — , 

P 


f=V,^,c..pC(^.x/^-|y. 


Thus  the  resistance  per  unit  length  is 

and  increases  inde6nitelj  as  p  increases. 
The  self-induction  per  unit  length  is 


2wa*p' 

and  approaches  the  limit  A  when  p  is  infinite. 
The  magnetic  force  at  a  point  inside  the  wire  maj  be  ahown  to  be 

2C  Jo'(»»0 


^  w2na 

so  that  if  r  «  a— x,  the  magnetic  force  at  a  distance  x  firom  the  sur£soe  of  the  wire  in 

2C 


«-•• 


Va{a-x) 

Thus  if  n  be  very  large,  the  magnetic  force,  and  therefore  the  intensity  of  the 
current,  diminishes  very  rapidly  as  we  recede  firom  the  surface,  so  that  the  inner 
portion  of  tiie  wire  is  firee  from  magnetic  force  and  current.  Since  /i^  occurs 
In  n,  these  effects  will  be  much  more  apparent  in  iron  wires  than  in  those  made  of 
non-magnetic  metals.  | 
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If  we  now  determine  &  line  R,  Bach  tbat  this  integral  is  equal 
to  A^A^logR, 

where  Ai  and  A^  are  the  areas  of  the  two  seetiona,  the  length  of 
R  wilt  be  the  same  whatever  unit  of  length  we  adopt,  and 
whatever  system  of  logarithmB  we  uae.  If  we  Buppoae  the 
sections  divided  into  elements  of  equal  size,  then  the  logarithm 
of  R,  multiplied  by  the  number  of  pairs  of  elements,  will  be 
equal  to  the  eum  of  the  logarithma  of  the  distances  of  all  the 
pairs  of  elements.  Here  R  may  be  considered  as  the  geometrical 
mean  of  all  the  distances  between  pairs  of  elements.  It  is 
evident  that  the  value  of  .R  must  be  intermediate  between  the 
greatest  and  the  least  values  of  r. 

If  jRj  and  Rb  are  the  geometrical  mean  distances  of  two  figures, 
A  and  B,  from  a  third,  C.  and  if  B^th  ia  that  of  the  sura  of  the 
two  figures  from  C,  then 

(A  +  B)  log  B.(  tfl  =  ^  log  Ra+B  log  Rb. 

By  means  of  this  relation  we  can  determine  R  for  a  compound 
figure  when  we  know  R  for  the  parte  of  the  figure. 

692.]  EXAMPLF.S.* 

(1)  Let  .B  be  the  mean  distance  fix)m  the  point  0  to  the  line 
AB.     Let  OP  be  perpendicular  to  AB,  then 

ABi\ogR+l)=APlogOA  +  PB\ogOB  +  OPA'dB. 


(2)  For  two  lines  (Fig.  42)  of  lengths  a  and  b  drawn  perpen- 
dicular to  the  extremities  of  a  line  of  length  c  and  on  the  same 
aide  of  it : 

ab  (2  log  R  + 3)  =  {(^-{a-b)*)lQg'/c*+{a~bf  +  c' log  c 

+  {a» - c») log  y ^Tc»  +  {6« - c*)  log  y 6»+7» 

— c(a— oltan  * +  ac  tan"' - +oc  ten"' -  ■ 

^        '  c  c  c 


h.. 


692.] 
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Fig.  42. 

(3)  For  two  lines,  PQ  and  MS  (Fig.  43),  whose  directions 
intersect  at  0 ; 

PQ.jaS(2logi2  +  3)=logPi2(20P.OiJsin20-PU2cosO) 

+  logQ/S(20Q.O/Ssin«0-Qfi^cosO) 

-  logP/S(20P.O/Ssin«0-PS2cosO) 

-  logQi2(2  0Q.Oi2sin20-QiPcosO) 

-sinO  {OP^.SFR^OQ'.SQR  +  ORKpRQ^OS'.PSii}. 


Fig.  48. 


(4)  For  a  point  0  and  a  rectangular  area  ABCD  (Fig.  44). 
Let  OP^  OQ,  OR,  08,  be  perpendiculars  on  the  sides,  then 
i4jB.ili)(2logU  +  3)  =  2'.OP.OQlogOu4  +  2.0Q.OiJlogOjB 

+  2.0U.OSlogOC+2^0/S,OPlogOi) 

+  OP^.I>OA  +  OQ^.AdB 

+  OR^BdC-^OS^.CO^D. 


o 


Fig.  44. 

(5)  It  is  not  necessary  that  the  two  figures  should  be  different, 
for  we  may  find  the  geometrical  mean  of  the  distances  between 
every  pair  of  points  in  the  same  figure.  Thus,  for  a  straight  line 
of  length  a,  log  U  =  log  a- f , 

or        J2=sa«-l, 

jB  =  0-2231 3  a. 
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(0)  For  H.  rectangular  area  whose  sides  are  a  and  b, 
logfl  =  log  '/a'  +  b'^-i'-  log  ^  1  +  -,  -J -.log  ^y  1  +  ^t 

„  o ,        , ''        i  .        ,"■ 
+  |,-tan~'-+|-tan-'  -  -Ji. 
o  II        a  b 

When  the  rectangle  is  a  sqaare,  whose  aide  is  «, 
log  ii  =  log  a  +  5  log  2  + 1-  II, 
R  =  0.44705(1, 

(7)  The  geometrical  mean  distance  of  a  point  from  a  circular 
line  is  equal  to  the  greater  of  the  two  quantities,  its  distance 
from  the  centre  of  the  circle,  and  the  radius  of  the  circle. 

(8)  Hence  the  gi'ometiical  mean  distance  of  any  figure  from  a 
ling  bounded  by  two  concentric  circles  is  equal  to  its  geometrical 
mean  distance  from  tho  centre  if  it  is  entirely  outside  the  ring, 
but  if  it  is  entirely  within  the  ring 

((,*logie,  — « 


log  ft  = 


-i. 


where  a,  and  o^  are  the  outer  and  inner  radii  of  the  ring.  R  la 
in  this  case  indepeudeut  of  the  form  of  the  figure  within  the 
ring. 

(9)  The  geometrical  mean  distance  of  all  pairs  of  pointa  in  the 
ring  is  found  from  the  equation 

=5l. 


logii=logai- 


i-'»8,j!+*i 


For  a  circular  area  of  radius  a,  this  becomes 
IogB  =  loga-i, 
or        R  =  ae-i> 

R=  0-7788  a. 
For  a  circular  line  it  becomes 

R  =  a. 
{For  an  elliptic  area  whose  semi-axes  are  a,  b. 


log.fi  =  log— 


-f) 


693.]  In  calculating  the  coe£Sdent  of  self-induction  of  a  coil 
of  uniform  seetJon,  the  radius  of  curvature  being  great  compared 
with  the  dimensions  of  the  transverse  section,  we  first  determine 
the  geometrical  mean  of  the  distances  of  every  pair  of  points  of 


k 
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the  section  by  the  method  akeudy  described,  &nd  then  we 
calculate  the  coefficient  of  mutual  induction  between  two  lineai' 
conductors  of  the  given  form,  placed  at  this  distance  apart. 

This  will  be  the  coefficient  of  self-induction  when  the  total 
current  in  the  coil  ie  unity,  and  the  current  is  uniform  at  all 
points  of  the  section. 

But  if  there  aie  n  windings  in  the  coil  we  must  multiply  the 
coefficient  ah-eady  obtained  by  n^,  and  thus  we  shall  obtain  the 
coefficient  of  self-induction  on  the  supposition  that  the  windings 
of  the  conducting  wire  fill  the  whole  section  of  the  coiL 

But  the  wire  is  cylindric,  and  is  covered  with  insulating 
material,  so  that  the  current,  instead  of  being  uniformly  dis- 
tributed over  the  section,  is  concentrated  in  certain  parts  of  it, 
and  this  increases  the  coefficient  of  self-induction.  Besides  this, 
the  cuiTents  in  the  neighbouring  wires  have  not  the  same  action 
on  the  current  in  a  given  wire  as  a  uniformly  distributed 
current. 

The  corrections  arising  from  these  considerations  may  be  de- 
termined by  the  method  of  the  geometrical  mean  distance.  They 
are  proportional  to  the  length  of  the  whole  wire  of  the  coil,  and 
may  be  expressed  as  numerical  quantities,  by  which  we  must 
multiply  the  length  of  the  wire  in  order  to  obtain  the  correction 
of  the  coefficient  of  self-induction. 

Let  the  diameter  of  the  wire  "be  d.  It  is  covered  with  in- 
sulating material,  and  wound  into  a  coil.  We  shall  suppose 
that  the  sections  of  the  wires  are  in  square  order^  as  in  Fig.  45, 


o 

o 

o 

o 

o 

o 

o 

o 

o 

Pig.  46. 


and  that  the  distance  between  the  axis  of  each  wire  and  that  of 
the  next  is  D,  whether  in  the  direction  of  the  breadth  or  the 
depth  of  the  coil.     D  is  evidently  greater  than  d. 

We  have  first  to  determine  the  excess  of  self-induction  of  unit 
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of  length  of  a  oylindric  wire  of  diameter  d  over  that  of  unit  of 
length  of  a  square  wire  of  side  D,  or 

.      R  for  the  Bquare 

°  R  for  the  circle 

=  2(l„gf  +  tl„g2+:-U), 

=  2  (logT-  + 0-1380606). 

The  inductive  action  of  the  eight  nearest  round  wires  on  the 
wire  under  consideration  is  less  than  that  of  the  corresponding 
eight  square  wires  on  the  square  wire  in  the  middle  by  2  x 
(-01971)* 

The  oorreotions  for  the  wires  at  a  greater  distance  may  be 
neglected,  and  the  total  correction  may  be  written 

2  (log,  "7  +0.11835). 

The  final  value  of  the  self-induction  is  therefore 

Z  =  7i»JIf+2i(log,  J  +0.11835), 

where  n  is  the  number  of  windings,  and  I  the  length  of  the  wire, 
M  the  mutual  induction  of  two  circuits  of  the  form  of  the  mean 
wire  of  the  coil  placed  at  a  distance  R  from  each  other,  where  R 
is  the  mean  geometrical  distance  between  pairs  of  pointe  of  the 
section.  L  is  the  distance  between  consecutive  wires,  and  d  the 
diameter  of  the  wire. 

*  {To  get  this  malt  notios  that  the  moui  dliUnee  tat  tlie  ronnd  wItm  ii  tbe 
dutanoa  between  their  centrea,  the  mekn  diMuice  fur  two  iqave  wlrei  placed  ude  by 
idde  ig  .99401  Z>,  the  mean  dintanoe  for  two  squrea  oonier  to  oomer  1.0011  x  V  2  D. 
Sse  MaiweU,  Trm*.  R.  S.  Edfnburgi.  p.  7B8,  1871-72.  Mr.  Chree  who  hai  kindly 
re-calculated  thia  coirectioD  tinda  that  t^Ing  MaiiveU's  nuiaben  ai  they  itand  it  is 
2x.0ieeS6  initeadefSx-Oigeri-  The  work  ii  aa  follow! -, 
For  S  •qoare  wins 

8  log„  E~i  log„  (.99401  D)  +  t  log„  (I-OOl  V2  i)). 
For  8  round  wina 

8  log,,  R,-i los„  D*i  1(«„  ViD ; 

81og„^-. 0086372; 


Slog,— '-.019685. 
Hill  makn  (he  total  ODirectlon 

a  jiog,:?+o.na«5 

It  U  pouible  however  that  in  calctilating  thii 
ralnei  f  t  the  mean  diatancei,  ootrcat  to  note  pli 
bit  paper,  j 
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Magnetic  Potential  due  to  a  Circular  Current. 

694.]  The  magnetic  potential  at  a  given  point,  due  to  a 
circuit  carrying  a  unit  current,  ia  numerically  equal  to  the  solid 
angle  subtended  by  the  circuit  at  that  point ;  see  Arts.  409,  485. 

When  the  circuit  is  circular,  the  solid  angle  ia  that  of  a  cone 
of  the  second  degree,  which,  when  the  giveo  point  is  on  the  axis 
of  the  circle,  becomes  a  right  cone.  When  the  point  is  not  on 
the  axis,  the  cone  is  an  elliptic  cone,  and  its  solid  angle  is 
numerically  equal  to  the  area  of  the  spherical  ellipse  which  it 
traces  on  a  sphere  whose  radius  is  unity. 

This  area  can  be  expressed  in  finite  terms  by  means  of  elliptic 
integrals  of  the  third  kind.  We  shall  find  it  more  convenient  to 
expand  it  in  the  form  of  an  infinite  series  of  spherical  harmonics, 
for  the  facility  with  which  mathe-  ^ 

inatical  operations  may  be  performed 
on  the  general  term  of  such  a  series 
more  than  counterbalances  the  trouble 
of  calculating  a  number  of  terms 
sufficient  to  ensure  practical  accuracy. 

For  the  sake  of  generality  we  shall 
assume  the  origin  at  any  point  on  the 
axis  of  the  circle,  that  is  to  say,  on 
the  lino  through  the  centre  perpen- 
dicular to  the  plane  of  the  circle. 

Let  0  {Fig.  46}  be  the  centre  of  the 
circle,  C  the  point  on  the  axis  which 
we  aesume  as  origin,  II  a  point  on 
the  circle. 

Describe  a  sphere  with  C  as  centre,  and  CII  as  radius.     The 
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circle  will  lie  on  this  sphere,  and  will  form  a  amall  cii-cle  of  the 
sphere  of  angular  radius  o. 

Let  CH=c, 

OC  =  b  =  c  cos  a, 
OB  =a  =  c  sin  a. 

Let  A  be  the  pole  of  the  sphere,  and  Z  any  point  on  the  axis, 
and  let  CZ  =  z. 

Let  R  be  any  point  in  spaco,  and  let  CR  =  *■,  and  ACR  =  0. 

Let  P  be  the  point  where  CR  cute  the  sphei-e. 

The  magnetic  potential  due  to  the  cireular  current  is  equal  to 
that  due  to  a  magnetic  shell  of  strength  unity  bounded  by  the 
current  As  the  form  of  the  surface  of  the  shell  is  indifferent, 
provided  it  is  bounded  by  the  circle,  we  may  suppose  it  to  coin- 
cide with  the  surface  of  the  sphere. 

We  have  shewn  in  Art.  G70  that  if  Fia  the  potential  due  to 
a  stratum  of  matter  of  surface -density  unity,  spread  over  the 
surface  of  the  sphere  within  the  small  circle,  the  potential  m  due 
to  a  magnetic  shell  of  strength  unity  and  bounded  by  the  same 
circle  is  i  ^ 

We  have  in  the  first  place,  therefore,  to  find  V. 
Let  the  given  point  be  on  the  axis  of  the  circle  at  Z,  then  the 
part  of  the  potential  at  Z  due  to  an  element  dS  of  the  spherical 
surface  atP  is  dS 

ZP' 
This  may  be  expanded  in  one  of  the  two  series  of  spheiical 
harmonics,  ,is  c  ,  z*  i 

c    t  "       '  c  c'  J 

or    ~  jp„  +  /i^+&c.  +  ij^+&c.j, 

the  first  series  being  convergent  when  z  is  less  than  c,  and  the 
second  when  z  is  greater  than  c. 

Writing  dS  =  —c'dixdip, 

and  integrating  with  respect  to  <^  between  the  limits  0  and  2ir, 
and  with  respect  to  fx  between  the  limits  cos  a  and  1,  we  find 

F=2ncj|"    Iidii  +  SLe.+  -,l     P,dti  +  kol>  (I) 

or    r=2^^\r   P^df^  +  &o.+  '^^r  P^d^  +  &o.l.  (I') 
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By  the  characteristic  equation  of  ij. 

This  expression  fails  when  i  =  0,  tut  since  JI 

rp„rfM=i-M. 


Hence 


(2) 


(3) 


As  the  function 


ira  in  every  part  of  this  investigation 

we  shaU  denote  it  by  the  abbreviated  symbol  Pf.    The  values  of 
Pi  corresponding  to  several  values  of  i  are  given  in  Art,  698. 

We  are  now  able  to  write  down  the  value  of  V  for  any  point 
R,  whether  on  the  axis  or  not,  by  substituting  r  for  s,  and 
multiplying  each  term  by  the  zonal  harmonic  of  6  of  the  same 
order.  For  V  must  be  capable  of  expansion  in  a  series  of  zonal 
harmonics  of  0  with  proper  coefficients.  When  0=0  each  of 
the  zonal  harmonica  becomes  equal  to  unity,  and  the  point  R 
liee  on  the  axis.  Hence  tlie  coefficients  are  the  t^rms  of  the 
expansion  of  V  for  a  point  on  the  axis.  We  thus  obtain  the 
two  seriea 


F=  27rch -ooso  +  &e.+  : 


i-?rwj;(< 


f&c. 


(^) 


or  V=  2ii 


fJfec.+  ^.^^>,'(.)i^(fl)  +  &c.|-  (1') 

695.]  We  may  now  find  u,  the  magnetic  potential  of  the 
circuit,  by  the  method  of  Art.  670,  fi-om  the  equation 

Wo  tliUB  obtain  the  two  series 

«=-2njl-co8<i  +  &c.+  ^■^'^,P;(<i)P,(6}  +  Scc.\,         (G) 

ir  »'=  27r  Bin'a  ji^if  W  P,  (fl)  +  &c.+  J-^  —,  i'/(o)/;{fl)  +  &c.l .  (6') 

The  series  (6)  is  convergent  for  all  values  of  r  less  than  e,  and 
the  series  (6')  is  convergent  for  all  values  of  r  greater  than  e. 
At  the  surface  of  the  sphere,  where  r  =  c,  the  two  series  give 
the  same  value  for  ■>>  when  0  is  greater  than  a,  that  is,  for  points 
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not  occupied  by  tbe  magDetic  shell,  but  when  0  is  lees  than  a, 
that  Is.  at  points  od  the  magnetic  shell, 

If  we  assume  0,  the  centre  of  the  circle,  &«  the  origin  of  00- 
ordinates,  we  must  put  0=5'  wid  the  series  become 
..(2.-l)r-*' 


-2.  l+;Ji(«)  +  lto.  +  (-)■- 


i.4...^« 


T-^«iW  +  S":-t'     W 


where  the  orderB  of  all  the  hannonics  are  odd*. 

On  the.  Potential  Energy  of  two  Circular  Currents. 
696.]  Let  us  begin  bj  supposing  the  two  magnetic  shells 
which  are  equivalent  to  the  curreute  to  be  portions  of  two 
concentric  spheres,  their  radii  boing 
f,  and  Cj ,  of  which  c,  is  the  greater 
(Fig.  47),  Let  UB  also  suppose 
that  the  axes  of  the  two  ahella 
coincide,  and  that  a,  is  the  angle 
subtended  by  the  radius  of  the 
lii-st  shell,  and  a.^  the  angle  sub- 
tended by  the  radius  of  the  second 
shell  at  the  centre  C. 

Let  fill  be  the  potential  due  tn 
the  first  shell  at  any  point  within 
it,  then  the  work  required  to  carry 
the  second  shell  to  an  infinite  dls- 


Fig.  *7. 
tance  is  the  value  of  the  surface-integral 

*  The  Talue  of  the  Kilid  angle  tubtended  bj  a  riicle  nuiy  b«  obtained  in  »  more 

diiect  w»j  M  fallova  :— 

The  (olid  angle  subtended  by  the  circlo  at  the  point  Z  in  the  azia  ts  eadly  shewn 

Sxpanding  thi*  eipreuion  in  (pherioal  harmonica,  we  find 

«-a»J(ooBO  +  l)  +  (P,C«)co«a-J'^«))?  +  4o.  +  (P'(»)«>«»--P.-i(")}^  +  4^j  . 
*f'-2*jCJ'.(o)oo«o-P,{a))%*o.  +  (ftCo)ooio-i',,.,(o))-^|  +  &o.  j, 

Ibr  the  expaodoai  of  at  for  poinla  on  the  axil  for  which  i  b  leai  than  e  and  greater 
than  c  nqtectirelj'.  Then  raiulta  oan  eanly  be  ihswn  to  ooiniddB  with  (lisae  in  the 
t«zt. 
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extended  over  the  second  shell. 


HI' 


Hence 


or,  Bubstituting  the  value  of  the  inbegrals  from  equation  (2), 
Art.  694, 

697.]  Let  U3  next  suppose  that  the  axis  of  one  of  the  ahella  itt 
turned  about  C  as  a  centre,  so  that  it  now  makes  an  angle  $  witli 
the  axis  of  the  other  shell  {Fig,  4  8).  We  have  only  to  introduce 
the  zonal  harmonics  of  6  into  this  expression  for  M,  and  we  find 
for  the  more  general  value  of  M, 

if  =  4 n'  sini* a,  Bm' a^C./h''-^  ^i'(«i}-^'(»-j) A(^)  +  &C. 

This  is  the  value  of  the  potential  energy  due  to  the  mutual 
action  of  two  circular  currents  of  unit  strength,  placed  so  that 
the  normals  through  the  centres  of  the 
circles  meet  in  a  point  C  at  an  angle 
$,  the  distances  of  the  circumferences 
of  the  circles  from  the  point  C  lacing 
c,  and  Cj,  of  which  e[  is  the  greater. 

If  any  displacement  tlx  alters  the 
value  of  M,  then  the  force  acting  in 
the  direction  of  the  displacement  is 
^      dM 


dx 


Pis,  *! 


For  instance,  if  the  axis  of  oae  of  the  shells  is  free  to  turn 
about  the  point  C,  so  as  to  cause  6  to  vary,  then  the  moment  of 
the  force  tending  to  increase  6  is  O,  where 
dM 


0  = 


*  [Thii  IB  euil;  proved  by 
the  eipnnian  for  w,  in  eqsat 
h>rminuci,  with  Ca  for 


de  ■ 

■Ming  tha  tt 


.1  harmonic  P^  (6),  which  occun  in 
aaiion  (O)  u  \he  auni  of  ■  serigi  of  vtati  uid  liuenl 
aud  then  using  the  formula 
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Perfoniiing  tlie  differentiation,  and  remembering  that 

where  JPf  has  tlie  same  signification  as  in  the  former  equations, 
0  =  _  4 s"  sin" ai  sin"  a,  sin  0  0 J i -ij' (oi)  7J' (a,)  if  (fl)  +  &C. 

698.]  As  the  values  of  if  occur  frequently  in  these  calculations 
tlie  following  table  of  values  of  the  6rst  six  d(^ecs  may  be 
useful.     In  this  table  ft  stands  for  cos  0,  and  v  for  sin  $. 

P,'=  1, 

ia'=  3^, 

P,'=V;»(33M*-30M*+5)  =  2],i(^*-J,iV+|p*). 

f»99.]  It  is  sometimes  convenient  to  express  the  series  for  ii  in 
terms  ol'  linear  quantities  as  follows  : — 

Let  a  be  the  radius  of  the  smaller  circuit,  b  the  distance  of  its 
plane  from  the  origin,  and  c  =  v'a*  +  fe*. 

Let  A,  B,  and  C  be  Uie  corresponding  quantities  for  the  larger 
circuit. 

The  series  for  M  may  then  be  wiittoi. 


I 


M=  1.2.1 


C' 


a*  cos  9 


+  tc. 
K  we  luakfl  9~o,  tbe  two  circles  become  puallel  and  00  tbe 
B«iD«  mxis.     To  determine  tbe  attnetion  between  them  we  maT 
riiffiav^ntiate  M  with  respect  to  K    We  thus  find 
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700.]  In  calculating  the  effect  of  a  coil  of  rectangular  section 
we  have  to  integrate  the  expreasiona  already  found  with  roBpcct 
to  A,  the  radius  of  the  coil,  and  B,  the  distance  of  lia  plane  from 
the  origin,  and  to  extend  the  integration  over  the  breadth  and 
depth  of  the  coil. 

In  some  eases  direct  integration  is  the  most  convenient,  hut 
there  are  others  in  which  the  following  method  of  approximation 
leads  to  more  useful  results. 

Let  P  be  any  function  of  x  and  y,  and  let  it  be  required  to 
find  the  value  of  P  where 


In  tliia  expression  P  is  the 
of  integration. 

Let  Pf,  be  the  value  of  P  when  x=0  and 
panding  P  by  Taylor's  Theorem, 

„      „       dP.        dli    ,„d^P, 


value  of  P  wilhia  the  limita 


&<:. 


Integrating  this  expression  i>otween  the  limits,  and  dividing 
the  result  by  ley,  we  obtain  aa  the  value  of  P, 

,d'P,  .  ,<;'^, 


^  =  •'.  +  ''■(-'72? 


,(^ 


dx' 


y'W^^ 


^2     <^'Po 


&C. 


In  the  case  of  the  coil,  let  the  outer  and  inner  radii  he  A  +  i  ^, 
and  A  —  i  f  i-espectively,  and  let  the  distances  of  the  planes  of  the 
windings  from  the  origin  lie  between  S  +  J^f  and  fl  — iij,  then 
the  breadth  of  the  coil  is  ti,  and  its  depth  f,  these  quantities 
l>eing  small  compared  with  A  or  C 

In  order  to  calculate  the  magnetic  effect  of  such  a  coil  we  may 
write  the  auceeseive  terms  of  the  aeries  (6)  and  (fi')  of  Art.  695  as 
follows : — 


G„  = 


B 


('^ 


,    2^"-fi^, 


>  +  A(|.-.=g.)p-. 


A^B(         ,    ,2         25       35^^  „  i 
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&c.,  &c. ; 

g.^  =  2-na'b  +Jt6^, 

&c.,  &c. 
The  qaantitiea  G„,  G,,  Gj,  &c.  belong  to  the  large  coil.     The 
value  of  10  at  points  for  which  r  is  less  than  C  is 

The  quantities  jy,.  g.,,  &c.  belong  to  the  small  coil.  The  value 
of  w'  at  points  for  which  r  is  greater  than  c  is 

-'=!?,  ~,^(»)  +  S=,i^.(«)  +  «»- 

The  potential  of  the  one  coil  with  respect  to  the  other  when 

the  total  CHirent  through  the  section  of  each  coil  is  unity  is 

To  find  M  by  Elliptic  Integrals. 

701.]  When  the  distance  of  the  circumferences  of  the  two 
circles  is  moderate  aa  compared  with  the  radius  of  the  smaller, 
the  series  already  given  do  not  converge  rapidly.  In  every  case, 
however,  we  may  find  the  value  of  M  for  two  parallel  circles  by 
elliptic  integrals. 

For  let  h  be  the  length  of  the  line  joining  the  centres  of  the 
circles,  and  let  this  line  be  perpendicular  to  the  planes  of  the 
two  circles,  and  let  A  and  a  be  the  radii  of  the  circles,  then 


ir=Jf°^',hM, 


the  integration  being  extended  round  both  curves. 
In  this  case, 

r'  =A^  +  a'  +  b^-2Aaco6{^~i,'), 
(  =  tp~<t>',        ds  =  adtp,        d(^=Ad^', 


"-.CT 


TWO    PARALLEL    CIRCLES. 


V2i{(o-?)f+?£|, 


where  c=-^^M= 

and  f  and  E  are  complete  elliptic  integrals  to  modulas  c. 
From  thia,  remembering  that 

*  - cT^:?) •<E-{\-,')Fi,        j^  =  -(ff-f). 

and  that  c  is  a  function  of  i,  we  find 

If  J',  and  r^  denote  the  greatest  aJid  least  values  of  r, 
and  if  an  angle  y  be  taken  such  that  cob  y  =  ^, 

■where  F^  and  ^,  denote  the  complete  elliptic  integrals  of  the 
first  and  second  kind  whose  modulua  is  ain  y. 


If  ^  =  «,  cot  y 

db 


=  -27rcosy  {2/*,  — (l+Bec*y)A',!. 


The  quantity jj-  repreaenta    the   attraction   between   two 

parallel  circular  circuits,  the  cuireot  in  each  being  unity. 

On  account  of  the  importance  of  the  quantity  jVin  electro- 
magnetic calculations  the  values  of  log  {M/  4  n  "/A  a),  which  is  a 
function  of  c  and  therefore  of  y  only,  have  been  tabulated  for 
intervals  of  G'  in  the  value  of  the  angle  y  between  60  and  90 
degrees.  The  table  will  bo  fonnd  in  an  appindix  to  tbi(< 
chapter. 
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Second  Eicpreaaion  for  M. 
An  expression  for  M,  which  is  sometimea  more  convenient, 
got  by  making  c,  = 1  in  which  caae 


*M=  ^n-ZAa  -^  {F{c^)-E{(,)\. 


1 


To  dtuw  the  Lines  of  Magnetic  Force  for  a  CirctUar  Current. 

702.]  The  lines  of  magnetic  force  are  evidently  in  planes 
passing  through  the  axis  of  the  circle,  and  in  each  of  these  lines 
the  value  of  if  is  constant. 

Calculate   the   value   of  Kg  =  7-^ ^ — tj  from   Legendre'8 

tallies  for  a  sufEcient  number  of  values  of  $. 

Draw  rectangular  ases  of  x  and  z  on  the  paper  'the  origin 
being  at  the  centre  of  the  circle  and  the  axis  of  z  the  axis  of  the 
circle;,  and,  n-ith  centre  at  the  point  ic  =  i n (sin tf  +  cosec 9) , 
draw  a  circle  with  radius  i  a  (cosec  8 — sin  0).  For  all  points  of 
this  circle  the  valoe  of  Ci  will  be  sintf.  Hence,  for  all  pointa  of 
this  circle, 

M=BWAa^-^>     and     ^  =  ^^-_. 

Now  A  IB  the  value  of  x  for  which  the  value  of  M  vras  found. 
Hence,  if  we  draw  a  line  for  which  x  =  A,it  will  cut  the  circle 
in  two  points  having  the  given  value  of  M. 

Giving  M  a  series  of  values  in  arithmetical  progression,  the 
values  of  A  will  be  as  a  series  of  squares.  Drawing  therefore  a 
series  of  lines  parallel  to  z,  for  which  x  has  the  values  found  for 
A,  the  points  where  these  lines  cut  the  circle  will  be  the  points 
where  the  corresponding  lines  of  force  cut  the  circle. 


*  fPiB  pecoad  eipreaiion  Cor  M  may  be  deduced  from  the  first  by  m 
ruUowiug  tinuaronufttioDi  in  Elliptic  Inti^nls  : — 


I  of  the 


then 


-',)«<.).] 
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If  we  put  m  =  8  Tsa,  and  M  =  nm,  then 

We  may  call  n  the  index  of  the  lino  of  force. 

The  forms  of  these  lines  are  given  in  Fig.  XVIIZ  at  the  end  of 
this  volume.  They  are  copied  fiaiii  a  drawing  given  by  Sir  W. 
Thomson  in  his  paper  on  '  Vortex  Motion'.*     C'^.|*-(fi,Ai-'fi7- 

703.]  If  the  position  of  a  circle  having  a  given  axis  is  re- 
garded as  defined  by  i,  the  distance  of  its  centre  from  a  fixed 
point  on  the  axis,  and  a,  the  radius  of  the  circle,  then  ^f,  the 
coefficient  of  induction  of  the  circle  with  respect  to  any  system 
whatever  of  magnets  or  currents,  is  subject  to  the  following 
equation,  ^^ajf      ,;.j/      j  ,;j/ 

dir       dlr      a  tia  '  ' 

To  prove  this,  let  us  consider  the  number  of  lines  of  ma^etic 
force  cut  by  the  circle  when  a  or  i  is  made  to  vary. 

(I)  Let  a  become  a  +  ba,  b  remaining  constant.  During  this 
variation  the  circle,  in  expanding,  sweeps  over  an  annular 
surface  in  its  own  plane  whose  breadth  is  ba. 

If  V  is  the  magnetic  potential  at  any  point,  and  if  the  axis  of 

y  be  parallel  to  that  of  the  circle,  then  the  magnetic  force  per- 

dV 
pendicular  to  the  plane  of  the  ring  is  —  -j — 

To  find  the  magnetic  induction  through  the  annular  surfaci.- 
we  have  to  integrate  rs.        ^y 


-  I    aba 

Jn  < 


dy 


do. 


where  B  is  the  angular  position  of  a  point  on  the  ring. 

But  this  quantity  represents  the  variation  of  M  due  to  the 

variation  of  a,  or-j—aa.     Uence 


ria" 


-1:4 


dV 


19. 


(2) 


dM^_  _ 

da        Ja  'V^  " 
(2)  Let  b  become  b  +  bb,  while  «  remains  constant.     During 
this  variation  the  circle  sweeps  over  a  cylindric  surface  of  radius 
a  and  length  bb,  {and  the  lines  of  force  wliich  pass  through  this 
Burface  are  those  which  cease  to  pass  through  the  circle}. 

The  magnetic  force  perpendicular  to  this  surface  at  any  point 

is  — T— ,  where  r  is  tho  distance  from  the  axis.     Hence 
dr 

db      J„      dr 

V.  p.  217  Ossni 


db  ' 

•    TlMM.  B.  S.  Ell<H., 
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Differentiating  equation  (2)  with  reepect  to  u,  and 

(3) 

wllllH 

respect  to  b 

,  we  get 

■ 

d^M        /•" 

-j—iiB  —  l     a  ,-  ,■  do, 
dy          Jo      di-dy 

(4) 

'^  do 

drdy 

(S) 

Hence 

d*M     d*M        fdV 
d^^d}^=-J.   di/^' 

(«>■ 

=  ^'^^^«- 

1 

Transposing  the  last  term  we  obtain  equation  {1). 

1 

Coefficient 

of  Induction 

of    Two    Parallel   Circlee 

when 

tlw 

IHntance 

between    the 

Arcs    ie    small    compared 

■with 

the    . 

Radius  of 

either  Circle. 

704.]  W. 

i  might  deduc 

e  the  value  of  M  in  this  case 

1  from  the 

expansion 

of  the   elliptic  integrals  abcady  given  w 

hen 

thair 

modulus  is 

nearly  unity. 

.     Thu  following  method,  however, 

is  a 

more  dii-ect 

1  application  of  electrical  principles. 

First  Apjyroxiviation. 
Let  a  and  ra  +  c  be  the  radii  of  the  circles  and  h  the  distance 
between  their  planes,  then  the  shortest  distance  between  their 
circumferences  is  given  by 

r  =  Vc^  +  (i^. 
We  have  to  find  the  magnetic  induction  through  the  one  circle 
due  to  a  unit  current  in  the  other. 

We  shall  begin  by  supposing  the  two  circles  to  be  in  one 
plane.  Consider  a  small  element  6«  of  the  circle  whose  radius  is 
('  +  <?.  At  a  point  in  the  plane  of  the  circle,  distant  fi  from  the 
centre  of  6  s,  measured  in  a  direction  making  an  angle  6  with  the 
direction  of  6s,  the  magnetic  force  due  to  fin  is  perpendicular  to 
the  plane  and  equal  to       j 

-,  ain  0  6*'. 

To  calculate  the  surface  integral  of  this  force  over  the  space 
which  lies  within  the  circle  of  radius  a  we  must  find  the  value 
of  the  integral         „ . .  /**'/"  "sin  6  , 


<!:' 


-d$dp. 


705-J 
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where  r^,  r,^  are  the  roots  of  the  equation 

■r'^  —  2  (((  +  i')siD  0r+f^  +  2ac  =  0, 
\iz.  7-1  =  (tt  +  (?)  sin  S  +  -/{a-^cfmi-e  —  c*~2ac. 


,-,  =  («  +  £■)  sin  ^_ -/{a  +  c)''Bin»tf-c*-2ac, 

1  ■   in        i?  +  2ac 

and  sin^S.  =  7 ^-  ■ 

(t  +  af 

When  c  is  itmall  compared  to  n  we  may  put 

I'l  =  2a  81110, 

r^  =  c/sind. 
Integrating  with  regard  to  p  we  have 

2  Isf  'log  (^  ain^fl).  sin  ed$  = 

2SH[co8flJ2-log(^8inM)j  +  2logtan|| 

=  28»(log.  —  —  2),  nearly. 
We  thus  find  for  the  whole  induction 

J»/,.=  47r«(Iog,-  -2). 

Since  the  magnetic  force  at  any  point,  the  distance  of  which 
from  a  curved  wire  is  small  compared  with  the  radius  of  cui-va- 
ture,  is  nearly  the  same  as  if  the  wire  had  been  sti'aight,  we  can 
(Art.  684)calculate  the  difference  between  the  induction  through 
tiie  circle  whose  radius  i&a~e  and  the  circle  -4  by  the  formula 
M„A-M^^=  ina  !log.c-log,r}. 

Hence  we  find  the  value  of  the  induction  between  A  and  '( 
t"  t^  Mj^=  4T7a(log,aa-log,r-2) 

approximately,   provided  r  the   shortest  distance  between   the 
circles  is  small  compared  with  a. 

705,]  Since  the  mutual  induction  between  two  windings  of 
the  same  coil  is  a  very  importan.t  quantity  in  the  calculation  of 
experimental  results,  I  shall  now  describe  a  method  by  which  the 
approximation  to  the  value  of  M  for  this  case  can  be  carried  to 
any  required  degree  of  accuracy. 

We  shall  assume  that  the  value  of  M  is  of  the  form 


M  = 


Vllog,- 


^Bl 
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+  A^x+A 

a? 

+  A 

■t 
a 

+  A 

P^' 

»" 

+  &C. 

->>  Ix'A. 

+  x 

—„ 

A' 

+  x 

-•a'A- 

.  +  • 

.)+Src, 

+  B,ic  +  B 

x' 

+  B. 

t 

+  B 

K*B 

,st 

+  &C., 
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where     A 

and         B 

where  a  and  a  +  x  are  the  radii  of  the  circles,  and  y  the  distance 
between  their  planeB. 

We  have  to  determine  the  valuea  of  the  ooefficienta  A  and  B. 
It  is  manifest  that  only  even  powers  of  y  can  occur  in  these 
ijuantities,  because,  if  the  sign  of  y  is  reversed,  the  value  of  M 
muBt  remain  the  same. 

Wo  get  another  set  of  conditions  from  the  reciprocal  property 
of  the  coefficient  of  induction,  which  remains  the  same  whichever 
circle  we  take  as  the  primai-y  circuit.  The  value  of  M  most 
therefore  remain  the  same  when  we  substitute  a  +  x  for  «,  and 
—a;  for  a;  in  the  above  espressions. 

We  thus  find  the  following  conditions  of  reciprocity  by  equa- 
ting the  coefficienta  of  similar  combinations  of  x  and  y, 

A^  =  -A^-As,  53  =  i-M,  +  ^g-£2-Bs. 

A,'=~A.:-A^',      B^'=  a.;-b;-b;; 

+  5,  +  (7t-2)B,+ fc^l^')fi,  +  &c.+S,. 

From  the  general  equation  of  M,  Art  703, 

<PM     ini 1_  dM  _ 

dx'       dy^       a  +  x  dx  ~    ' 
we  obtain  another  set  of  conditions, 

2A2  +  2A'2=  A^, 
2A2+2A\  +  eA3+2A\  =  2A^; 
■n(n-l)A,  +  {n+l)nA,^.^  +  l.2A\  +  l.2A\^j=nA^, 
*  (n- 1)  (71-  2)A\  +  n{n~l)A\^i  +  2.3,4",+  2.3A",+, 

=  {n-2)A\>  &c. ; 
4,^5,+  Aj=2B^+2B'^-  B^  =  4A\, 
6,dj+3j4j  =  25'j  +  6£3  +  2S's=  BA's  +  3A'^, 

*  {Mr.  Chree  Gndi  tlut  thii  equktlon  ahonld  be 

(_n--i){n~S)A'.  +  (.n-l)in-2)A'.^,  +  SAA".*S.iA".+,~('>-2)A'.]. 
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=  «(n-2)5.  +  {w+l)«B,+i  +  1.2fi'.+  1.2S'.^,. 
SolviDg  these  equations  and  aubBtituting  the  values  of  the 
coefficients,  the  series  for  M  becomes 


Tf  Jiiid  the  fomi  of  a  coil  for  tvkifh  the  coefficient  of  eelf- 
induction  is  a  maximum,  the  total  length  and  thickness  of 
the  wire  being  given. 

706.]  Omitting  the  corrections  of  Art.  705,  we  find  by  Art.  693 

L=4iin^a{log~  -2), 

where  n  is  the  number  of  windings  of  the  wire,  a  is  the  mean 

radius  of  the  coil,  and  R  is  the  geometrical  mean  distance  of  the 

transverse  section  of  the  coil  from  itself.     See  Art-  691.     If  this 

section  is  always  similar  to  itself,  It  is  proportional  to  its  linear 

dimensions,  and  n  varies  as  R\ 

Since  the  total  length  of  the  wire  is  2 van,  a  varies  inversely 

as  71.     Hence 

dn      „dR  ,  da  dR 

—  =  2  -^  ,     and  —  =  -  2  -^  , 

and  we  find  the  condition  that  L  may  be  a  masinmra 

If  the  transverse  section  of  the  channel  of  the  coil  is  circular, 
of  radius  c,  then,  by  Art.  692, 

and    log  —  =  "Ti 
whence  a=  3-22  c; 

*  [Thii  raault  mkjr  be  obtained  directlj  by  the  metliod  raggnted  In  Art.  704, 
via.  b;  Ibe  eipuuiuni  of  tbe  elliptic  iiilegnU  in  the  npnauon  for  M  bund  in 
Art.  701.    S*e  C«jley'»  EUipHe  Fnncl<m>;  Art.  7fi.] 
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or,  the  mean  radius  of  the  coil  should  be  3-22  times  the  radius  of 
the  ti'ansverse  section  of  tho  channel  of  the  coil  in  order  that 
such  a  coil  may  have  tho  greatest  coefficient  of  self- induction. 
This  result  was  found  by  Gauss*. 

If  the  channel  in  which  the  coil  ia  wound  has  a  square  trans- 
verse section,  the  mean  diametor  of  the  coil  should  be  3-7  times 
the  side  of  the  square  section  of  the  channel. 

•   ITirke,  Goltingan  edition,  1887,  lid-  v.  p.  H-ii. 


^^^^^f 

■ 

Tabie  of  the  values  of  log  - — 7^ 

-(Art.  701). 

The  Logarithms  are  to  base  10. 

M 

M 

Jif 

'^,WT. 

'-'TwT. 

"^aWaI- 

60'^   0' 

"1-4994783 

63"  30' 

T-5963782 

67=    0' 

1-6927081 

6' 

1-5022651 

36' 

1-5991329 

6' 

1-6954642 

12' 

1-5050505 

42' 

1-6018871 

12' 

i-6982209 

18' 

1-5078345 

48' 

1.6046408 

J  8' 

1-7009782 

24' 

1-5106173 

54' 

1-6073942 

24' 

1-7037362 

30' 

1-5133989 

64'^    0' 

"I-6HI1472 

30' 

1-7064949 

36' 

1.5161791 

6' 

1-6128998 

36' 

1-7092544 

42' 

1.5189582 

12' 

1-6156522 

42' 

1.7120146 

48' 

1-5217361 

18' 

1.6184042 

48' 

1-7147756 

64' 

1-5245128 

24' 

1-6211560 

54' 

1-7175375 

61°    0' 

1-5272883 

30' 

1-6239076 

68°    0' 

1-7203003 

6' 

1-5300628 

36' 

1-6266589 

6' 

i-7230640 

12' 

1-5328361 

42' 

1.6294101 

12' 

1-7258286 

18' 

1-5356084 

48' 

1-6321612 

18' 

1-7285942 

24' 

1.6383796 

54' 

1-6349121 

24' 

1-7313609 

30' 

1-5411498 

65°    0' 

1-6376629 

30' 

1-7341287 

36' 

i-6439190 

6' 

t-6404137 

36' 

1-7368975 

42' 

1-5466872 

12' 

1-6431645 

42' 

1-7396675 

48' 

1-6494545 

13' 

1-6459153 

48' 

1-74  24  3  87 

64' 

1-5522209 

24' 

1-6486660 

64' 

r745211I 

62'    0' 

1-6549664 

30' 

1-6514169 

69'    0' 

1.7479848 

6' 

1-5577510 

36' 

1-6541678 

6' 

1-7507597 

12' 

1-5605147 

42' 

1-6569189 

12' 

1.7535361 

IS' 

1-5632776 

48' 

1.6596701 

18' 

1-75G3138 

24' 

1-5660398 

54' 

1-6624215 

24' 

1-7590929 

30' 

1.5688011 

66"    0' 

1-6051732 

30' 

1-7618735 

36' 

1-5715618 

6' 

i-6fi79250 

36' 

1-7646556 

42' 

1-5743217 

12' 

1-6706772 

42' 

1-7674392 

48' 

1-5770809 

18' 

T-6734296 

48' 

1-7702245 

64' 

1-5798394 

24' 

1-6761824 

54' 

1-7730114 

63°    0' 

1-5823973 

30' 

1.6789356 

70°    0' 

1-7758000 

6' 

1-5853546 

3(i' 

1 -681639 1 

6' 

1-7785903 

12' 

l-588ni3 

42' 

1-6844431 

12' 

1-7813823 

18' 

1-5908675 

48' 

i-6871976 

18' 

1-7841762 

24' 

1.5936231 

64' 

1.6899526 

24' 

T.7869720 

, 

^ 
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'"Uwa.- 
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70°  30' 

1-7897696 

75°  0' 

T-9185I4I 

79°  30' 

■0576136 

36' 

1-7925692 

6' 

1-9214613 

36' 

-0609037 

42' 

1-7953709 

12' 

i-9244135 

42' 

■0642054 

48' 

1-7981745 

18' 

1-9273707 

48' 

■0675187 

54' 

1-8009803 

24' 

1-9303330 

54' 

■0703441 

71°  0' 

1-8037882 

30' 

1-9333005 

80"  0' 

■0741816 

6' 

1-8065983 

36' 

i-9362733 

6' 

-0775316 

12' 

1-8094107 

42' 

1-9392515 

12' 

■0808944 

18' 

1-8122253 

48' 

1-9422362 

18' 

■0842702 

24' 

1-8150423 

54' 

1-9452246 

24' 

■0876592 

30' 

1-8178617 

76°  0' 

T-9482I96 

30' 

-0910619 

36' 

r-8206836 

6' 

1-9512205 

36' 

■0944784 

42' 

1-8235080 

12' 

1-9542272 

42' 

-0979091 

48' 

1-8263349 

18' 

1-9572400 

48' 

■1013642 

54' 

1-8291645 

24' 

1-9602590 

64' 

■1048142 

72'  0' 

1-8319967 

30' 

r-9632841 

81°  0' 

■1082893 

6' 

1-8348316 

36' 

1-9663157 

6' 

•1117799 

12' 

1-8376693 

42' 

1-9693537 

12' 

■  1162S63 

18' 

1.840S099 

48' 

1-9723983 

18' 

-1188089 

24' 

1-8433534 

64' 

1-9754497 

24' 

■1223481 

30' 

1.846ID98 

77°  0' 

l-97850r9 

30' 

■1259043 

36' 

1-8490193 

G' 

1-9815731 

1    36' 

■1294778 

42' 

T-85190I8 

12' 

i-9846454 

42' 

■1330691 

48' 

1-8547575 

18' 

l-ti877249 

48' 

■  1366786 

54' 

1-8576164 

24' 

1-9908118 

1    54' 

■  1403067 

73°  0' 

1  ■8604785 

30' 

1-9939062 

82°  0' 

■1439539 

6' 

i-8633440 

36' 

1-9970082 

6' 

■1476207 

12' 

1-8662129 

42' 

-0001181 

1    12' 

■1513076 

18' 

1-8690852 

48' 

■0032359 

1    18' 

■  1550149 

24' 

i-8719611 

64' 

-0063618 

24' 

■1587434 

30' 

1-8748406 

78"  0' 

-0094959 

30' 

•  1624935 

36' 

1-8777237 

6' 

-012G385 

36' 

•1662658 

42' 

1-880610G 

12' 

■0157896 

42' 

■1700609 

48' 

1-8835013 

18' 

■0189494 

48' 

■1738794 

64' 

1-8863958 

24' 

■0221181 

54' 

■1777219 

74°  0' 

1.88!t2043 

30' 

■0252959 

83°  0' 

-1815890 

6' 

1-8921969 

36' 

■0284830 

1     6' 

■1854815 

12' 

1-8951036 

42' 

■0316794 

12' 

•1894001 

18' 

'1'8980144 

48' 

-0348855 

18' 

■1933455 

24' 

1-9009295 

54' 

-03810H 

24' 

•1973184 

30' 

1-9038489 

79'  0' 

-0413273 

1    30' 

■2013197 

3G' 

19067728 

6' 

■0445633 

'    36' 

-2053502 

42' 

1-9097012 

12' 

■0478098 

!    42' 

•2094108 

48' 

1.9126341 

18' 

■0510668 

48' 

■2135026 

S4' 

T-9155717 

24' 

-0543347 

64' 

-2176259 
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w    ^    . 

^iwVAa 

^  iirVAa 

84°  0' 

-2217823 

86°  C 

•3139097 

88°  0' 

.4385420 

6' 

•2259728 

6' 

•3191092 

6' 

•4465341 

12' 

•2301983 

12' 

•3243843 

12' 

•4548064 

18' 

•2344600 

18' 

•3297387 

18' 

•4633880 

24' 

•2387591 

24' 

•3351762 

24' 

•4723127 

30' 

•2430970 

30' 

•3407012 

30' 

•4816206 

36' 

•2474748 

36' 

•3463184 

36' 

•4913595 

42' 

•2518940 

42' 

•3520327 

42' 

•5015870 

48' 

•2563561 

48' 

•3578495 

48' 

•5123738 

54' 

•2608626 

54' 

•3637749 

54' 

•5238079 

86°  0' 

•2654152 

87°  0' 

•3698153 

89°  0' 

•5360007 

6' 

•2700156 

6' 

•3759777 

6' 

•5490969 

12' 

•2746655 

12' 

•3822700 

12' 

•5632886 

18' 

•2793670 

18' 

•3887006 

18' 

•5788406 

24' 

•2841221 

24' 

.3952792 

24' 

•5961320 

30' 

•2889329 

30' 

•4020162 

30' 

•6157370 

36' 

•2938018 

36' 

•4089234 

36' 

•6385907 

42' 

•2987312 

42' 

•4160138 

42' 

•6663883 

48' 

•3037238 

48' 

•4233022 

48' 

•7027765 

54' 

•3087823 

64' 

•4308053 

54' 

•7586941 

[APPENDIX   11. 

In  tlie  very  important  case  of  two  circular  coaxal  coils  Lord  Eayleigh 
lias  aiiggestetl  in  tiie  use  of  the  foregoing  tables  ft  very  convenieDt 
formula  of  approximntion.  Tlie  formulB,  applicable  to  any  number  of 
vftrinhka,  occurs  in  Mr.  Merrifield's  Report  ou  Quadratures  and  Infer- 
polation  to  the  British  Asaociation,  1880,  and  is  attributed  to  tlie  late 
Mr.  H.  J.  Furkiss.  In  the  present  instance  the  number  of  variables  is 
ftiur. 

Let  n,  7i'  be  the  number  of  wtndiuga  in  the  coila. 
a,  a'  the  radii  of  their  central  windings. 

b  the  distance  between  their  centres.  ^M 

2h,  2h'  tlie  radial  breadths  of  the  coils.  ^| 

2k,  2k'  the  axial  breadths.  " 

Also  Iet/(«,  a\  h)  be  the  coefficient  of  mutual  iudaction  for  the  central 
windings.     Then  the  coefficient  of  mutual  induction  of  the  two  coils  : 
,f{a  +  h,a',b)+f{a-h.a',b) 
+f(ii.a'  +  h',b)+f(a.a'-h',b) 

+/(<..«',  6+A')+/(a,  a-,  fc-i-) 
-3/K«'.6).  ] 


UPPENDIX     III. 


wo  COIIS  IS 


Self-induction  of  a  clrtmlar  coil  of  rectangular  section. 

If  a  denote  the  mean  radius  of  a  coil  of  n  windings  whose  axial 

breadth  is  h  and  radial  breadth  is  c,  then  the  self-induction,  as  calculated 

by  means  of  the  series  of  Art.  705,  has  been  shown  by  "Weinstein  Wied. 

Ann.  xxi.  329  to  be 

£  =  4i7«'(aX-|-H), 
where,  writing  x  for  6/c, 


+  ^  ~  167ra:'  +  3-2x'tan-"a! 


Galvanometers. 

707.]  A  Galvanometer  is  an  inBtrument  by  means  of  which  an 
electric  current  la  indicated  or  measured  by  Its  magnetic  action. 

When  the  instrument  is  intended  to  indicate  the  existence  of 
a  feeble  current,  it  is  called  a  Sensitive  Galvanometer. 

When  it  is  intended  to  measure  a  cun-ent  with  the  gi-eatest 
accuracy  in  terms  of  standard  units,  it  is  called  a  Standai'd  Galva- 
nometer. 

All  galvanometers  are  founded  on  the  principle  of  Schweigger's 
Multiplier,  in  which  the  current  ia  made  to  pass  through  a  wire, 
which  is  coiled  so  as  to  pass  many  times  round  an  open  space, 
within  which  a  magnet  is  suspended,  so  as  to  produce  within  this 
space  an  electromagnetic  force,  the  intensity  of  which  is  indicated 
by  the  magnet. 

In  sensitive  galvanometers  the  coil  is  so  arranged  that  its 
windings  occupy  the  positions  in  which  their  influence  on  the 
magnet  is  greatest.  They  are  therefore  packed  closely  together 
in  order  to  bo  near  the  magnet. 

Standard  galvanometers  are  constructed  so  that  the  dimensions 
and  relative  positions  of  all  their  fixed  parts  may  be  accurately 
known,  and  that  any  small  uncertainty  about  the  position  of  the 
moveable  parts  may  introduce  the  smallest  possible  error  into  the 
calculations. 

In  constructing  a  sensitive  galvanometer  we  aim  at  making  the 
field  of  electromagnetic  force  in  which  the  magnet  is  suspended  as 
intense  as  possible.  In  designing  a  standard  galvanometer  we 
wish  to  make  the  field  of  electromagnetic  force  near  the  magnet 
as  nniform  as  possible,  and  to  know  its  exact  intensity  in  terms 
of  the  strength  of  the  current. 
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708.]  In  a  atandard  galvanometer  the  strength  of  the  current 
has  to  be  detormined  fj-om  the  force  which  it  exerts  on  the  sub- 
pended  magnet.  Now  the  distribution  of  the  magnetism  witbin 
the  magnet,  and  the  position  of  its  centre  when  suspended,  are  not 
capable  of  being  determined  with  any  great  degree  of  accuracy. 
Hence  it  ia  nect'saary  that  the  coil  should  be  arranged  so  as  to 
produce  a  field  of  force  which  is  very  nearly  uniform  throughout 
the  whole  space  occupied  by  the  magnet  during  its  possible  motion. 
The  dimensions  of  the  coil  must  therefore  in  general  be  much 
larger  than  those  of  the  magnet. 

By  a  proper  arrangement  of  several  coils  the  field  of  force  within 
them  may  be  made  much  more  uniform  than  when  one  coil  only 


Pig-W- 


is  used,  and  the  dimensions  of  the  instrument  may  be  thus  reduced 
and  its  sensibility  increased.  The  errors  of  the  linear  measure- 
ments, however,  introduce  greater  uncertainties  into  the  values 
of  the  electrical  constants  for  small  instruments  than  for  large 
ones.  It  is  therefore  best  to  determine  the  electrical  constants 
of  small  instruments,  not  by  direct  measurement  of  their 
dimensions,  but  by  an  electrical  comparison  ivith  a  large 
standard  instrument,  of  which  the  dimensions  are  more  ac- 
curately known;  see  Art.  752. 

In  all  standard  galvanometers  the  coils  are  circular.     The 
channel  in  which  the  coil  is  to  be  woond  is  cftrefiiUy  touted. 
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Its  breadth  is  made  equal  to  some  multiple,  n.  of  the  diameter 
of  the  covered  wire.  A  hole  ia  bored  in  the  side  of  the  channel 
where  the  wire  la  to  eiiter.  and  one  end  of  the  covered  wire  ia 
pushed  out  through  this  hole  to  form  the  inner  connexion  of  the 
GoiL  The  channel  is  placed  on  a  lathe,  and  a  wooden  axie  is 
fastened  to  it;  see  Fig,  4i),  The  end  of  a  long  string  is  nailed 
to  the  wooden  axis  at  the  same  part  of  the  circumference  as  the 
entrance  of  the  wire.  The  whole  is  then  turned  round,  and  the 
wire  is  smoothly  and  regularly  laid  on  the  bottom  of  the  channel 
till  it  ia  completely  covered  by  n  windings.  During  this  process 
the  string  has  been  wound  n  times  round  the  wooden  axis,  and 
a,  nail  is  driven  into  the  string  at  the  rith  turn.  The  windings 
of  the  string  should  be  kept  exposed  so  that  they  can  easily 
be  counted.  The  external  circumference  of  the  tirst  layer  of 
windings  is  then  measured  and  a  new  layer  is  begun,  and  so  on 
till  the  proper  number  of  layers  has  been  wound  on.  The  use 
of  the  string  is  to  count  the  number  of  windings.  If  for  any 
reason  we  have  to  unwind  part  of  the  coil,  the  string  is  also 
unwound,  so  that  we  do  not  lose  our  reckoning  of  the  actual 
number  of  windings  of  the  coil.  The  nails  serve  to  distingmsh 
the  number  of  windings  in  each  layer. 

The  measure  of  the  circumference  of  each  layer  furnishe.'i  a 
test  of  the  regularity  of  the  winding,  and  enables  us  to  calculate 
the  electrical  constants  of  the  coil.  For  if  we  take  the  arithmetic 
mean  of  the  circumferences  of  the  channel  and  of  the  outer  layer, 
and  then  add  to  this  the  circumferences  of  all  the  intermediate 
layers,  and  divide  the  sum  by  the  number  of  layei's,  we  shall 
obtain  the  mean  circumference,  and  from  this  we  can  deduce 
the  mean  radius  of  the  coil.  The  circumference  of  each  layer 
may  be  measured  by  moana  of  a  aleel  tape,  or  better  by  means 
of  a  graduated  wheel  which  rolla  on  the  coil  as  the  coil  revolves 
in  the  process  of  winding,  Tlie  value  of  the  divisions  of  the  tape 
or  wheel  must  be  ascertained  by  comparison  with  a  straight  scale, 

709.]  The  moment  of  the  force  with  which  a  unit  current  in 

the  coil  act«  upon  the  suspended  apparatus  may  be  expressed  by 

the  series  „        .,     „        ■    „  n  r,,,      a 

Gjj;,  8m(J+Gj*/j8inflPj  (d)  +  &c., 

whera  the  coeSicients  G  refer  to  tbe  coil,  and  the  coefBcients  y  to 
the  suspended  apparatus.  &  being  the  angle  between  the  axis  of 
tlie  coil  and  that  of  the  suspended  apparatus ;  see  Ai't.  700. 
vol..  II.  A  a 


Tfae  eorrent  U  Urns  [H^portional  to  the  tai^ent  of  the  deSexioD, 
and  the  instninieDt  is  therefore  eaDed  s  Tangent  GaH^Dometa-. 

Another  method  is  to  make  tfae  whole  appwatos  move&Ue 
about  a  vertieal  axis,  and  to  toro  it  till  the  magnet  is  in 
eqmlibriam  with  its  axis  parallel  to  the  plane  of  the  coiL  It 
the  angle  between  the  plane  of  tbe  coil  and  the  magnetic  meridian 
is  2,  the  equation  of  eqnilibritun  is 

mg^ffsinb  =  wy  f  G,3,  — }Gi3j  +  &c}, 
H 


whence 


-sin!. 


Since  the  carrent  is  measured  by  the  sine  of  the  deflexion,  the 
iiLstrament  when  oaed  in  Uiis  way  is  called  a  Sine  Galvanometer. 

Tbe  method  of  sines  can  be  applied  only  when  the  carrent  is  so 
steady  that  we  can  regard  it  as  constant  daring  the  time  of  ad- 
ja&ting  the  instmment  and  bringing  the  magnet  to  eqailibriam. 

711.]  We  have  next  to  consider  the  arrangement  of  the  coils 
of  a  standard  galvanometer. 

Tbe  eimplest  form  is  that  in  which  there  is  a  sii^e  coil,  and 
tbe  magnet  ia  aiupesded  at  its  centre. 


711.]  TANGENT  OArVVNOMETER.  365 

Let  A  be  the  mean  radius  of  the  coil,  f  its  depth,  i;  its  breadth, 
and  n  the  number  of  windings,  the  values  of  the  coefficients  are 


e,=  - 


0,  =  0.  Jtc. 
The  principal  coneetion  ia  that  arising  from  G,.    The  series 

.  o,9,  +  e.».A'(») 

becomes  approximately 

<?i!7i(l-3J-,|3(co8''fl-^sm^0)). 

The  factor  of  correction  will  differ  most  from  unity  when  the 
magnet  is  uniformly  magnetized  and  when  fl  =  0.    In  this  case  it 

becomes  1  —  3-75.    It  vanishes  when  tan  ff  =  2,  or  when  the  de- 

A*  ' 

flexion  ia  tan-' J,  or  26''34'.  Some  observers,  therefore,  arrange 
their  experiments  eo  as  to  make  the  obsei-ved  deflexion  as  neiu- 
this  angle  as  possible.  The  best  method,  however,  is  to  use  a 
magnet  so  short  compared  with  the  radius  of  the  coil  that  the 
correction  may  be  altogether  neglected. 

The  suspended  magnet  is  carefuUy  adjusted  so  that  its  centre 
shall  coincide  as  nearly  as  possible  with  the  centre  of  the  coil. 
If,  however,  this  adjustment  is  not  perfect,  and  if  the  coordinates 
of  the  centre  of  the  magnet  relative  to  the  centre  of  the  coil 
are  x,  y,  z,  2  being  measured  parallel  to  the  axis  of  the  coil, 
the  factor  of  correction  is 

O  +  f-^i^")' 

When  the  radius  of  the  coil  is  large,  and  the  adjustment  of  the 
magnet  carefully  made,  we  may  assume  that  this  correction  ia 
insensible. 

"   {Tha  oauple  on  the  bar  niK^ct  when  iU  axis  makea  an  angle  8  witli  that  ft  the 

Since  G,*a,i  {2t'~i,i' *g^)  U  tha  force  ».t  x,  y,  t  parallel  to  the  nxU  of  the  co[l  ami 

is  the  force  at  right  an^e*  to  the  axii.  Tlim  wh>  n  the  arraogeiaent  i*  a^cd  w  a  line 
gatTanometer  the  faoCur  of  GorrBOtioD  i> 


J  f  (Si'-C**  +  p'))  which  it  oqnal  U 
A  a  2 


-iJi(2''-t''^»'iU- 


.156 


ELECTKOMAGNETIC    INSTBUMEKTS. 


[713- 


Gauijaing  Arraiigement. 
712.]  In  order  to  get  rid  of  tlio  corruction  depending  on  Q^ 
Gaugain  eonatructed  a  galvanometer  iu  whicli  tliis  term  was 
rendered  zero  by  suspending  the  magnet,  not  at  the  centre  of  the 
(.■oil,  but  at  a  point  on  the  axis  at  a  distance  from  the  centre 
t,-qual  to  half  the  radius  of  the  coil.     The  form  of  G^  ia 

and,  since  in  this  arrangement  B  =  \A,  0^  =  Q. 

This  arrangement  would  be  an  improvement  on  the  fii-st  fomi 
if  we  could  bo  sure  that  the  centre  of  the  suspended  magnet  is 
exactly  at  the  point  thus  defined.  The  position  of  the  centre  of 
the  magnet,  however,  ia  always  uncertain,  and  this  uncertainty 
introduces  a  factor  of  correction  of  unknown  amount  depending 

on  (?;,  and  of  the  form  ( 1  —  i  -3  )■  where  z  ia  the  unknown  excess 

of  distance  of  the  centre  of  the  magnet  irom  the  plane  of  the 

coil.     This  correction  depends  on  the  first  power  of  4.     HentM 

Oaugain's  coil  with  eccentrically  suspended  magnet  ia  subject  to 
far  greater  uncertainty  than  the  old  form. 

Hdmhdtz'a  Ai-rangeTiieat. 

713.]  Helmholtz  converted  Gaugain's  galvanometer  into  a 
trustworthy  instrument  by  placing  a  second  coil,  equal  to  the 
first,  at  an  equal  distance  on  the  other  side  of  the  magnet. 

By  placing  the  coils  symmetrically  on  both  sides  of  the  magnet 
we  get  rid  at  once  of  all  terms  of  even  order. 

Let  A  be  the  mean  radius  of  either  coil,  the  distance  between 
their  mean  planes  is  made  equal  to  A ,  and  the  magnet  ia  suspended 
at  the  middle  point  of  their  common  axis.     The  coefficients  are 

G,  =  0-0512 — ^^  (31^-367)*), 
3^/5A'^      ^  " 

(?4  =  0, 

0.  =-0-73728     "_"     - 
where  n  denotes  the  number  of  windings  in  both  coils  together. 


r.). 
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It  appoai-B  from  these  results  tha,t  if  the  section  of  the  chaniio! 
of  the  ip  coils  be  i-ectangular,  the  depth  being  f  and  the  breadth 
ij,  the  yalne  of  G3,  as  coiTected  for  the  finite  size  of  the  section, 
will  be  small,  and  will  vanish,  if  f  ^  is  to  jj-  as  36  to  31. 

It  is  therefore  quite  unnecessary  to  attempt  to  wind  the  coils 
upon  ft  conical  surface,  as  has  been  done  by  some  instrument 
makers,  for  the  conditions  may  be  satisfied  by  coils  of  rectangular 
section,  which  can  be  constructed  vrith  far  greater  accuracy  than 
coils  wound  upon  an  obtuse  cone. 

The  arrangement  of  the  coils  in  Helmholtz's  double  galvano- 
meter ia  represented  in  Fig.  53.  Art.  725. 

The  field  of  force  due  to  the  double  coil  is  represented  in 
section  in  Fig.  XIX  at  the  end  of  this  volume. 

Oulvanometer  of  Four  Coils. 

714.]  By  combining  four  coils  we  may  get  rid  of  the  coefficients 
Gj,  Gj,  G4,  Gj.  and  &'«.  For  by  any  symmetrical  combination 
we  get  rid  of  the  coefficients  of  even  orders.  Let  the  four  coils 
be  parallel  circles  belonging  to  the  same  sphere,  corresponding 
to  angles  0,  ^,  n  — 0,  and  ir-0. 

Let  the  numlier  of  windings  on  the  first  and  fourth  coila  be  n, 
and  the  number  on  the  second  and  third  pn.  Then  the  condition 
that  G5  =  0  for  the  combination  gives 

n!i'm^aP^'(6)+2ms\ji^<pPs'{it>)=  0,  (1) 

and  the  con<iition  that  tf,  =  0  gives 

nsm^i)P^'(0)  +  pfi  B\ii-<pPf,'{<l>)  =  0.  (2) 

Putting  sin^fl  =  x    and    sin^^  =  y,  (3) 

and  expressing  P./  and  P^'  (Art.  698)  in  terms  of  those  quantities, 
the  equations  (1)  and  (2)  become 

4x—5a^  +  4py  —  l3py^  =  0,  (4) 

8aj-28j^  +  21;c^48/)i/-28/?i/*  +  2ly)^»=  0.  (5) 

Taking  twice  (4)  from  (5),  and  dividing  by  3,  we  get 

5;i?—7x^  +  6py*—7pif^=  0.  (fi) 

Hence,  from  (4)  and  (6), 

-  *5£zJ  _  a^yj?  -6 
^~  yi-By~  y*6~7y' 
and  we  obtain 

_  ,  7x-S  I  _    32     7x-6 

^~  ^  5x-i  '  p  ~  49a(5a;-4;'' 
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Both  X  and  y  are  the  squ&res  of  the  ernes  of  angles  aad  most 
therefoK  lie  between  0  and  1.  Ueoce,  tither  j:  is  betTeen  0  and 
T,  in  which  case  y  \s,  between  %  and  1 ,  and  \/p  between  x  ami  j^, 
or  elee  x  is  between  *  and  1,  in  which  ease  y  is  between  0  and 
\,  and  \jp  between  0  and  *^. 

GyifanoTHefer  of  Thrte  Coih. 
715.]  The  most  convenient  arrangemeDt  is  that  in  which  jb  =  I. 
Two  of  the  coils  then  coincide  and  fonn  a  great  circle  of  tha 
sphere  whose  radius  is  C.  The  nomber  of  windings  in  this 
compoond  coil  is  64.  The  other  two  coils  form  small  circl^-s  of 
the  sphere.  The  radius  of  each  of  them  is  •/}€.  The  distance 
of  either  of  them  from  the  plane  of  the  first  is  -/iC.  The  number 
of  windings  on  each  of  these  coils  is  49. 

The  value  of  G^  is  — —  . 

This  arrangemeDt  of  coils  is  represented  in  Ilg.  SO. 
Since  in  this  three-coiled  galvanometer  the  firat  term  after 
6,  which  has  a  Gntt« 
Tsloe  is  G-,  a  large  por- 
tion of  th<?  sphere  on 
whose  surface  the  coila 
lie  forms  a  field  of  force 
sensibly  uniform. 

If  we  could  wind  the 

wire    over    the     whole 

of   a   spherical  surface, 

as  described  in  Art.  672, 

we  should  obtain  a  field 

of     perfectly     uniform 

force.     It  is  practieallv 

impossible,  however,  to 

Yj    ^  distribute  the  windings 

on   a  spherical   surface 

with  sufficient  accuracy,  even  if  such  a  coil  were  not  liable  to 

the  objection  that  it  forms  a  closed  surface,  so  that  its  interior  is 

inaccessible. 

By  putting  the  middle  coil  out  of  the  circuit,  and  "'*'^'ig  the 
corrent  flow  in  opposite  directions  throng  the  two  side  coils,  we 
obtain  a  field  of  forae  which  exerts  a  nearly  nni&im  acticn  in 
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the  direction  of  the  axis  on  a  magnet  or  coil  suBpended  witliiii  It, 
with  itfi  axis  coinciding  with  that  of  the  coils ;  sea  Art.  673.  For 
in  this  case  all  the  coefficients  of  odd  orders  disappear,  and  since 
f,=  V^  1\- =  1^(711"- 3)  =  0. 
Hence  the  expression  (6),  Art.  G95,  for  the  magnetic  potential 
near  the  centre  of  the  coil  becomes,  there  being  ti  windings  in 
each  of  the  coils, 


.  =  ?•?,» 


s  ■?.(»)+ 


r.P.W  +  So. 


On  the  Prop&r  Tkickneee  of  the  Wire  of  a  Qalvawmieter,  the 
External  Menletance  being  given. 

716.]  Let  the  form  of  the  channel  in  which  the  galvanometer 
coil  is  to  be  wound  bo  given,  and  kt  it  be  i-equired  to  determine 
whether  it  ought  to  be  filled  with  a  long  thin  wire  or  with  a 
shorter  thick  wire. 

Let  I  be  the  length  of  the  wire,  y  its  radius,  y-\-b  the  radius 
of  the  wire  when  covered,  p  its  specific  resistance,  g  the  value  of 
G  for  unit  of  length  of  the  wire,  and  r  the  part  of  the  resistance 
which  is  independent  of  the  galvanometer. 

The  resistance  of  the  galvanometer  wire  is 

The  volume  of  the  coil  is 

V  =  ,l(y  +  bf. 

The  electromagnetic  force  is  y  G,  where  y  is  the  strength  of  the 
current  and  q  _  gi 

If  £  is  the  electromotive  force  acting  in  the  circuit  whoso 
resistance  is  ii  +  )■,  ^  _  yi^  ^  j.i 

The  electromagnetic  force  due  to  this  electromotive  force  i^ 


ii  + 


which  we  have  to  make  a 

Inverting  the  fraction,  wo  find  that 


1  by  the  variation  of  y  and  /. 


■ng-t^     gl 
i  made  a  minimum.    Hence 

p,j!,     rrfi_ 
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U  the  Totome  of  the  ooQ  remains  conMant 

/        Sf  +  b 
F1'T"'T'ftM"g  dl  and  dif,  we  obtain 
f>y  +  &_  r 

>  y"  ~'' 

Hunce  Hk  thiekness  of  Uie  wire  of  the  galvanometer  ahM 
be  iwch  that  the  eitemat  resistance  is  to  the  redstance  of  t 
galvanometer  ooil  as  the  diameter  of  the  covered  wire  to  1 
diameter  of  the  wire  itself. 

On  Sensitive  Gahtmoriitt^rt, 

717.]  In  the  conetniction  of  a  sensitive  galvanometer  i 
of  evtry  part  of   the  arrangement  is  to  produce   the  ^ 
poanble  deflexion  of  the  magnet  by  means  of  a  given  i 
electromotive  force  acting  between  the  electrodes  of  the  o 

Thf  ftirrcnt  through  (he  wire  pniniuces  the  ^'rt-at*st  effwt  when 
it  is  placed  aa  near  as  possible  to  the  suspended  magnet.  The 
magnet,  however,  must  be  left  free  to  oscillate,  and  therefore 
there  is  a  certain  space  which  must  be  left  empty  within  the 
coil.     Thia  defines  the  internal  boundary  of  the  coil. 

Outside  of  this  space  each  winding  must  be  placed  bo  as  to 
have  the  greatest  possible  effect  on  the  magnet.  As  the  number 
of  windings  increases,  the  most  advantageous  positions  become 
filled  up.  so  that  at  last  the  increased  resistance  of  a  new 
winding  diminishes  the  effect  of  the  current  in  the  former 
windings  more  than  the  new  winding  itself  adds  to  it  By 
making  the  outer  windings  of  thicker  wire  than  the  inner  ones 
we  obtain  the  greatest  magnetic  efiect  from  a  given  electromotive 
force. 

718.]  We  shall  suppose  that  the  windings  of  the  gal^-anometer 
are  circles,  the  axis  of  the  galvanometer  passing  through  tha 
centres  of  these  circles  at  right  angles  to  their  planes. 

Let  r  sin  0  be  the  radius  of  one  of  these  circles,  and  r  cos  0  the 
distance  of  its  centre  from  the  centre  of  the  galvanometer,  then, 
if  ^  is  the  length  of  a  portion  of  wire  coinciding  with  this  circle. 
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aad  y  the  current  which  flows  in  it,  the  magnetic  force  at  the 
centre   of  the  galvanometer   resolved 
in  the  direction  of  the  axis  is 


If  we  write        1^  =  x^fiiTiB,  (l) 

this  expression  becomes  y—^- 

Hence,  if  a  surface  be  consti-ucted, 
similar  to  those  represented  in  section 
in  Fig.  51,  whose  polai"  equation  Is 

t^  =  x^B.mQ,  (2) 

where  le,  is  &ny  constant,  a  given  length 
of  wire  bent  into  the  form  of  a  circular 
arc  will  produce  a  greater  m^netic 
eftect  when  it  lies  within  this  surface 
than  when  it  lies  outside  it.  It  follows  from  this  that  the  outer 
surface  of  any  layer  of  wire  ought  to  have  a  constant  value  of  x. 
for  if  X  is  greater  at  one  placu  than  another  a  portion  of  wire 
might  be  transferred  from  the  first  place  to  the  second,  so  as  to 
increase  the  force  at  the  centre  of  the  galvanometer. 

The  whole  force  due  to  the  coil  la  yG,  where 

«=/?.  (3) 

the   integration  being  extended  over  the  whole  length  of  the 
wire,  X  being  considered  as  a  function  of  I. 

719.]  Let  y  be  the  radius  of  the  wii-e,  its  transverse  section 
will  be  Tty^,  Let  p  be  the  specific  resistance  of  the  material 
of  which  the  wire  is  made  referred  to  unit  of  volume,  then  the 

resistance  of  a  length  /  is  — „ 


coil  is 


fl  = 


and  the  whole  resistance  of  the 
•dl 


prdj 


(4) 


whore  y  is  considered  a  function  of  I. 

Let  r^  be  the  area  of  the  quadrilateral  whose  angles  are  the 
sections  of  the  axes  of  four  neighbouring  wires  of  the  coil  by  a 
plane  tlirough  the  axis,  then  Y'l  is  the  volume  occupied  in  the 
coil  by  a  length  I  of  wire  together  with  ita  insulating  covering, 
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and  mcluding  any  vacant  space  neceaaarily  left  between   the 
windings  of  the  coil.     Hence  the  whole  volume  of  the  coil  » 

v=  fr-di,  (5) 

whtiro  Y  is  considered  a  function  of  I. 

But  since  the  coil  is  a  figure  of  revolution 


if'' 


■■'!> 


T^Binedrde,  (6) 

or.  exprepsing  r  in  terms  o(  x,  \>y  equation  (l), 

F=  2^j'fa?i3iD6)idxd6.  (7) 

I'tifl  is  a  numerical  quantity,  call  it  iV,  then 
V^iNa^-i^,  (8) 

wheje    PJI   is   the   volume   of    the   interior   space   left   for   the 
magnet. 

Let  us  now  consider  a  layer  of  the  coil  contained  between  the 
Burfacoa  x  and  x  +  dx. 

The  volume  of  this  layer  is 

dV=Kx'dx  =  'i'^dl,  (3) 

where  dl  is  the  length  of  wire  in  this  layer. 

This  gives  us  dt  in  terms  of  da:.    Substituting  this  in  equations 
(3)  and  (4),  we  find  j™ 

^  '  ^  '  dO  =  N^>  (10) 

dR  =  N'-'^,,  (U) 

where  dG  and  dR  represent  the  portions  of  the  values  of  6  and 
of  It  due  to  this  layer  of  the  coil. 

Now  if  E  be  the  given  electromotive  force, 
E=y{R  +  r), 
where  r  is  the  resistance  of  the  external  part  of  the  circuit, 
independent  of  the  galvanometer,  and  the  force  at  the  centre  is 


We  have  therefore  to  make  -p —    a  maximum,  by  properly 

adjusting  the  section  of  the  wire  in  each  layer.     This  also  neces- 
sarily  involves  a  vtuiatjon  of  Y  because  Y  depends  on  y. 


SENSITIVE    CALVANOMETEES. 

Lot  Ofl  and  £„  be  the  values  of  G  and  o{  R  +  r  when  the  given 
layer  is  excludud  from  the  caloulation.     We  have  then 
G     _  0„  +  dG 
n-\-r~  R^dR' 
and  to  make  this  a  maximum  by  the  variation  of  the  value  of  y 
for  the  given  layer  we  must  have 


(12) 


(13) 

Since  tir  ia  very  small  and  ultimately  vanishes,  p-  will  be 

sensibly,  and  ultimately  exactly,  the  eame  whichever  layer  ia 
excluded,  and  we  may  therefore  regard  it  as  constant.  We  have 
therefore,  by  (10)  and  (U), 

If  the  method  of  covering  the  wire  and  of  winding  it  is  such 
that  the  space  occupied  by  the  metal  of  the  wire  bears  the  same 
proportion  to  the  space  between  t^ie  wires  whether  the  wire  is 
thick  or  thin,  then 

and  we  must  make  both  y  and  Y  proportional  to  x,  that  is  to 
say,  the  diameter  of  the  wire  in  any  layer  must  be  proportional 
to  the  linear  dimension  of  that  layer. 

If  the  thickness  of  the  insulating  covering  is  constant  and 
equal  to  b,  and  if  the  wires  are  arranged  in  square  order, 

r=2(7/-Ht),  (15) 

and  the  condition  is 

"''^^^/^^  =  constant.  (16) 

In  this  case  the  diameter  of  the  wire  increases  with  the  dia- 
meter of  the  layer  of  which  it  forms  part,  but  not  at  so  great  a 
rate. 

If  we  adopt  the  first  of  these  two  b^-potheses,  which  will  be 
nearly  true  if  the  wire  itself  nearly  fills  up  the  whole  space,  then 
we  may  put  y^ax,        l'  =  j3tf, 
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where  a  and  ^  are  constant  numerical  quantities,  and  {hy  (10) 
and  (11)1 

G  =  jir  JL  (^_h, 

sa*p*^a      x> 
where  n  is  a  constant  depending  upon  the  size  and  fonn  of  the 
free  space  left  inside  the  coil. 

Hence,  if  we  make  the  thickness  of  the  wire  vary  in  the  Bame 
ratio  as  x,  we  obtain  very  little  advantage  by  increasing  the  ex- 
ternal size  of  the  coil  after  the  extenial  dimensions  have  become 
a  large  multiple  of  the  interna!  dimensions. 

7^0.]  If  increase  of  resistance  is  not  regai-ded  as  a  defect,  aa 
when  the  external  resistance  is  far  greater  than  that  of  the 
galvanometer,  or  when  our  only  object  is  to  produce  a  field  of 
intense  force,  we  may  make  y  and  F  constant.     We  have  then 

e  =  ?.(-«), 

where  a  is  a  constant  depending  on  the  vacant  space  iusdde  the 
coil.  In  this  case  the  value  of  G  increases  uniformly  aa  the 
dimensions  of  the  coil  are  increased,  so  that  there  is  no  limit  to 
the  value  of  0  except  the  labour  and  expense  of  making  the 
coil. 

On  Suspended  Coils. 

721.]  In  the  ordinary  galvanometer  a  suspended  magnet  is 
acted  on  by  a  fixed  coil.  But  if  the  coil  can  bo  suspended  with 
sufficient  delicacy,  we  may  determine  the  action  of  the  magnet, 
or  of  another  coil  on  the  suspended  coil,  by  its  deflexion  from 
the  position  of  equilibrium. 

We  cannot,  however,  introduce  the  electric  current  into  the 
coil  unless  there  is  metallic  connexion  between  the  electrodes  of 
the  battery  and  those  of  the  wire  of  the  coil.  This  connexion 
may  be  made  in  two  different  ways,  by  the  Bifitar  Suspension. 
and  by  wires  in  opposite  directions. 

The  bifilar  suspension  has  already  been  described  in  Art.  459 
as  applied  to  magnets.  The  arrangement  of  the  upper  part  of 
the  suspension  is  shewn  in  Fig.  54,  When  applied  to  coils,  the 
two  fibres  are  no  longer  of  silk  but  of.  metal,  and  aince  the 
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torsion  of  a  metal  wire  capable  of  supporting  the  coil  and 
tranamitting  the  current  is  much  greater  tlian  that  of  a  sIIIe 
fibre,  it  must  be  taken  specially  into  account,  Thia  Buepensiuo 
has  been  brought  to  great  perfection  in  the  instruments  oon- 
Btructed  by  M,  Weber, 

The  other  method  of  suspension  is  by  means  of  a  single  wire 
which  is  cormected  to  one  extremity  of  the  coil.  The  other  ex- 
tremity of  the  coil  is  connected  to 
another  wire  which  is  made  to  hang 
down,  in  the  same  vertical  straight 
line  with  the  first  wire,  into  a  cup 
of  mercury,  as  ia  shewn  in  Fig.  66, 
Art.  726.  In  certain  cases  it  is 
convenient  to  fasten  the  extremitiea 
of  the  two  wires  to  pieces  by  which 
they  may  be  tightly  stretched,  care 
being  taken  that  the  line  of  these 
wires  passes  through  the  centre  of 
gravity  of  the  coil.  The  apparatus 
in  thia  form  may  be  used  when  the 
axis  ia  not  vertical;  see  Fig.  52. 

722.]  The  suspended  coil  may  be  used  as  an  exceedingly 
sensitive  galvanometer,  for,  by  increasing  the  intensity  of  the 
magnetic  force  in  the  field  in  which  it  hangs,  the  force  due  to 
a  feeble  current  in  the  coil  may  be  greatly  increased  without 
adding  to  the  mass  of  the  coil.  The  magnetic  force  for  this 
purpose  may  be  produced  by  means  of  permanent  magnets,  or 
by  electromagnets  excited  by  an  auxiliary  current,  and  it  may 
be  powerfully  concentrated  on  the  suspended  coil  by  moans  of 
soft  iron  armatures.  Thus,  in  Sir  W.  Thomson's  recording 
apparatus,  Fig.  52,  the  coil  is  suspended  between  the  opposite 
poles  of  the  electromagnets  N  and  S,  and  in  order  to  concentrate 
the  lines  of  magnetic  force  on  the  vertical  sides  of  the  coil, 
a  piece  of  soft  iron,  D,  is  fixed  between  the  poles  of  the  magnets. 
This  iron  becoming  magnetized  by  induction,  produces  a  very 
powerful  field  of  force,  in  the  intervals  between  it  and  the  two 
magnets,  through  which  the  vertical  sides  of  the  coil  are  free  to 
move,  so  that  the  coil,  even  when  the  current  through  it  is  very 
feeble,  is  acted  on  by  a  considerable  force  tending  to  turn  it 
about  its  vertical  axis. 


ng.  52. 
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723.]  Another  application  of  the  suspended  coil  is  to  detei 
by  comparison  with  a,  tangent  galvanometer,  the  horizontal  & 
ponent  of  terrestrial  magnetism. 

The  coil  is  suspended  so  that  it  is  in  stable  equilibrium  i 
its  plane  is  parallel  to  the  magnetic  meridian.  A  current  y  is 
passed  through  the  coil  and  causes  it  to  be  deflected  into  a  new 
position  ol"  equilibrium,  making  an  angle  6  with  the  magnetic 
meridian.  If  the  suapenaion  is  bifilai-,  the  moment  of  the  couple 
which  produces  this  deflexion  is  i'sinfl,  and  this  must  be  equal 
to  lly(j  costf,  where  H  is  the  horizontal  component  of  terrestrial 
magnetism,  y  is  the  current  in.  the  coil,  and  g  is  the  sum  of  the 
areas  of  all  the  windings  of  the  coil.     Hence 


If  j4  is  the  moment  of  inertia  of  the  coil  about  its  axis  of  sui 
pension,  and  T  the  time  of  a  half  vihration,  when  no  current  is 
passing, 

and  we  obtain  ffy  =  -jsj-  tan  A 

If  the  same  current  passes  through  the  coil  of  a  tangent 
galvanometer,  and  deflects  the  magnet  through  an  angle  ^, 

where  G  is  the  principal  constant  of  the  tangent  galvanometer. 
Art.  710. 

From  these  two  equations  we  obtain 

„      51        /  AQiB3i6  -a        /  .d  tani?taD0 

^~TW    Ttan^'        ''-J'V    ^ 

This  method  was  given  by  F,  Koblrausch  *. 

724.]  Sir  William  Thomson  has  constructed  a  single  instrument 
by  means  of  which  the  observations  required  to  determine  H  and 
y  may  be  made  simultaneously  by  the  same  observer. 

The  coil  is  suspended  so  as  to  he  in  equilibrium  with  its  plane 
in  the  magnetic  meridian,  and  is  deflected  from  this  position 
when  the  current  flows  through  it.  A  very  small  magnet  is  sus- 
pended at  the  centre  of  the  coil,  and  is  deflected  by  the  current 
in  the  direction  opposite  to  that  of  the  deflexion  of  the  coil.    Let 

*  ^"iK'  ^'"'-  "iivi>i>  pp.  1-10,  Aag.  1S69. 


IB^H 
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the  deflexion  of  the  coil  be  6,  and  that  of  the  magnet  ifi,  then  the 
variable  part  of  the  energy  of  the  Byatem  is 

—  Hyg  ainfl— TO  y  0  Bin(fl— 1^)— i7m  cos^  —  Fcoa  6. 
Differentiating  with  respect  to  0  and  tp,  we  obtain  the  equa- 
tions of  equilibrium  of  the  coil  and  of  the  magnet  respectively, 
—  Hy  g  iioa6~my  0  co6{9—(p)  +  Faind  =  0, 
TH)'(?C08(6--^)  +  fi^inBin^  =  0. 
From  these  equations  we  find,  by  eliminating  H  or  y,  a  quad- 
ratic equation  irom  which  y  or  IT  may  be  found.     If  Til,  the 
magnetic  moment  of  the  suspended  magnet,  is  very  amall,  we 
obtain  the  following  approximate  values, 

_7r         /  —AOaind  eoa  (9  —  0)     ,  toG  ci 
fW  gcosOain^  ^~9^' 


is{0-4') 


sindsini^         ^nisini^ 


Oij  cua  0  COB  (0  —  <()) 

In  these  expi-essions  6  and  g  are  the  principal  electric  con- 
stants of  the  coil,  A  its  moment  of  inertia,  T  its  half-time  of  vibra- 
tion, m  the  magnetic  moment  of  the  magnet.  H  the  intensity  of 
the  horizontal  magnetic  force,  y  the  strength  of  the  current,  0 
the  deflexion  of  the  coll,  and  <f)  that  of  the  magnet. 

Since  the  deflexion  of  the  coil  ia  in  the  opposite  direction  to 
the  deflexion  of  the  magnet,  these  values  of /f  and  y  will  always 
bo  real. 

Wehtr's  ElectroJynamoTuder. 

7!i5.]  In  this  instrument  a  amaJl  coil  is  suspended  by  two 
wires  within  a  larger  coil  which  is  fised.  When  a  carrent  ia 
made  to  flow  through  both  coils,  the  suspended  coil  tends  to  place 
itself  parallel  to  the  fixed  coil.  This  tendency  is  counteracted 
by  the  moment  of  the  forces  arising  from  the  Lifilar  suspension, 
and  it  is  also  affected  by  the  action  of  terrestrial  magnetism  on 
the  suspended  coil- 

In  t!ie  ordinary  use  of  the  instrument  the  planes  of  the  two 
coils  are  nearly  at  right  angles  to  each  other,  ao  that  the  mutual 
action  of  the  currents  in  the  coils  may  be  as  great  as  possible, 
and  the  plane  of  the  suspended  coil  ts  nearly  at  right  angles  to 
the  magnetic  meridian,  so  that  the  action  of  terrestrial  magnetism 
may  be  as  small  as  possible. 
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Let  the  magnetic  azimuth  of  the  plane  of  the  fixed  coil  be  n, 
and  let  the  angle  which  the  axis  of  the  suspended  coil  makes 
with  the  plane  of  the  fixed  coil  be  9  +  ^,  where  ^  is  the  value 
of  this  angle  when  the  coil  is  in  equilibrium  and  no  current  is 
flowing,  and  $  ia  the  deflexioo  due  to  the  cun-ent.  The  etjuation 
of  e<iuilibriiim  is,  y,  being  the  current  in  the  fixed,  y.^  that  id  the 
moveable  coil, 

Ggyjy.cos(8  +  ^)-  Hgy^sia{e  +  ff  +  a)~Fame  =  0. 

Let  us  suppose  that  the  instrument  is  adjusted  so  that  a  and  ^ 
are  both  very  small,  and  that  ^gy.^  is  small  compared  with  P. 
We  have  in  this  case,  approximately. 


If  the  deflexions  when  the  signs  of  y^  and  y^  are  changed  ftre 
s  follows,  g^  ^den  y,  is  +  and  y^  + , 


"i 


then  we  find 


F 
y^yi  =  it; ;-(tantf,+tantf,-tanfl,  — tane.l. 

If  it  is  the  same  current  which  flows  through  both  coils  we  may 
put  yi  72  =  y^>  *°*i  ''^"^  obtain  the  value  of  y. 

When  the  currents  are  not  very  constant  it  is  best  to  adopt 
this  method,  which  b  called  the  Method  of  Tangents. 

If  the  currents  are  so  constant  that  we  can  adjust  /3,  the  angle 
of  the  torsion-head  of  the  instrument,  we  may  get  rid  of  the 
correction  for  terrestrial  magnetism  at  once  by  the  method  of 
sines. 

In  this  method  /3  is  adjusted  till  the  deflexion  is  zero,  so  that 

e  =  -^. 

If  the  signs  of  y,  and  y^  are  indicated  by  the  suffixes  of  j3  as 
before, 

^sin^i  =  -FBin^3  =— G£ry,ya  +  /fs'yiSina, 
f  sin^j  =  ~FBia^^  =—Ggyiy^-I{gy.^sma, 

and  Viy^  = -=i-(sin^,  +  ein(3j-sin(3j  — sin^,). 

This  is  the  method  adopted  by  Mr.  Latimer  Clark  in  his  use 
of  the  instrument  constructed  by  the  Electrical  Committee  of 
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the  British  Association.  We  are  indebted  to  Mr.  Clark  for  the 
drawing  of  the  olectrodj-namometer  in  Fig.  53,  in  which  Helm- 
holtz's  arrangement  of  two  «oils  is  adopted  both  for  the  fixed 
and  for  tlie  suspended  coil*.  The  torsion-head  of  the  instrument, 
by  which  the  bifilar  suspension  ia  adjusted,  is  i-epresented  in 
Fig.  54.  The  equality  of  the  tensions  of  the  suspension  wires  is 
ensured    ly  their  being  attsiched  to  the  extremities   of  a  silk 


mg.6i. 

thread  which  passes  over  a  wheel,  and  their  distance  is  regulated 
by  two  guide-wheels,  which  can  bo  set  at  the  proper  distance. 
The  suspended  coil  can  be  moved  vertically  by  means  of  a  screw 
acting  on  the  suspension- wheel,  and  horizontally  in  two  directions 
by  the  sliding  pieces  shewn  at  the  bottom  of  Fig.  54.  It  ig 
adjusted  in  azimuth  by  means  of  the  torsion-screw,  which 
turns  the  toriiion-head  round  a  vertical  axia  (seo  Art.  439).  The 
azijauth  of  the  suspended  ooil  is  ascertained  by  observing  the 

*  Id  the  nctakl  inttrumeiit,  the  wires  coDveyiug  tho  ciirteut  to  uid  (rrim  the  cotU 
an  n.it  spraiid  nut  w  ditptRyed  in  the  ^gurc,  bat  are  kept  m  cIom  logethw  ju  |ki*. 
able,  kimM  nentrob'ia  each  other'*  eleotromagnelic  luitian. 
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reflexion  of  a  scale  in  the  miiTor,  shewn  just  beneath  tbe  axis  of 
the  snspended  coil. 

The  instrument  originally  conatruoted  by  Weber  is  described 
in  his  SlektrodynamUcke  MaoBle^iwrniungen.  It  was  intended 
for  the  mcasnrGment  of  small  currents,  and  therefore  both  the 
fixed  and  the  suspended  coils  consisted  of  many  windings,  and 
the  suspended  coil  occupied  a  larger  part  of  the  space  within 
the  fixed  coil  than  in  the  instrument  of  the  British  Association, 
which  was  primarily  inteaded  as  a  standard  instrument,  with 
which  more  sensitive  instruments  might  be  compared.  The 
experiments  which  he  made  with  it  furnish  the  most  complete 
experimental  proof  of  the  accuracy  of  Amp6rc"s  formula  as 
applied  to  closed  currents,  and  form  an  important  part  of  the 
researches  by  which  Weber  has  I'aiaed  the  numerical  deter- 
mination of  electrical  quantities  to  a  very  high  rank  as  regards 
precision. 

Weber's  form  of  the  electrodynamometer,  in  which  one  coil  ia 

suspended  within  another,  and  is  acted  on  by  a  couple  tending 

to  turn  it  about  a  vertical  axis,  is  probably  the  best  fitted  for 
absolute  measurements.     A  method  of  calculating  the  constants 

of  such  an  arrangement  is  given  in  Art.  700. 

726.]  If,  however,  we  wish,  by  means  of  a  feeble  current,  to 

produce  a  considerable  electromagnetic  force,  it  is  better  to  place 

the   suspended   coil   parallel    to    the 

fixed  coil,  and  to  make  it  capable  of 

motion  to  or  from  it. 

The  suspended  coil  in  Dr.  Joule's 

current-weigher.  Fig,  55,  is  horizontal, 

and  capable  of  vertical  motion,  and  the 

force  between  it  and  the  fixed  coil  is 

estimated  by  the  weight  which  must 

be  added  to  or  removed  from  the  coil 

in  order  to  bring  it  to  the  same  relative 

position  with  respect  to  the  fixed  coil 

that  it  has  when  no  current  passea.  '^'     * 

The  suspended  coil  may  also  be  fastened  to  the  extremity  of 

the  horizontal  arm   of  a  torsion -balance,  and  may  be  placed 

between  two  fixed  coils,  one  of  which  attracts  it,  while  the  other 

repels  it,  as  in  Fig.  5G. 

By  arranging  the  coils  as  described  in  Art.   729,  the  force 
B  b  2 
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acting  on  the  suspended  coil  may  be  made  nearly  uniform  within 
a  small  difstance  of  the  position  of  e()uilibrium. 

Another  coil  may  be  fixed  to  the  other  extremity  of  the  ann 
of  the  torsion-balance  and  placed  between  two  fixed  coils.  If 
the  two  suspended  coils  are  similar,  but  with  the  current  flowinsr 


in  opposite  directions,  the  effect  of  terrestrial  magnetism  on  the 
position  of  the  arm  of  the  toision-balanco  will  be  completely 
t-liminated. 

727.]  If  the  suspended  coil  is  in  the  shape  of  a  long  solenoid, 
and  is  capable  of  moving  parallel  to  its  axis,  so  as  to  pass  into 
the  interior  of  a  larger  fixed  solenoid  having  the  same  axis,  then, 
if  the  current  is  in  the  same  direction  in  both  solenoids,  the  sus- 
pended solenoid  will  be  sucked  into  the  fixed  one  by  a  force  which 
will  be  nearly  uniform  as  long  as  none  of  the  extremities  of  the 
solenoids  are  near  one  another. 

728.]  To  produce  a  uniform  longitudinal  force  on  a  small  coil 
placed  between  two  equal  coils  of  much  larger  dimensions,  we 
should  make  the  ratio  of  the  diameter  of  the  large  coils  to  the 
ilistance  between  their  planes  that  of  2  to  •/s.  If  we  send  the 
same  current  through  these  coils  in  opposite  directions,  then,  in 
the  expression  for  o>,  the  terms  involving  odd  powers  of  r  dis- 
appear, and  since  sin'a  =  i  and  cos^a  =  ?,  the  term  involving  r* 
disappears  also,  and  we  have,  by  Art,  7 1 5,  as  the  variable  part  of  «>, 
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which  indicates  a  nearly  uniform  force  on  a  small  suspended  coil. 
The  arrangement  of  the  coils  in  this  case  is  that  of  the  two  outer 
coils  in  the  galvanometer  with  three  coils,  described  at  Art.  715. 
See  Fig.  50. 

729.]  K  we  wish  to  suspend  a  coil  between  two  coils  placed 
so  near  it  that  the  distance  between  the  mutually  acting  wires  is 
small  compared  with  the  radii  of  the  coils,  the  most  uniform 
force  is  obtained  by  making  the  radius  of  either  of  {he  outer  coils 

exceed  that  of  the  middle  one  by  — =  of  the  distance  between  the 

planes  of  the  middle  and  outer  coils.  This  foUows  from  the 
expression  proved  in  Art.  705  for  the  mutual  induction  between 
two  circular  currents  *. 

*  {In  this  case,  if  Jf  b  the  mutual  potential  enersy  of  the  inside  and  one  of  the 
outside  coils,  then,  using  the  notation  of  Art.  705,  uie  Tariation  in  the  force  for  a 
displacement  y  will,  since  the  coils  are  symmetrically  placed,  be  proportional  to 
cPif/dy.  The  most  important  term  in  this  expreasion  is  Iplogr/d^,  which  ▼anishes 
when  8a^=y*.} 
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730.]  So  many  of  the  measuroments  of  electrical  quantitil 
depend  on  observations  of  the  motion  of  a  vibrating  body  that 
we  shall  devote  Bome  attention  to  the  nature  of  this  motion,  and 
the  beat  methods  of  observing  it. 

The  small  oscillations  of  a  body  about  a  position  of  stable 
equilibrium  are,  in  general,  similar  to  those  of  a  point  acted  on 
by  a  force  varying  directly  as  the  distance  from  a  fixed  point. 
In  the  case  of  the  vibrating  bodies  in  our  experiments  there 
is  also  a  resistance  to  the  motion,  depending  on  a  variety  of 
causes,  such  as  the  viscosity  of  the  air,  and  that  of  the  suspension 
fibre.  In  many  electrical  instruments  there  is  another  cause  of 
resistance,  namely,  the  reflex  action  of  currents  induced  in  con- 
ducting circuits  placed  near  vibrating  magnets.  These  currents 
are  induced  by  the  motion  of  the  magnet,  and  their  action  on  the 
magnet  is,  by  the  law  of  Lenz,  invariably  opposed  to  its  motion. 
This  is  in  many  cases  the  principal  part  of  tho  resistance. 

A  metallic  circuit,  called  a  Damper,  is  sometimes  placed  near 
a  magnet  for  the  express  purpose  of  damping  or  deadening  its 
vibrations.  We  shall  therefore  speak  of  this  kind  of  resistance 
as  Damping. 

In  the  case  of  alow  vibrations,  such  as  can  be  eaaUy  observed, 
the  whole  resistance,  from  whatever  causes  it  may  arise,  appears 
to  be  proportional  to  the  velocity.  It  is  only  when  the  velocity 
is  much  greater  than  in  the  ordinary  vibrations  of  electro- 
magnetic instruments  that  we  have  evidence  of  a  resistance 
proportional  to  the  square  of  the  velocity. 

We  have  therefore  to  investigate  the  motion  of  a  body  subject 
to  an  attraction  varying  as  the  distance,  and  to  a  resistance 
varying  as  the  velocity. 


731.] 


MOTION  IN  A  LOGARITHMIC   SPIRAL. 
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781.]  The  following  application,  by  Professor  Tait*,  of  the 
principle  of  the  Hodograph,  enables  us  to  investigate  this  kind 
of  motion  in  a  very  simple  manner  by  means  of  the  equiangular 
spiral. 

Let  it  be  required  to  find  the  acceleration  of  a  particle  which 
describes  a  logarithmic  or  equiangular  spiral  with  uniform  angular 
velocity  a>  about  the  pole. 

The  property  of  this  spiral  is,  that  the  tangent  FT  makes 
with  the  radius  vector  PS  a  constant  angle  a. 

If  V  is  the  velocity  at  the  point  P,  then 

V .  sin  a  =  0) .  8P. 

* 

Hence,  if  we  draw  SP'  parallel  to  PT  and  equal  to  SP,  the 
velocity  at  P  will  bo  given  both  in  magnitude  and  direction  by 

sina 


Fig.  67. 

Hence  P'  will  be  a  point  in  the  hodograph.  But  SP^  is  &P 
turned  through  a  constant  angle  i^—a^  so  that  the  hodograph 
described  by  P'  is  the  same  as  the  original  spiral  turned  about 
its  pole  through  an  angle  tt— a. 

The  acceleration  of  P  is  represented  in  magnitude  and  direction 

by  the  velocity  of  P'  multiplied  by  the  same  factor,  -.  —  • 


*  Vtoc.  B.  fi,  Edin.,  Dec.  16, 1867. 
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Hence,  if  we  perform  on  8P'  the  same  operation  of  tuming  it 
through  an  angle  -a  — a  into  the  position  SI'",  the  acceleration  of 
/■'  will  be  ef|iial  in  magnitude  and  direction  to 

where  .S'i*"  is  equal  to  SP  turned  through  an  angle  255 

If  we  draw  PF  equal  and   parallel  to  HP",  the  acceleratii 

will  be   ■   -    PF.  which  we  may  resolve  into 
siu'a 

-!^-PSand-^PK. 
sin-  a  Bin*  a 

The  first  of  these  components  is  a  central  acceleration  towards 

S  proportional  to  the  distance. 

The  second  is  in  a  direction  opposite  to  the  velocity,  and  ainoe 

this  acceleration  may  be  written  ^H 


The  acceleration  of  the  particle  is  therefore  compounded  of  two 

parts,  the  first  of  which  is  due  to  an  attractive  force  ;!)■,  directed 
towards  S,  and  proportional  to  the  distance,  and  the  second  is 
—  2  lev,  a.  resistance  to  the  motion  proportional  to  the  velocity, 
where 

U)''  ,  coso 

u  =  — -i-,  ana  fc  =  oi  . 
sin*  a  sm  a 

If  in  these  expressions  we  make  ^  =  „'  *'^®  orbit  becomes  a 

circle,  and  we  have  ^^  =  to,,',  and  k  =  0. 

Hence,  if  the  force  at  unit  distance  remains  the  same,  ii=iiot  ^^^ 
u)  =  (i>(,  sin  a, 
or  the  angular  velocity  in  different  spirals  with  the  same  law  of 
attraction  is  proportional  to  the  sine  of  the  angle  of  the  spiral. 

732.]  If  we  now  consider  the  motion  of  a  point  which  is  the 
projection  of  the  moving  point  P  on  the  horizontal  line  XY,  we 
shall  find  that  its  distance  from  S  and  its  velocity  are  the  hori- 
zontal components  of  those  of  P.  Hence  the  acceleration  of 
this  point  is  also  an  attraction  towards  S,  equal  to  fi  times  ite 
distance  from  S,  together  with  a  retardation  equal  to  2k  times 
its  velocity. 
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We  have  therefore  a  complete  construction  for  the  rectilinear 
motion  of  a  point,  suljjyct  to  an  attraction  proportional  to  the 
distance  from  a  fixed  point,  and  to  a  resistance  proportional  to 
the  velocity.  Tlie  motion  of  such  a  point  is  simply  the  hori- 
zontal part  of  the  motion  of  another  point  which  naovea  with 
uniform  angular  velocity  in  a  logarithmic  spiral. 

733.]  The  equation  of  the  spiral  is 
,.  =,  Ce-*"". 

To  determine  the  horizontal  motion,  we  put 
<t>  =  uif,        X  =  <t  +  r  sin  <p, 
where  a  iB  the  value  of  x  for  the  point  of  equilibrium. 

If  we  di-aw  BUD  making  an  angle  a  with  the  vertical,  then 
the  tangents  BX,  DY,  GZ,  Ac.  will  be  vertical,  and  -V,  Y,  Z,  &o. 
will  be  the  extremities  of  successive  oscillations. 

734.]  The  obsei^vations  which  are  made  on  vibrating  bodies 
are — 

(1)  The   scale-reading   at  the  stationary   points.     These  are 

called  Elongations. 

(2)  The  time  of  passing  a  definite  division  of  the  scale  in  the 

positive  or  negative  direction. 

(3)  The  scale-reading  at  certain  definite  times.     Observations 

of  this  kind  are  not  often   made  except  in  the  case  of 
vibrations  of  long  period  *. 
The  quantities  which  we  have  to  determine  are — 

(1)  The  scale-reading  at  the  position  of  equilibrium. 

(2)  The  logarithmic  decrement  of  the  vibrations. 

(3)  The  time  of  Tibration. 

To  detemiifie  tite  Reading  at  the  Position  of  Equilibrium 
fi'Otii  Three  Consecutive  Elongations. 

735.]  Let  x-i,tt^,  x^  be  the  observed  scale-readings,  correspond- 
ing to  the  elongations  X,  Y,  Z,  and  let  «  be  the  reading  at  the 
position  of  equilibrinm,  S,  and  let  7*1  be  the  value  of  SB, 

»,  —  a  =     r,^  sin  a, 

Xi—a  —  — r,  sinoc-"™", 

X,— u  =     ri6ino«-*"^'. 

•  Sm  Gnu*  &dJ  W.  We!»r,  Rnullalc  det  m<tgnrluchrn  \-eriint,  1836.  Cnnp.  II. 
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From  these  values  we  find 

te-")te-»)  =  ("=,-«)*.  ■ 

,                                 X-i  X..  —  x^  ^T 

AvbeDCo        a  =  - — —^ —  ■ 

When  x^  does  not  differ  much  from  i',  wc  may  use  as  aa 
approximate  formula 

To  determine  t/ie  Logarifhniic  Decrement, 
736.]  The  logarithm  of  the  ratio  of  the  amplitude  of  a  vibiatioD 
to  that  of  the  nest  following  is  called  the  Logarithmic  Deci-emt'ut. 
If  we  write  p  for  this  ratio, 

f  =  ^^'  >  L  =  logioP.  A.  =  log,  p. 

L   ia   called   the  common    logarithmic   decrement,   and    A    the 
Napierian  logarithmic  decrement.     It  is  manifest  that 
\  =  L  log,  1 0  =  IT  cot  a. 

Hence  a  =  tiot~^  -  >  ^M 

which  determines  the  angle  of  the  logarithmic  spiral. 

In  making  a  special  determination  of  A  we  allow  the  body  to 
perform  a  considerable  number  of  vibrations.  If  c,  is  the  ampli- 
tude of  the  first,  and  f„  that  of  the  ti""  vibration. 

It— 1        ^r,' 

If  we  suppose  the  accuracy  of  observation  to  be  the  same  for 

small  vibrations  as  for  large  ones,  then,  to  obtain  the  beat  value 

of  A,  we  should  allow  the  vibrations  to  subside  till  the  latio  of  c, 

to  c„  becomes  most  nearly  equal  to  e,  the  base  of  the  Napierian 

logarithms.     This  ^ves  for  n  the  nearest  whole  number  to  -  4- 1. 

Since,  however,  in  most  cases  time  is  valuable,  it  is  best  to  take 
the  second  set  of  observations  before  the  diminution  of  amplitude 
has  proceeded  so  far. 

737.]  In  certain  cases  we  may  have  to  determine  the  position 
of  equilibrium  from  two  consecutive  elongations,  the  logarithmic 
decrement  being  known  from  a  special  experiment.    Wo  have  then 


TIME    OF    VIBRATION. 

Time  of  Vibration. 

738.]  Having  detennined  the  scale-readiog  of  the  point  of 
equilibrium,  a  conspicuous  mark  is  placed  at  that  point  of  the 
Bcale,  or  as  near  it  as  possible,  and  the  times  of  the  passage  of 
this  mark  are  noted  for  several  aiiccessive  vibrations. 

Let  us  suppose  that  the  mark  is  at  an  unknown  but  very 
small  distance  x  on  the  positive  side  of  the  point  of  equilibrium, 
and  that  t,  is  the  observed  time  of  the  first  transit  of  the  mark 
in  the  positive  direction,  and  t^,  t^,  &c.  the  times  of  the  following 
tranaits. 

If  T  be  the  time  of  vibration  (i.e.  the  time  between  two 
consecutive  passages  through  the  position  of  equilibrium),  and 
^1  -^1  ^1  &c.  the  times  of  ti'ansit  of  the  true  point  of  equilibrium, 
ij+-,  (.  =  ^+-,  E~P,  =  R-R=T, 

where  v,,  v^.  Sec.  are  the  successive  velocities  of  transit,  which  we 
may  suppose  uniform  for  the  very  small  distance  x. 

If  p  is  the  ratio  of  the  amplitude  of  a  vibration  to  that  of  the 
next  in  succession,  j  x  x 

v„  =  — v„    and    —  =  — p-  ■ 
P  t'j  "i 

If  three  transits  are  observed  at  times  2,,  f^,  t^,  we  find 

The  time  of  vibration  is  therefore 

r=  i((,-(,)-l^((,-2i,+y. 

The  time  of  the  second  passage  of  the  true  point  of  equili- 

Three  transits  are  sufficient  to  determine  these  three  quantities, 
but  any  greater  number  may  be  combined  by  the  method  of 
least  squares.     Thusj  for  five  transits, 

The  time  of  the  third  transit  is, 

739.]  The  same  method  may  be  extended  to  a  series  of  any 
number  of  vibrations.     If  the  vibrations  are  so  rapid  tliat  the 
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time  of  every  transit  cannot  be  recorded,  we  may  record  the 
time  of  every  third  or  every  fifth  transit,  taking  caro  that  the 
directions  of  succeeaive  transits  are  opposite.  If  the  vibrationa 
continue  regular  for  a  long  time,  we  need  not  observe  during  the 
whole  time.  We  may  begin  by  observing  a  sufficient  number  of 
transits  to  determine  approximately  the  time  of  vibration,  T. 
and  the  time  of  the  middle  transit,  I',  noting  whether  this  transit 
is  in  the  positive  or  the  negative  direction.  We  may  then  either 
go  on  counting  the  vibrations  without  recording  the  times  of 
transit,  or  we  may  leave  the  apparatus  unwatched.  We  then 
observe  a  second  series  of  transits,  and  deduce  the  time  of 
vibration  T  and  the  time  of  middle  transit  P",  noting  the 
direction  of  this  transit. 

If  T  and  f,  the  times  of  vibration  as  deduced  from  the  two 
sots  of  observations,  are  nearly  equal,  we  may  proceed  to  a 
more  accurate  determination  of  the  period  by  combining  the 
two  series  of  observations. 

Dividing  P'—P  by  T,  the  quotient  ought  to  be  very  nearly 
an  integer,  oven  or  odd  according  as  the  transits  /'  and  P*  are 
in  the  same  or  in  opposite  directions.  If  this  is  not  the  caee, 
the  series  of  observations  ia  worthless,  but  if  the  result  is  vei-y 
nearly  a  whole  number  n,  we  divide  P*  — P  by  n,  and  thus  find 
the  mean  value  of  T  for  the  whole  time  of  swinging. 

740.]  The  time  of  vibration  T  thus  found  is  the  actual  mean 
time  of  vibration,  and  is  subject  to  corrections  if  we  wish  to 
deduce  from  it  the  time  of  vibration  in  infinitely  email  arcs  and 
without  damping. 

To  reduce  the  observed  time  to  the  time  in  infinitely  small 
arcs,  WQ  observe  that  the  time  of  a  vibration  from  rest  to  rest  of 
amplitude  c  is  in  general  of  the  form 

where  k  is  a  coefficient,  which,  in  the  case  of  the  ordinary  pen- 
dulum, is  » .  Now  the  amplitudes  of  the  successive  vibrations 
are  c,  cp~^,  c/*~*,.,.Cfj''"",  so  that  the  whole  time  of  n  vibrations  ia 

where  T  is  the  time  deduced  from  the  observations. 

Hence,  to  find  the  Ume  T^  in  infinitely  small  area,  we  have 
approximately,  ,        ,  r  » n'  _  ^  «i 

'         (      n    p*—l    J 


_J4'-] 
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To  find  the  time  T^  when  there  is  no  damping,  ^ 
T„  =  T,  Bina 


-^T^- 


'41 .]  The  equation  of  the  rectilinear  motion  of  a  body,  attracted 
a  fixed  point   [by  a  force  proportional  to  the  distance)  and 
resisted  by  a  force  varying  as  the  velocity,  ia 

''"%2t'^  +  „>-o)=0,  (1) 


rfi'^ 


■(«" 


?  +  (.>-P)S  = 


(2) 
(3) 


where  x  is  the  coordinate  of  the  body  at  the  time  (,  and  a  is  the 
coordinate  of  the  point  of  equilibrium. 
To  solve  this  equation,  let 

a;  —  a  =  e~' 
^^ 

the  solution  of  which  ia 

y  =  Ccoa(^u>''—k-t  +  a),  when  k  ialess  than  tu;  (4) 

y  =  A-t- Bt,  when  k  is  equal  io  to;  (5) 

and    y  =  CcoBh('/k'  —  iu^t  +  a'),  when  k  is  greater  than  a>.      (6) 

The  value  of  x  may  be  obtained  from  that  of  y  by  equation  (2). 
When  k  is  less  than  id,  the  motion  consists  of  an  infinite  series  ol 
oscillations,  of  constant  periodic  time,  but  of  continually  de- 
creasing amplitude.  As  k  increases,  the  periodic  time  becomes 
longer,  and  the  diminution  of  amplitude  becomes  more  rapid. 

When  /.;  (half  the  coefficient  of  resistance)  becomes  equal  to  or 
greater  than  w,  (the  square  root  of  the  acceleration  at  unit 
distance  from  the  point  of  equilibrium,)  the  motion  ceases  to  be 
oscillatory,  and  during  the  whole  motion  the  boily  can  only 
once  pass  through  the  point  of  equilibrium,  after  which  it 
reaches  a  position  of  greatest  elongation,  ajid  then  returns 
towards  the  point  of  equilibrium,  continually  approaching,  but 
nuvcr  reaching  it. 

Galvanometers  in  which  the  resistance  is  so  great  that  the 
motion  ia  of  this  kind  are  called  detul  beat  galvanometers. 
They  are  useful  in  many  experiments,  but  especially  in  tele- 
graphic signalling,  in  which  the  existence  of  free  vibrations 
would  quite  disguiae  the  movements  which  are  meant  to  be 
observed. 

Whatever  be  the  values  of  k  and  «>,  the  value  of  a,  the  scale- 
Teadiug  at  the  point  of  equilibrium,  may  be  deduced  from  five 
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[743. 


ficale-readings,  p,  q,  r,  s,  t,  taken  at  equal  intervals  < 

tlie  fomiula 

_     q{r8—qt)  +  r{pt  —  i^)  +  s(qr—pfi) 
"'"  (p-2q  +  r){r-28+t)-{q-Zr  +  8f' 


On  the  Oheervation  of  the  GalvaTuynieter. 

742,]  To  measure  a  constant  current  with  the  tangent  galvano- 
meter, the  instrument  is  adjusted  with  the  plane  of  ita  coils 
parallel  to  the  magnetic  meridian,  and  the  zero  reading  is  taken. 
The  current  is  tlien  made  to  pass  through  the  coila,  and  the 
deflexion  of  the  magnet  corresponding  to  ita  new  position  of 
equilibrium  itt  observed.     Let  this  be  denoted  by  ^. 

Then,  if  //  is  the  horizontal  magnetic  force,  G  the  coefScient 
of  the  galvanometer,  and  y  the  strength  of  the  current, 


I 


tani^. 


(1) 


If  the  coefficient  of  torsion  of  the  suspension  fibre  is  t  MB  (see 
Art.  452),  we  must  use  the  corrected  formula 

(a) 


Beat  value  of  the  Deflexion. 

743.]  In  some  galvanometers  the  number  of  windings  of  the 
coil  through  which  the  cun-ent  flows  can  be  altered  at  pleasure. 
In  others  a  known  fraction  of  the  current  can  bo  diverted  from 
the  galvanometer  by  a  conductor  called  a  Shunt.  In  either  case 
the  value  of  G,  the  effect  of  a  unit-current  on  the  magnet,  is 
made  to  vary. 

Let  us  determine  the  value  of  G,  for  which  a  given  error  in  the 
observation  of  the  deflexion  corresponds  to  the  smallest  error  of 
the  deduced  value  of  the  strength  of  the  current. 

Differentiating  equation  (1),  we  find 


Eliminating  G, 


,7r  =  ^.»°2«. 


(3) 


This  is  a  maximum  for  a  given  value  of  y  when  the  deticxion 
is  45°.    The  value  of  G  should  therefore  be* adjusted  till  Qy  is 


744-]  METHOD   OF   APPLTINQ    THE    CUIlTiENT.  383 

as  nearly  equal  to  i?  as  is  possible ;  so  that  for  strong  ciirrenfa  it 
is  better  not  to  use  too  sensibive  a  g'alvanontoter. 

On  fhe  Best  Method  <if  applying  the  Current. 

744.]  Wlien  tbe  observer  is  able,  by  means  of  a  key,  to  make 
or  break  the  coanexioDS  of  the  circuit  at  any  instant,  it  is 
advisable  to  operate  with  the  key  in  such  a  way  as  to  make 
the  magnet  arrive  at  its  position  of  equilibrium  with  the  loaat 
possible  velocity.  The  following  method  was  devised  by  Gauss 
for  this  purpose. 

Suppose  that  the  magnet  is  in  its  position  of  equilibrium,  and 
that  there  is  no  current.  Tbe  observer  now  makes  contact  for  a 
short  time,  so  that  the  magnet  is  set  in  motion  towards  its  new 
position  of  equilibrium.  He  then  breaks  contact.  The  force  is 
now  towards  the  original  position  of  equilibrium,  and  the  motion 
is  retarded.  If  this  is  so  managed  that  the  magnet  comes  to  rest 
exactly  at  the  new  position  of  equilibrium,  and  if  the  observer 
again  makes  contact  at  that  instant  and  maintains  the  contact, 
the  magnet  will  remain  at  rest  in  its  new  position. 

If  we  neglect  the  effect  of  the  resistances  and  also  the 
inequality  of  tbe  total  force  acting  in  the  new  and  the  old 
positions,  then,  since  we  wish  the  new  foree  to  generate  as  much 
kinetic  energy  during  the  time  of  its  first  action  as  the  oi-iginal 
force  destroys  while  the  circuit  is  troken,  we  must  prolong  the 
first  action  of  the  current  till  the  magnet  has  moved  over  half 
the  distance  from  the  first  position  to  the  second.  Then  if  the 
original  force  acts  while  the  magnet  moves  over  the  other  half 
of  its  course,  it  will  exactly  stop  it.  Now  the  time  required  to 
pass  from  a  point  of  greatest  elongation  to  a  point  half  way  to 
the  position  of  equilibrium  is  one-third  of  the  period,  from  rest 
to  rest. 

The  operator,  therefore,  having  pi-eviously  ascertained  the  time 
of  a  vibration  from  rest  to  rest,  makes  contact  for  one-third  of 
that  time,  breaks  contact  for  another  third  of  the  same  time, 
and  then  makes  contact  again  during  the  continuance  of  the  ex- 
periment. The  magnet  Is  then  either  at  rest,  or  its  vibrations  are 
so  small  that  observations  may  be  taken  at  once,  without  waiting 
for  the  motion  to  die  away.  For  this  purpose  a  metronome 
may  be  adjusted  so  as  to  beat  throe  times  for  each  vibration  of 
the  magnet. 


384  ELECTROMAONBTIO  OBSEHVATIONS.  [746. 

The  rule  is  somewhat  more  complicated  when  the  resistance  i» 
uf  sufficient  magnitude  to  he  taken  into  account,  hut  in  this  case 
the  vibrations  die  away  so  fa.Bt  that  it  is  unnecessary  to  apply 
any  corroctiona  to  the  rule. 

When  the  magnet  ia  to  be  restored  to  its  original  position,  the 
cireuit  is  broken  for  one-third  of  a  vibration,  made  again  for  an 
equal  time,  and  finally  broken.  This  leaves  the  ma^et  at  rest 
in  its  fonner  position. 

If  the  reversed  reading  is  to  he  taken  immediately  after  the 
direct  one,  the  circuit  is  broken  for  the  time  of  a  single  vibra- 
tion and  then  reversed.  This  biings  the  magnet  to  rest  in  the 
reversed  position. 

Measurevient  by  the  First  Sioitig. 
745.]  When  there  is  no  time  to  make  more  than  one  observa- 
tion, the  current  may  be  measured  by  the  extreme  elongation 
observed  in  the  first  swing  of  the  magnet  If  there  is  no  re- 
sistance, the  pennanent  de&exion  </i  is  half  the  extreme  elongation. 
If  the  resistance  is  such  that  the  ratio  of  one  vibration  to  the 
next  is  p,  and  if  0^  is  the  zero  reading,  and  tfj  the  extreme 
elongation  in  the  first  swing,  the  deflexion,  1^,  corresponding 
to  the  point  of  equilibrium  is 

*     i+p 

In  this  way  the  deflexion  may  be  calculated  without  waiting 
for  the  magnet  to  come  to  rest  in  its  position  of  equilibrium. 

To  'make  a  Series  of  Obsen-ationa. 
746,]  The  best  way  of  making  a  considerable  number  of 
measures  of  a  constant  current  is  by  observing  three  elongations 
while  the  current  is  in  the  positive  direction,  then  breaking 
contact  for  about  the  time  of  a  single  vibration,  so  as  to  let  the 
magnet  swing  into  the  position  of  negative  deflexion,  then 
reversing  the  cun-ent  and  observing  three  successive  elongations 
on  the  negative  side,  then  breaking  contact  for  the  time  of  a 
single  vibration  and  repeating  the  observations  on  the  positive 
side,  and  so  on  till  a  sufficient  number  of  observations  have  been 
obtained.  In  this  way  the  errors  which  may  arise  from  a  change 
in  the  direction  of  the  earth's  magnetic  force  during  the  time  of 
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I  observation  are  eliminated.  The  operator,  hy  carefully  timing 
I  the  ma.king  and  breaking  of  contact,  can  easily  regulate  the 
I  extent  of  the  vibratioDs,  so  as  to  make  them  sufficiently  small 
I  without  being  indiatinct.  The  motion  of  the  magnet  is  graphi- 
,  cally  represented  in  Fig,  58,  where  the  abscissa  repreaenta  tile 
\  time,  and  the  ordinate  the  deflexion  of  the  magnet.  If  fli...Cg 
I  be  the  observed  algebraical  values  of  the  elongations,  the  de- 
i  fiexion  is  given  by  the  equation 

80  =  Oj  +  2$.,  +  $^-e,-20r-e„. 


Method  of  Multiplication. 

747,]  In  certain  cases,  in  which  the  deflexion  of  the  galva- 
nometer magnet  is  very  small,  it  may  be  advisable  to  increase 
the  visible  effect  by  reversing  the  current  at  proper  intervals,  so 
as  to  Bet  lip  a  swinging  motion  of  the  magnet.  For  this  purpose, 
after  ascertaining  the  time,  T,  of  a  single  vibration  [i.e.  one 
from  rest  to  rest,  of  the  magnet,  the  current  is  sent  in  the 
positive  direction  for  a  time  T,  then  in  the  reverse  direction  for 
an  equal  time,  and  so  on.  When  the  motion  of  the  magnet  has 
become  visible,  we  may  make  the  reversal  of  the  current  at  the 
observed  times  of  greatest  elongation. 

Let  the  magnet  be  at  the  positive  elongation  0^,  and  let  the 
current  be  sent  through  the  coil  in  the  negative  direction.  The 
point  of  equilibrium  is  then  —0,  and  the  magnet  will  swing  to 
a  negative  elongation  ti^ ,  such  that 

-p{'l'  +  e,)  =  ($,  +  ^>), 
or       ~pfl,  =  e„  +  (p  +  l}<p. 

Similarly,  if  the  current  is  now  made  positive  while  the 
magnet  swings  to  6^. 

pSi  =  -ei  +  (p+i)<P, 
or     p'flj  =  So  +  ip+  'f  0; 
and  if  the  current  is  reversed  n  times  in  succession,  we  find 


(-l)-il.  =  p-»,+  ^(l-f--) 
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whence  we  may  find  <^  in  the  form 


-1       I 

'  may  be  neglected,  the  t 


If  71  is  a  number  so  great  that  p  ' 
I >re8aion  becomes  „_i 

^     'p+1 

Tlie  application  of  this  method  to  exact  meaBuremeut  requin-s 
an  accurate  knowledge  of  p,  the  ratio  of  one  vibration  of  the 
magnet  to  the  next  under  the  influence  of  the  i-esistances  which 
it  experiences.  The  uncertainties  arising  from  the  difficulty  of 
avoiding  irregularities  in  the  value  of  p  generally  outweigh  tht- 
advantages  of  the  largo  angular  elongation.  It  ia  only  where 
we  wish  to  establish  the  existence  of  a  very  small  current  by 
causing  it  to  produce  a  visible  movement  of  the  needle  that  this 
method  is  really  valuable.  ■ 

On.  the  Measurement  of  Tratisient  Currents.  H 

748.]  When  a  current  laete  only  during  a  very  small  fraetioii 
of  the  time  of  vibration  of  the  galvanometer-magnet,  the  whole 
quantity  of  electiicity  transmitted  by  the  current  may  be 
measured  by  the  angular  velocity  communicated  to  the  magnet 
during  the  passage  of  the  current,  and  this  may  be  determined 
from  the  elongation  of  the  first  vibration  of  the  magnet. 

If  we  neglect  the  resistance  which  damps  the  vibrations  of  the 
magnet,  the  investigation  becomes  very  simple. 

Let  y  be  the  intensity  of  the  current  at  any  instant,  and  Q  the 
quantity  of  electricity  which  it  transmits,  then 


ydt. 


(1) 


Let  M  be  the  magnetic  moment,  A  the  moment  of  inertia  of  the 
magnet  and  suspended  apparatus,  and  0  the  angle  the  magnet 
makes  with  the  plane  of  the  coil. 


dt- 


+  MIImne  =  MOycoae. 


(2) 


If  the  time  of  the  passage  of  the  current  is  very  small,  we  may 
integrate  with  respect  to  (  during  this  short  time  without  re- 
garding the  change  of  0,  and  we  find 

'^^  =  MGcoseJydt  +  C  =  MOQcoae^  +  C.  (3) 


dt  ' 
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This  shews  that  the  passage  of  the  quantity  Q  produces  an  angular 
momentum  MOQ  cos  0^  in  the  magnet,  where  $q  is  the  value  of  0 
at  the  instant  of  passage  of  the  current.  If  the  magnet  is 
initially  in  equilibrium,  we  may  put  ^^  =  0,  (7  =  0. 

The  magnet  then  swings  freely  and  reaches  an  elongation  $^. 
If  there  is  no  resistance,  the  work  done  against  the  magnetic 
force  during  this  swing  is  MH{1  —  cos^j). 

The  energy  communicated  to  the  magnet  by  the  current  is 

Equating  these  quantities,  we  find 


dd 
dt 


*        MH, 
=  2-j-(l-cos00.  (4) 


,  de     „       /MH  .    .. 

whence  7^  ~     A/   ~X  ^^^  *  » 


=  ^Q  by  (3).  (6) 

But  if  T  be  the  time  of  a  single  vibraiion  of  the  magnet  from 
rest  to  rest, 


T-^rfJ 


MH'  ^'^ 

HT 
and  we  find  Q  =  ^^ -2sin  J^^,  (7) 

where  H  is  the  horizontal  magnetic  force,  0  the  coefficient  of 
the  galvanometer,  T  the  time  of  a  single  vibration,  and  Oy^  the 
first  elongation  of  the  magnet. 

749.]  In  many  actual  experiments  the  elongation  is  a  small 
angle,  and  it  is  then  easy  to  take  into  account  the  effect  of  re- 
sistance, for  we  may  treat  the  equation  of  motion  as  a  linear 
equation. 

Let  the  magnet  be  at  rest  at  its  position  of  equilibrium,  let  an 
angular  velocity  v  be  communicated  to  it  instantaneously,  and 
let  its  first  elongation  be  0^. 

The  equation  of  motion  is 

d  =  C6--i'*"^sina)ie,  (8) 

^  =  (7a)iSec^e-^*'*~»^cos(a)ie  +  /3),  (9) 

do 
When  e  =  0,  ^  =  0,  and  -^  =  C<a^  =  v. 

c  c  2 
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WheBo.ii  +  ;J  = 


Now  by  Art.  (741) 


MB       ,         ,      ,. 


tan^  = 


and  by  equatioD  (5) 
Hence  & 


and 


H   r,8i    ^. 


«=^^ 


{'< 
(>« 
el 

(15)" 
(IS) 


which  givea  the  firat  elongation  in  terma  of  the  quantity  of 
electricity  in  the  tranaient  current,  and  convetaely,  where  T, 
ia  the  observed  time  of  a  single  vibration  as  affected  by  the 
actual  resistance  of  damping.  When  A  is  small  we  may  uae 
the  approximate  formula 

«  =  j?(l  +  iA)«,.  (") 

Method  of  Recoil. 

750,]  The  method  given  above  supposes  the  magnet  to  be  at 
leat  in  its  poaitioa  of  equilibrium  when  the  tranaient  current  is 
passed  through  the  coil.  If  we  wish  to  repeat  the  experiment 
we  must  wait  till  the  magnet  is  again  at  rest.  In  certain  cases, 
however,  in  which  we  are  able  to  produce  tranaient  currents  of 
equal  intensity,  and  to  do  so  at  any  desired  instant,  the  follow- 
ing method,  described  by  Weber*,  is  the  most  convenient  for 
milking  a  continued  series  of  observations. 

Suppose  that  we  set  the  magnet  swinging  by  means  of  a  tran- 
sient current  whose  value  is  Q^.     If,  for  brevity,  we  write 

^^e-'.-i^K.  (t8, 

then  the  first  elongation 

»i  =  KQ,  =  ^  (aay).  (19) 

*  Gauw  &  Wabn,  Bfttiltati  At*  MasHftitchtn  Vtreint,  1SS8,  p,  98. 
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The  velocity  LiiBtaiitAneousIy  oommunicated  to  the  ma^et  at 
starting  is  jt^(j 

«p  =    J-  G«-  (20) 

When  it  returns  throogh  the  point  of  equilibrium  in  a  negative 
direction  its  velocity  will  be 

v,  =  ~ve-\  (21) 

The  nL-xt  negative  elongation  will  be 

fl3  =  -ffje-*=(ij.  (22) 

When  the  magnet  returns  to  the  point  of  equilibrium,  ita  velocity 

will  be  v^  =  Vufi-'*.  (23) 

Now  let  an  instantaneous  cuiTent,  whose   total  quantity  in 

—  Q,  be  transmitted  through  the  coil  at  the  instant  when  the 
loagnet  is  at  the  zero  point.  It  will  change  the  velocity  i\  into 
lU—v,  where  xtfi 

V=~Q.  (24) 

If  Q  is  greater  than  OuC~^\  the  new  velocity  will  be  negative 
and  equal  to  JUG  ,„     _      ^,, 

The  motion  of  the  magnet  will  thus  be  reversed,  and  the  next 
elongation  will  be  negative, 

0,  =  -J^(Q-Q„e-^')  =  f,=-if(2  +  tf,c-'\  (251 

The  magnet  ia  then  allowed  to  come  to  its  positive  elongation 

fl,  =  -flgC-*  =  (/,  =  e-'(ffQ-n,e-*),  (2fi) 

and  when  it  again  reaches  the  point  of  equilibrium  a  positivf 
current  whose  quantity  is  Q   is  transmitted.     This  throws  thc 
magnet  back  in  the  positive  direction  to  the  positive  elongation 
6^  =  KQ  +  0:,e-'';  (27) 

or,  calling  this  the  first  elongation  of  a  second  series  of  four, 

a,=  A'Q(l-tr")  +  a,e~^''.  (28) 

Proceeding  in  this  way,  by  observing  two  elongations  +  and  — . 

then  sending  a  negative  current  and  observing  two  elongations 

—  and  +,  then  sending  a  positive  current,  and  so  on,  we  obtain 
a  aeries  coneistiog  of  sets  of  four  elongations,  in  each  of  which 


(»-i.)«-'  +  rf-». 


^^^ 
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If  n  series  of  elongatioiiB  have  boon  observed,  then  we  find  Ibe 
logarithmic  decrement  from  the  equation 

(3lt 


and  Q  from  the  equation 


Fig.  Bfl. 

The  motion  of  the  ma^et  in  the  method  of  recoil  ia  graphi- 
oally  represented  in  Fig.  59,  where  the  absciHsa  i-epresonts  the 
time,  and  the  ordinate  the  deflexion  of  the  magnet  at  tha^tu 
See  Art.  760.  " 


Method  of  Multiplication. 

751.]  If  we  make  the  transient  current  pass  every  time  that 

the  magnet  passes  through  the  zero  point,  and  always  so  a.s 

to  increase  the  velocity  of  the  magnet,  then,  if  £),,  Q.^'  ^^-  ^^'^ 

the  successive  elongations, 

e.^  =  -KQ-e-^$j. 

The  ultimate  value  to  which  the  elongati 
many  vibrations  is  found  by  putting  $,  =  - 

If  X  is  small,  the  value  of  the  ultimate  elongation  may  be 
large,  but  since  this  involves  a  long  continued  experiment,  and  a 
careful  determination  of  A,  and  since  a  small  error  in  A  intro- 
duces a  large  error  in  the  determination  of  Q,  this  method  is 
rarely  useful  for  numerical  determination,  and  should  be  re- 
served for  obtaining  evidence  of  the  existence  or  non-existenci' 
of  currents  too  small  to  be  observed  directly. 

In  all    oxperiineuts   in    'which   transient   cuiTeuts  are   made 


(33) 

(34) 

tends  after  a  great 

_i,  whence  we  find 

(35) 
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to  act  on  the  moving  magnet  of  the  galvanometer,  it  is  essential 
that  the  whole  current  should  pass  while  the  distance  of  the 
magnet  from  the  zero  point  remains  a  small  fraction  of  the 
total  elongation.  The  time  of  vibration  should  therefore  be 
large  compared  with  the  time  required  to  produce  the  current, 
and  the  operator  should  have  his  eye  on  the  motion  of  the 
magnet,  so  as  to  regulate  the  instant  of  passage  of  the  current 
by  the  instant  of  passage  of  the  magnet  through  its  point  of 
equilibrium. 

To  estimate  the  error  introduced  by  a  failure  of  the  operator 
to  produce  the  current  at  the  proper  instant,  we  observe  that 
the  effect  of  an  impulse  in  increasing  the  elongation  varies  as 

6***"^cos(<^-fi3),* 

and  that  this  is  a  maximum  when  <^=0.  Hence  the  error 
arising  from  a  mistiming  of  the  current  will  always  lead  to 
an  under-estimation  of  its  value,  and  the  amount  of  the  error 
may  be  estimated  by  comparing  the  cosine  of  the  phase  of  the 
vibration  at  the  time  of  the  passage  of  the  current  with  unity. 

*  { I  have  not  succeeded  in  verifying  this  exproBsion ;  using  the  notation  of  Art.  74^. 
I  find  that  the  elongation  when  the  impulse  is  applied  at  ^  bears  to  the  elongation 
produced  by  the  same  impulse  when  ^  »  0  the  ratio 

*'"'«  1^^      MOQ      {' 

where  ^  has  been  assumed  to  be  so  small  that  its  squares  and  higher  powers  may  be 
neglected,  j 
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Expert 


ntal  DeterminatioTt  of  the  Elci-tricul  Co7i»tant« 


of  a  CoU. 


752.]  WKbave  , 


■•  seen  in  Art.  717  that  in  a  sensitive  galvano- 
■  the  coils  Hhoulil  be  of  amall  radius,  and  should  contain 
many  windings  of  the  wire.  It  would  be  extremely  difficult 
to  determine  the  electrical  conatants  of  such  a  coil  by  dirtn't 
measurement  of  its  form  and  dimensions,  even  if  we  could 
obtain  access  to  every  winding  of  the  wire  in  order  to  measure 
it.  But  in  fact  the  greater  number  of  the  windings  are  not  only 
completely  hidden  by  the  outer  windings,  but  wc  are  uncertain 
whether  the  pressure  of  the  outer  windings  may  not  have 
altered  the  form  of  the  inner  ones  after  the  coiling  of  the  wire. 

It  is  better  therefore  to  determine  the  electrical  constants  of 
the  coil  by  direct  electrical  comparison  with  a  standard  coil 
whose  constants  are  known. 

Since  the  dimensicns  of  the  standard  coil  must  be  determined 
by  actual  measureuiLut,  it  must  be  made  of  considerable. size, 
so  that  the  unavoidable  error  of  measurement  of  its  diameter 
or  circumference  may  be  as  small  as  [lossible  compared  with  the 
quantity  measured.  The  channel  in  which  the  coil  is  wound 
should  be  of  rectangular  section,  and  the  dimensions  of  the 
section  should  be  small  compared  with  the  radius  of  the  coil. 
This  is  necessary,  not  so  much  in  order  to  diminish  the  cor- 
rection for  the  size  of  the  section,  as  to  prevent  any  uncertainty 
about  the  position  of  those  windings  of  the  coil  which  are 
hidden  by  the  external  windings  *. 


■  Large  tangent  galT»ncnBeter»  we  Bomef 
ducting  ring  ol  conijilerable  thickaru,  wbicli 
wKliuut  mny  lupport.  This  ia  nut  ■  good  jiliu 
Uibntton  of  the  oomnt  wiUiin  the  cunductoi 


mes  mulii  vith  ■  aingle  circulkT  COD- 
■  BuffideatljF  Htill'  to  munUiii  it*  fonn 
for  B  ■tamluil  iiKtrumtnt.  The  di*- 
dapendi  on  the  reUUTs  conduetivit; 


J 


» 


CONSTANTS    OF   A   COIL. 

The  principal  conatantB  which  we  wish  to  determine  are — 

(1)  The  magnetic  force  at  the  centre  of  the  coil  due  to  a 
)in it-current.     This  is  the  quantity  denoted  by  G,  in  Art.  700. 

(2)  The  ma^etic  moment  of  the  coil  due  to  a  unit-current, 
Thb  JB  the  quantity  y,. 

763.]  To  detemiine  G,.  Since  the  coils  of  the  working  galva- 
nometer arc  much  smaller  than  tho  standard  coil,  we  place  the 
galvanometer  within  the  Btandard  coil,  so  that  their  centres 
coincide,  the  pianos  of  both  coils  being  vertical  and  parallt-i 
to  the  earth's  magnetic  force.  We  have  thus  obtained  a  differ- 
ential galvanometer  one  of  whose  coils  is  the  standard  coil,  ffir 
which  the  value  of  G,  is  known,  while  the  constant  of  the  othtr- 
coil  is  0/,  the  value  of  which  we  have  to  determine. 

The  magnet  suspended  in  the  centre  of  the  galvanometer  coil 
ia  acted  on  by  the  currents  in  both  eoila.  If  the  strength  of  the 
current  in  the  standard  coil  is  y,  and  that  in  the  galvanometer 
coil  /,  then,  if  these  currents  flowiDg  in  opposite  directions  pro- 
duce a  deflection  2  of  the  magnet, 

H ta.n  a  =0{y'-Giy,  (1) 

where  S  is  the  horizontal  magnetic  force  of  the  earth. 

If  the  currents  are  so  arranged  as  to  produce  no  deflexion,  wc 
may  find  Oi  by  the  equation 

e,'  =  p,.  (21 

We  may  determine  the  ratio  of  y  to  /  in  several  ways.  Since 
the  value  of  G,  is  in  general  greater  for  the  galvanometer  than 
for  the  standard  coil,  we  may  arrange  the  circuit  so  that  the 
whole  current  y  flows  through  the  standard  coil,  and  is  then 
divided  so  that  /  flows  through  the  galvanometer  and  resistancf 
coils,  the  combined  resistance  of  which  is  ii,,  while  the  re- 
mainder y  —  y  flows  through  another  set  of  resistance  coils  whoee 
combined  resistance  is  i{j. 

ten*  paiU,     HeDCt)  U17  oonue-iled  fliiur  in  ike  continnit;  of  the  metil  tuny 

I  nuua  streun  of  eleatriatf  to  flow  citlier  uloHe  to  tbe  ouWide  or  clow  to  Ibc 

B-bt  the  idroulu  ring.    Tbui  tbe  tma  path  of  Uie  cuireut  bocnma  unoertuu. 

^~  "'■i«,  tvbea  the  caircBC  flowi  only  odcb  rounil  Iho  circle,    BBpecial  c«ro  in 

o  Avoid  noy  uition  on  (he  ■uHpemlcd  Dm^tt  due  to  the  currtiK  on  iu 

ir  from  the  circle,  beoauae  the  curreot  in  the  electrodw  in  oqaiU  to  (bkt  in 

e.     In  the  constructioD  of  uuinf  inatrameDta  the  acdua  of  tbia  pkrt  of  Uir 

Mema  l<>  have  been  a1togeth«r  loat  right  of. 

rt  perfect  method  ii  to  lunke  oDe  uf  tbe  electrodee  in  the  forai  of  >  nuUil 
luLe,  Kod  the  otiier  a  wire  covered  with  iuaiLlatiiiK  tiiitterial,  and  plnoed  iiuide  lb* 
tubii  and  concentric  irith  il.    Tbe  ezternid  actiuD  of  tbe  electrudet  nben  (liiu  arranged 


COMPAEISON   OF   COILS. 


We  have  then,  Ly  Art.  276, 


(1 


and       (?i'  = 


■-'G,. 


(5) 


^  +  fl 
"      R^ 

If  there  is  any  uncertainty  about  the  actual  reaist&nee  of  the 
galvanometer  coil  (on  account,  say,  of  an  uncertainty  as  to  its 
temperature)  we  may  add  resistanc*i  coils  to  it,  so  that  the  resist- 
ance of  the  galvanometer  itself  forms  but  a  small  part  of  Jt„  and 
thus  introduces  but  little  uncertainty  into  the  final  result. 

754.]  To  detei-Tiiine  fJ^,  the  magnetic  moment  of  a  small  coil 
due  to  a  unit  current  flowing  through  it,  the  magnet  is  stiU  sus- 
pended at  the  centre  of  the  standard  coil,  but  the  small  coil 
is  moved  parallel  to  itself  along  the  common  axis  of  both  coils, 
till  the  same  current,  flowing  in  opposite  directions  round  the 
coils,  no  longer  deflects  the  magnet.  If  the  distance  between 
the  centres  of  the  coils  is  r,  we  have  now  {Art.  700) 


G,  =  2^^  +  3^J  +  4^^  +  &C.  (6) 

By  repeating  the  experiment  with  the  small  coil  on  the  oppo- 
site side  of  the  standard  coil,  and  measuring  the  distance  between 
the  positions  of  the  small  coil,  we  eliminate  the  uncertain  error 
in  the  determination  of  the  position  of  the  centres  of  the  magnet 
and  of  the  small  coil,  and  we  get  rid  of  the  terms  in  g.,,g,,  &c. 

If  the  standard  coil  is  so  arranged  that  we  can  send  the 
current  through  half  the  number  of  windings,  so  as  to  give 
a  different  value  to  G,,  we  may  determine  a  new  value  of  r,  and 
thus,  as  in  Art.  454,  we  may  eliminate  the  term  involving  g^. 

It  is  often  possibJe,  however,  to  determine  g^  by  direct  measure- 
ment of  the  small  coil  with  sufficient  accuracy  to  make  it  avail- 
able in  calculating  the  value  of  the  correction  to  be  applied  to 
'/,  in  the  equation  i  „ 

S,  =  lG.r-_2g,  (7) 


where 


$3  = 


i7a*(6aH3f-2i,^),by  Art.  700. 


I  755-] 
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Compariaon  of  Coeffu-Unta  of  Induction. 

755.]  It  is  only  in  a  small  tiumber  of  casGH  tliat  the  direct 
calculation  of  the  coefficients  of  induction  from  the  form  and 
position  of  the  circuits  can  be  easily  performed.  In  order  to 
attain  a  sufficient  degree  of  accuracy,  it  is  necessary  that  the 
iliatanee  between  the  circuits  should  be  capable  of  exact  measure- 
laent.  But  when  the  distance  between  the  circuits  is  suffi- 
cient to  prevent  errors  of  measurement  from  introducing  large 
ftroTS  into  the  result,  the  coefficient  of  induction  itself  is  neces- 
sarily very  much  reduced  in  magnitude.  Now  for  many  experi- 
ments it  is  necessary  to  make  the  coefficient  of  induction  large, 
and  we  can  only  do  so  by  bringing  the  circuits  close  together, 
so  that  the  method  of  direct  measurement  becomes  impossible, 
and,  in  order  to  determine  the  coefficient  of  induction,  we  must 
compare  it  with  that  of  a  pair  of  coils  arranged  so  that  their 
coefficient  may  be  obtained  by  ^ 

direct  measurement  and  calcu- 
lation. 

This  may  be  done  as  foIlowB : 

Let  A  and  a  be  the  standard 
pair  of  coils,  B  and  h  the  coils  to 
be  compared  with  them.  Con- 
nect A  and  B  in  one  circuit, 
and  place  the  electrodes  of  the 
galvanometer,  G,  at  P  and  Q, 
so  that  the  resistance  of  PAQ 
i.-*  fl,  and  that  of  QBP  is  H,  K  '*  ""' 

lieing  the  resistance  of  the  galvanometer.     Connect  c 
one  circuit  with  the  battery. 

Let  the  current  in  ,;1  be  ^,  that  in  B,  y,  and  that  in  the  gal- 
vanometer, i—y,  that  in  the  battery  circuit  being  y. 

Then,  if  M,  is  the  coefficient  of  induction  between  A  and  a,  and 
il/j  that  between  B  and  b,  the  integral  induction  current  through 
the  galvanometer  at  breaking  the  battery  circuit  is 


I  and  h  in 


R 


K     K 


(») 


By  adjusting  the  resistaneett  R  and  S  till  thoi-e  is  no  currenf 
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tbrougb  tbe  galvanometer  at  making  or  breaking  the  battery 
(Urcuit,  the  ratio  of  M^  to  Mj  may  be  determined  by  measuring 
that  of  S  to  fl. 

*  [The  expression  (8)  may  be  proved  as  follows:  Let  Zj,  ij, 
N  and  F  be  the  coefficients  of  aelf-induction  of  the  coils  ^1,  B,  ab 
and  tbe  galvanometer  respectively.  The  kinetic  energy  T  of  the 
system  is  then  approximately, 

Tlie  dissipation  function  F,   i.e.  half  the  rate  at  which 
energy  of  the  currents  is  wasted  in  heating  the  coila,  is  (see  Lon! 
Rayleigh'a  Theory  of  Souiid,  vol.  i.  p.  78) 

where  Q  is  the  resistance  of  the  battery  and  battery  coUs. 

The  equation  of  currents  corresponding  to  any  variable  c  ij 
then  of  the  form  ^dT     dT     dF _ 

lit  dm      ilx      da]~    ' 
where  f  is  the  corresponding  electromotive  force. 
Hence  wo  have 

L^£  +  T  {x~-ij)  +  M^y  +  Ri!  +  K  {x-^)  =  Q, 

Zi^-r(x-y)+M^i-i-Sf-/L(^'-y)^o. 

These  equations  can  be  at  once  integrated  in  regard  to  (.  Ob- 
serving that  X,  as,  y,  y,  y  are  zero  initially,  if  we  wiite  x~y  =  z 
we  6nd,  on  eliminating  y,  an  equation  of  the  form 

Ji  +  Bi  +  Cs  =  Dy  +  Ey.  (8') 

A  short  time  after  battery  contact  the  current  y  will  have 
become  steady  and  the  current  z  will  have  died  away.     Hence 
Cz  =  Ey. 

This  gives  the  expression  (8)  above,  and  it  shews  that  when 
the  total  quantity  of  electricity  passing  through  the  galvano- 
meter is  zero  we  must  have  E=  0,  or  M^R  —  M^S=  0.  The 
equation  (8')  further  shews  that  if  there  is  no  cuii-ent  whatever  in 
the  galvanometer  we  must  also  have  i)  =  0,  or  M.^Ly—MyL^  =  0.^^ 

*  [Tlie  iavcstiiptioii  in  Bt|HftrB  bracketo,  taken  from  Mr.  Fieming'B  note*  of  Pmfestor 
Clerk  Maxwi'U'n  Lectures,  pmiseiue*  a  iDelajicholy  iDterest  M  beiikg  part  of  the  lut 
lecture  delivered  by  Ihti  I'roreiisor.  !□  Mr.  FIeining'«  Dot«a  the  pUn  of  tbe  eiperi- 
inent  ditferi  from  that  given  in  the  text  in  hnving  the  bfttMr;  and  galTUiometer 
interchAnced.] 

t  {Uulesti  the  condition  3/jL,-J)f,L,  -^  0  isapproiimately  fullilleil  the  (uuteadinew 
cauaeJ  in  the  lero  of  the  galTaoometer  b;  the  tnnsieat  Gurrenla  prevent!  our 
delenniiiing  with  ucciii-ac;  whether  there  ii  or  ii  not  a  '  kick'  of  the  gKlTanoawter  mi 
cloeing  the  battery  dmoit.} 


,  at) 

I 
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Gompansoit  of  a  Coeffi-cient  of  Self-induction  v.-itk  a  Coefficient 
of  Mutual  Induction. 

756.]  In  the  branch  AF  of  Wheatstone's  Bridge  let  a  coil  be 
iasertod,  the  coetficient  of  self-induction  of  which  we  wish  to 
find.     Let  us  call  it  L. 

In  the  connecting  wire  between  A  and  the  battery  another 
coil  is  inserted.     The  coefficient  of  mutual  induction  between 
this  coil  and  the  coil  in  J/* is  M.     It 
may    be   measured    by   the    method 
dcBeribed  in  Art.  755. 

If  the  current  from  A  io  F  is  x, 
and  that  from  A  to  H  is  y,  that  from 
Z  to  A,  through  B,  will  be  z+y. 
The  external  electromotive  force  fiom 

The  external  electromotive  force 
along  AHia 

A-H=Qy.  (10) 

If  the  galvanometer  placed  between  F  and  H  indicates  no 
current,  either  transient  or  permanent,  then  by  (9)  and  (10), 


Tig.  81. 


since  H—F=  0, 


whence 


Px  =  Qy; 

rdx      tr,dx     dy, 

z=-(i  +  £)jif. 


(11) 

(12) 
(13) 


Since  L  b  always  positive,  M  inijat  be  negative,  and  therefore 
the  current  must  flow  in  opposite  directions  through  the  coils 
placed  in  P  and  in  B.  In  making  the  experiment  we  may 
either  begin  by  adjusting  the  resistances  so  that 

PS^QR,  (14) 

which  is  the  condition  that  there  may  be  no  permanent  current, 
and  then  adjust  the  distance  between  the  coils  till  the  galvano- 
meter ceases  to  indicate  a  transient  current  on  making  and 
breaking  the  battery  connexion;  or,  if  this  distance  is  not 
capable  of  adjustment,  we  may  get  rid  of  the  transient  current 
by  altering  the  resistances  Q  and  >^'  in  such  a  way  that  the  ratio 
of  Q  to  jS  remains  constant. 
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J  If  this  double  adjustment  is  found  too  troublesome,  we  may 
adopt  a.  third  method.  Begi lining  with  an  arrangement  in 
which  the  transient  cuiTent  duo  to  self-induction  is  slightly 
in  excess  of  that  due  to  mutual  induction,  we  may  get  rid  of 
the  inequality  by  inserting  a  conductor  whose  resistance  is  W 
between  A  and  Z.  The  condition  of  no  pennanent  current 
through  the  galvanometer  is  not  affected  by  the  introduction  of 
W.  We  may  therefore  get  rid  of  the  transient  cun^ent  by  ad- 
justing the  resistance  of  IF  alone.  When  this  is  done  the  valin' 
of  i  is 

'■  =  -(' -^h'-w")"-  <'■'> 

Comparieon  of  the  Coeffii-ients  of  Self-induction  of  Two  Coilv. 

767.]  Insert  the  coils  in  two  adjacent  branches  of  Wheatstone'g 

Bridge.     Let  L  and  iV  be  the  coefficients  of  self-induction  of  the 

coils  inserted  in  P  and  in  R  respectively,  then  the  condition  of 

no  j^alvanometer  current  ia  Fig.  Gl, 

(P:.  +  i§)«!,  =  g!,{fc  +  J\rg),  (16) 

whence  PS  =  QR,  for  no  pennanent  current,  {1 7) 

and  =  =  g )  for  no  transient  current.  ( 1 8) 

Hence,  by  a  proper  adjustment  of  the  resistances,  both  the 
permanent  and  the  transient  currents  can  be  got  rid  of,  and  then 
the  ratio  of  X  to  A^  can  be  determined  by  a  comparison  of  tlic 
resistances. 


APPENDIX  TO  CHAPTER    XVII. 


{Thb  method  of  measuring  the  coefficient  of  self-induction  of  a  coil  is 
described  in  the  following  extract  from  Maxwell's  paper  on  a  Dynamical 
Theory  of  the  Electromagnetic  Field,  Phil,  Trans.  155,  pp.  475-477. 

'  On  the  Determination  of  Coefficients  of  Induction  by  the  Electric 

Balance, 

The  electric  balance  consists  of  six  conductors  joining  four  points 
AfC^Dt  E,  two  and  two. 


Pig.  62. 

One  pair,  A  C,  of  these  points  is  connected  through  the  battery  B,  The 
opposite  pair,  DE,  is  connected  through  the  galvanometer  G,  Then  if  the 
resistances  of  the  four  remaining  conductors  are  represented  by  P,  Q,  R,  /S", 
and  the  currents  in  them  by  a;,  a;  —  z,  y,  and  y  +  z,  the  current  through 
G  will  be  z.  Let  the  potentials  at  the  four  points  he  A^  G,  Z>,  E,  Then 
the  conditions  of  steady  currents  may  be  found  from  the  equations 

Px  =  A  -D,  Q{x-z)  =  D'-G, 

Ey  =  A  -E,  S 

Gzz=D-E.  B 

Solving  these  equations  for  Zj  we  find 
n        1.11       »/l        1\/1       1\      ^/l        1\/1       1\ 

In  this  expression  F  u  the  electromotive  force  of  the  battery ;  z  the 
current  through  the  galvanometer  when  it  has  become  steady ;  F,  Q,  R,  S, 


(x-z)  =  D-C,  \ 

{y  +  z)  =  E-C,  \ 

{x  +  y)  =  -A-{-C  +  F.) 


(21) 


the  resislanoca  in  the  four  ftrma ;  B  that  of  the  battery  and  electro 
nud  G  that  of  the  galvanometer. 

(44)  UPS=QIi,  tlien  z  .  0,  bd(1  there  will  be  no  Bteadyei 
a  transient  current  through  the  galvanometer  may  be  produced  { 
making  or  breaking  circuit  on  account  of  induction,  and  the  indica 
the  ^Ivanomeler  mrty  be  used  to  determine  the  coifficienta  of  inductii 
provided  we  anderttuud  the  aotions  which  take  pliice. 

Wc  shall  suppose  PS=QR,  so  that  the  current  ;  vantahes   wh«n 
auflicient  time  is  allowed,  and 


x{r  +  (i)  =  ,i{ii  +  S}  =  ^ 


(23) 


(P  +  Q^i,Ji  +  s)  +  e{p+q+JH-S) 

Let  the  induction  coefficients  between  P,  Q,  R,  A'  he  given  by  the 
following  Table,  the  coefficient  of  indaotion  of  P  on  itsftif  being  p,  lietween 


Let  ^  be  the  coethcient  of  induction  of  the  galvanometer  on  itaelf,  and  let 

it  be  out  of  reach  of  the  induction  influence  of  P,  Q,  R,  S  (as  it  must  be 
in  order  to  avoid  direct  action  of  P,  Q,  R,  S  on  the  needle).  Let  X.  Y,  Z 
be  the  integrals  of  x.  y,  &  with  respect  to  (.  At  making  contact  x.  y,  z 
are  zero.  After  a  time  a  diaappears,  and  x  and  y  reach  constant  valuea. 
Tlie  equations  for  each  conductor  will  therefore  be 

PX  +  (y  +  A)  «!  +  (A  +  0  y  =/"<  ^t  ~/Ddt,  . 

Q  (X  -  ^1  +  (A  +  9)  a;  +  (m  +  n)y  =/Ddt  -  /Cdt,  ( 

A'l'+  {k  +  in)x+  {r  +  o)y=/Adl-/Edt,\ 

S{Y+Z)+  {l  +  n)x-^-  (o-\.>,)y  =  /Edt~/Cdt,l 

GZ  =  fDdt-fEdt. 

Solving  ihene  equatlona  for  Z  we  find, 


(24) 


1   , 


n 


4  +  ^(^s)(5  +  s)  +  <'(i  +  B)(s+s) 


PQIli-^- 

') 

'  PS\P 

e   n 

^'■i}.- 

->'Ci- 

-p)^'(t-',)- 

-"(^ 

+ 

<-i)^ 

»a-i 

i)\-  m 
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Now  let  the  deflection  of  the  galvanometer  by  the  instantaneous  current 
whose  intensity  {total  quantity  f  is  ^be  a. 

Let  the  permanent  deflection  produced  by  making  the  ratio  of  PS  to 
QRj  p  instead  of  unity,  be  0. 

Also  let  the  time  of  vibration  of  the  galvanometer  needle  from  rest  to 
rest  be  T,    Then  calling  the  quantity 

p       q        r       8       ,/l        K       -/I        1\      ,/l        Iv 

-^Cp  +  ^h-(^-l)+o{l-l)  =  r,    (26) 

we  find  ^_2  8in^a7'_      t  ,^-. 

«  ""    tane;     w""/:)— r  ^     ' 

In  determining  t  by  experiment  it  is  best  to  make  the  alteration  in 
the  resistance  in  one  of  the  arms  by  means  of  the  arrangement  described 
by  Mr.  Jenkin  in  the  Report  of  the  British  Association  for  1863,  by 
which  any  value  of  p  from  1  to  1*01  can  be  accurately  measured. 

We  observe  {a},  the  greatest  deflection  {throw}  due  to  the  impulse  of 
induction  when  the  galvanometer  is  in  circuit,  when  the  connexions  are 
made,  and  when  the  resistances  are  so  adjusted  as  to  give  no  permanent 
current. 

"We  then  observe  {^},  the  greatest  deflection  {throw}  produced  by  the 
permanent  current  when  the  resistance  of  one  of  the  arms  is  increased  in 
the  ratio  of  p  to  1,  the  galvanometer  not  being  in  circuit  till  a  little  while 
after  the  connexion  is  made  with  the  battery. 

In  order  to  eliminate  the  efiects  of  resistance  of  the  air,  it  is  best 
to  vary  /)  till  /3  =  2  a  nearly :  then 

TT^^  ^  tan  1/3 
If  all  the  arms  of  the  balance  except  F  consist  of  resistance  coils 
of  very  fine  wire  of  no  great  length  and  doubled  before  being  coiled,  the 
induction  coefficients  belonging  to  these  coils  will  be  insensible,  and 
T  will  be  reduced  to  p/P,  The  electric  balance  therefore  aflbrds  the 
means  of  measuring  the  self-induction  of  any  circuit  whose  resistance 
is  known.' 
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ELECTEOMAGNETIC    UNIT   OF   EESISTANCE. 


On  the  Determination  of  the  Resistance  of  a  CoU  in 
Eleetromagnetic  Meatmre. 
758.]  The  resistance  of  a  conductor  is  defined  as  the  ratio  of 
the  numerical  value  of  the  electromotive  force  to  that  of  the 
cun'ent  which  it  produces  in  the  conductor.  The  dcterininatioD 
of  the  value  of  the  current  in  eleetroiuagnetic  measure  can  be 
made  by  means  of  a  standard  galvanometer,  when  we  know  the 
value  of  the  earth's  magnetic  force.  The  determination  of  the 
value  of  the  electromotive  force  is  more  difficult,  as  the  only  case 
in  which  we  can  directly  calculate  its  value  is  when  it  arises 
from  the  relative  motion  of  the  circuit  with  respect  to  a  known 
magnetic  system. 

759.]  The  first  determination  of  the  resistance  of  a  wire  in 
electromagnetic  measure  was  made  by  Kirchhofi"*.  He  employed 
two  coils  of  known  form,  ^,  and 
A^,  and  calculated  their  coeffi- 
cient of  mutual  induction  from 
the  geometrical  data  of  their 
form  and  position.  These  coils 
were  placed  in  circuit  with  a 
galvanometer,  Q,  and  a  battery, 
B,  and  two  points  of  the  circuit, 
P,  between  the  coils,  and  Q,  between  the  battery  and  galvano- 
meter, were  joined  by  the  wire  whose  resistance,  R,  was  to 
be  measured. 

When  the  current  is  steady  it  is  divided  between  the  wire  and 
the  galvanometer   circuit,  and   produces  a   certain  permanent 


Fig.  63. 
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deflexion  of  the  galvanometer.  If  the  coil  A-^  is  now  remove*! 
quickly  fiom  A^  and  placed  in  a  position  in  which  the  coeffi- 
cient of  mutual  induction  hetween  ^1,  and  A.,  is  zero  (Art,  638), 
a  current  of  induction  ia  produced  in  both  circuits,  and  the 
galvanometer  needle  receives  an  impulse  which  produces  a  certain 
traosient  deflexion  *. 

The  resiBtonce  of  the  wire,  R,  is  deduced  from  a  comparison 
between  the  pemianent  deflexion,  due  to  the  steady  current,  and 
the  transient  deflexion,  due  to  the  ciuTcnt  of  induction. 

Let  the  resistance  of  QGA^P   be  K,  of  PA^BQ,  B,  and  of 

■PQ.-fi. 

Let  Z,  ^and  iVbo  the  coefficients  of  induction  of  A,  and  4,. 
Let  X  be  the  current  in  Q,  and  y  that  in  B,  then  the  current 

from  J-"  to  Q  is  «— ^. 

Let  E  be  the  electromotive  force  of  the  battery,  then 

(A-  +  ii)i-i!>  +  |(ii  +  JI/i)=o,  (1) 

-RH-(,B  +  R)i+^^{MH-Ki)  =  E.  (2) 

When  the  ourrenta  are  coustant,  and  everything  at  rest, 

{K  +  B)i-Ri  =  o.  (S) 

If  M  now  suddenly  becomes  zero  on  account  of  the  separation 
of  Ai  from  A^,  then,  integrating  with  respect  to  t, 

(K  +  R)x-Ry-M)  =  0,  (4) 

-Rxi-{B  +  R}'ij-Mi=fE(U  =  0;  (5) 

(6) 


whence  "  =  "  (,1S  + R)(K +  R)-Rf 

Substituting  the  value  of  y  in  terms  of  »  from  (3),  we  find 
x_U  {B  +  R){K  +  R)  +  R' 
x~  R  (B  +  iJ)(A-  +  ie)-ii" 


w 


=  f!'  +  (5Ti)Tkir,+H-       w 


*  {lutattd  of  ramaTing  the  coil  J^,  it  U  more  coavenieBt  to  nveiM  the  cnneQl 
ihrongh  A,;  in  tbii  cue  the  qiuuility  of  electricity  fiuung  through  the  liklliitic 
K»liaiu>mHta  ii  twice  that  in  the  text.  KirchhoIT'a  metliod  baa  been  undb^Meun. 
GhtJUtbrook,  SaiKStit  and  Dodd>  to  determiuD  •  regiaUoce  io  ftUulata  uieuure.    PUI. 

TmM.  18S3,pp.333-a6S.) 
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When,  as  in  Kirchhoff's  experiment,  both  B  and  A'  aif  largo 
compared  with  R,  this  equation  is  reduced  to 

Of  these  quantities,  x  is  found  from  the  throw  of  the  galvano- 
meter due  to  the  induction  current.  See  Art.  748.  The  per- 
manent cuiTent,  i,  ia  found  from  the  permanent  deflexion  due 
to  the  steady  current;  see  Art.  746.  M  is  found  either  by 
direct  calculation  from  the  geometrical  data,  or  by  a  comparison 
with  a  pair  of  coils,  for  which  this  calculation  has  been  made ; 
ana  Art.  755.  From  these  three  quantities  R  can  be  determined 
in  electromagnetic  measure. 

These  methods  involve  the  determination  of  the  period  of 
vibration  of  the  galvanometer  magnet,  and  of  the  logarithmic 
decrement  of  its  oscillations. 

Welier'8  Method  by  Transient  CurrertU*. 
760.]  A  coil  of  considerahlo  size  is  mounted  on  an  axle,  bo  as 
to  be  capable  of  revolving  about  a  vertical  diameter.  The  wire 
of  this  coil  if  connwted  with  that  of  a  tangent  gfilvanometer  so 
as  to  form  a  single  circuit.  Let  the  resistance  of  this  circuit 
be  R.  Let  the  large  coil  be  placed  with  its  positive  face  per- 
pendicular to  the  magnetic  meridian,  and  let  it  be  quickly 
turned  round  half  a  revolution.  There  will  be  an  Induced 
current  due  to  the  earth's  magnetic  force,  and  the  total  quantity 
of  electricity  in  this  cuirent  in  electromagnetic  measure  will  be 

where  f/,  is  the  magnetic  moment  of  the  coil  for  unit  current, 
which  in  the  case  of  a  large  coil  may  be  detcimined  directly,  by 
measuring  the  dimensioos  of  the  coil,  and  calculating  the  sum  of 
the  areas  of  its  windings.  H  ia  the  horizontal  component  of 
terrestrial  magnetism,  and  R  is  the  resistance  of  the  circuit 
formed  by  the  coil  and  galvanometer  together.  This  current 
sets  the  magnet  of  the  galvanometer  in  motion. 

If  the  magnet  is  originally  at  rest,  and  if  the  motion  of  the 
coil  occupies  but  a  small  fraction  of  the  time  of  a  vibration  of 

*  Wekt.  XaaA.;  or  Pogg.,  Jril,  bozii.  pp.  887-369  (ISSl). 
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the  magnet,  then,  if  we  neglect  the  reaistanoe  to  the  motion  of 
the  magnet,  we  have,  by  Art.  748, 

e  =  ^^2aiDifl,  (2) 

where  G  is  the  constant  of  the  galvanometer,  T  is  the  time  of 
vibration  of  the  magnet,  and  6  is  the  observed  elongation. 
From  these  ei^uations  we  obtain 

The  value  of  //  does  not  appear  in  this  roault,  provided  it  is 
the  same  at  the  position  of  the  coil  and  at  that  of  the  galvano- 
meter. This  should  not  be  assumed  to  be  the  case,  but  should 
be  tested  by  compaiing  the  time  of  vibration  of  the  same 
magnet,  first  at  one  of  these  places  and  then  at  the  other. 

761.]  To  make  a  series  of  observations  Weber  began  with  the 
coil  parallel  to  the  magnetic  meridian.  He  then  turned  it  with 
its  positive  face  north,  and  observed  the  first  elongation  due  to 
the  negative  cun-ent.  He  then  observed  the  second  elongation 
of  the  freely  swinging  magnet,  and  on  the  return  of  the  magnet 
through  the  point  of  equilibrium  he  turned  the  coil  with  its 
positive  face  south.  This  caused  the  magnet  to  recoil  to  the 
positive  aide.  The  series  was  continued  as  in  Art.  750,  and  the 
result  corrected  for  I'esistance.  In  this  way  the  value  of  the 
resistance  of  the  combined  circuit  of  the  coil  and  galvanometer 
was  ascertained. 

In  all  such  experiments  it  is  necessary,  in  order  to  obtain 
sufficiently  large  deflexions,  to  make  the  wire  of  copper,  a  metal 
which,  though  it  is  the  best  conductor,  has  the  disadvantage  of 
altering  considerably  in  resistance  with  alterations  of  tempera- 
ture. It  is  also  very  difficult  to  ascertain  the  temperature  of 
every  part  of  the  apparatus.  Hence,  in  order  to  obtain  a  result 
of  permanent  value  from  such  an  experiment,  the  reBietance  of 
the  experimental  circuit  should  be  compared  with  that  of  a 
carefully  constructed  resistance-coil,  both  before  and  after  each 
experiment. 

Wehei'e  Melliod  hy  observing  tlis  Decrement  of  the  OaciUations 

of  a  Magnet. 

762.]  A  magnet  of  considerable  magnetic  moment  is  suspended 

at  the  centre  of  a  galvanometer  coil.     The  period  of  vibration 
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and  the  logarithmic  decrement  of  the  OBcillations  is  observed, 
firet  with  the  circuit  of  the  galvanometer  open,  and  then  wlUi 
the  circuit  closed,  and  the  conductivity  of  the  galvanometer  coil 
is  deduced  from  the  effect  which  the  currents  induced  in  it  by 
the  motion  of  the  magnet  have  in  resisting  that  motion. 

If  T  ia  the  otserved  time  of  a  single  vibration,  and  A  the  Na- 
pierian logarithmic  decrement  for  each  single  vibration,  then,  if 
■we  write  _ 

^=f  (1) 

and  a=y,.  (2) 

the  equation  of  motion  of  the  magnet  is  of  the  form 

^  =  (7e— 'cos(a)i  +  ^).  (3) 

This  expresaeB  the  nature  of  the  motion  as  determined  by 
observation.  We  must  compare  this  with  the  djnamic-al 
equation  of  motion. 

Let  M  be  the  coefficient  of  induction  between  the  galvano- 
meter coil  and  the  suspended  magnet.     It  ia  of  the  form 

J/=  (?,3,7J(0}-f  (?,ff,/',(fi)  +  &c.,  (4) 

where  0, ,  Gj,  h^.  are  coefficients  belonging  to  the  coil.  ,7i.  ,7^,  &c. 
to  the  magnet,  and  P,(6},  -Pa(fl).  &c.  are  zonal  harmonica  of 
the  angle  between  the  axes  of  the  coil  and  the  magnet.  See 
Art.  700,  By  a  proper  arrangement  of  the  coils  of  the  galvano- 
meter, and  by  building  up  the  suspended  magnet  of  several 
magnets  placed  side  by  side  at  proper  distances,  we  may  cause 
all  the  terms  of  M  after  the  first  to  become  insensible  compared 

with  the  first.     If  we  also  put  ip  =  -~Q,  we  may  write 

M  =  Gm&m4>,  (5) 

where  G  {=  G,)  is  the  principal  coefficient  of  the  galvanometer, 
Til  is  the  magnetic  moment  of  the  magnet,  and  <p  is  the  angle 
between  the  axis  of  the  magnet  and  the  plane  of  the  coil,  which, 
in  this  experiment,  is  always  a  small  angle. 

If  i  is  the  coefficient  of  self-induction  of  the  coil,  and  R  its 
resistance,  and  y  the  current  in  the  coil, 

^^{Ly  +  M)  +  Ry=0,  (6) 

r^j.P.._i_/3«,-™j.<^*_  n  /7) 
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tn  the 


niagnet  i: 


)s^.     The  angle  <f>  is  in  this  expeii- 


The  moment  of  the  force  with  which  the  current  y  aots  < 
dM 

ment  so  small,  that  we  may  suppose  cost/i  =  1. 

Let  us  suppose  that  the  equation  of  motion  of  the  magnet 
when  the  circuit  is  broken  is 


'di^ 


(») 


where  A  ia  the  moment  of  inertia  of  the  suspended  apparatus, 

B  -yj  expresses  the  resistance  arising  {rom  the  viscosity  of  the  air 

and  of  the  suspension  fibre,  &c.,  and  C<^  expresses  the  moment 
of  the  force  arising  from  the  earth's  magnetism,  the  torsion  of 
the  suspension  apparatus,  &c.  tending  to  bring  the  magnet  to 
its  position  of  equilibrium. 

The  equation  of  motion,  as  affected  by  the  current,  will  be 


^S-- 


hC^  =  Chniy. 


(9) 


To  determine  the  motion  of  the  magnet,  we  have  to  combine 
this  equation  with  (7)  and  eliminate  y.     The  result  is 


(L 


.<P 


.rf* 


i« 


(10) 

a  linear  differential  equation  of  the  third  order. 

We  have  no  occasion,  however,  to  solve  this  equation,  because 
the  data  of  the  problem  are  the  observed  elements  of  the  motion 
of  the  magnet,  and  from  these  we  have  to  determine  the  value 
of  R. 

Let  Og  and  Wj  be  the  values  of  a  and  w  in  equation  (3)  when 
the  circuit  ia  broicen.  In  this  case  R  b  infinite,  and  the  equation 
(10)  is  reduced  to  the  form  (8).     "We  thus  find 

B  =  2Aa„,         f?  =  .4(V  +  V)- 

Solving  equation  (10)  for  R,  and  writing 

—  -[a  +  iai),     wliere  i 


dt~ 


:    ^- 


efind 


,'+2  iaa,~  2  a^{a  ■i-i^)  +  a^'  +  V 


(11) 

(12) 
f£(a  +  ;4(I3) 
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Since  the  value  of  (u  is  in  general  mucti  greater  than  that  of  a, 
the  best  value  of  R  is  found  by  equating  the  terms  in  iia, 


R  = 


■j  +  U(3«-".-'^^).  (14) 


-  2A  (.. 
We  may  also  obtain  a  value  of  R  by  equating  the  terniB  not 

involving  i,  but  as  these  ternia  are  small,  the  equation  is  tieeful 
only  as  a  means  of  testing  tbe  accuracy  of  the  observatiouB. 
From  these  equations  we  tind  the  following  testing  equation, 
G'' "(.'■'  [aJ'  +  ia^- Oy'i  - tu„- ] 

=  i^i(.-a„)*  +  2(a-^)^(a.^  +  .,,^)  +  (..*-<f}.      (15) 
Since  LAur  is  very  small  compared  with  G'tii^,  this  equation 
b'i^-t'S  ^3-V  =  °o''-''';  (16) 

and  equation  (H)  may  be  written 

In  this  expression  G  may  be  determined  either  from  the  linear 
raeaeurement  of  the  galvanometer  coil,  or  better,  by  comparison 
with  a  standard  coil,  according  to  the  method  of  Art.  753.  A  is 
tbe  moment  of  inertia  of  the  magnet  and  its  suspended  ap- 
paratus, which  is  to  be  found  by  tbe  proper  dynamical  method. 
10,  tU(,,  a  and  Oq,  are  given  by  observation. 

The  determination  of  tbe  value  of  -m,  the  magnetic  moment  of 
the  suspended  magnet,  is  the  most  difficult  part  of  the  investiga- 
tion, because  it  is  affected  by  temperature,  by  the  earth's 
magnetic  force,  and  by  mechanical  violence,  so  that  great  care 
must  be  taken  to  measure  this  quantity  when  the  magnet  is  in 
the  very  same  circumstances  as  when  it  is  vibrating. 

The  second  term  of  R,  that  which  involves  L,  is  of  lees  im- 
portance, as  it  is  generally  small  compared  with  the  first  term. 
The  value  of  L  may  be  determined  either  by  calculation  from 
the  known  form  of  tbe  coil,  or  by  an  experiment  on  the  extra- 
current  of  induction.     See  Art.  756, 

TItomson's  Method  by  a  Revolving  CoU. 
763.]  This  method  was  suggested  by  Thomson  to  the  Com- 
mittee of  the  British  Association  on  Electrical  Standards,  and 
the  experiment  was  made  by  MM.  Balfour  Stewart,  Fleeming 
Jenkin,  and  tbe  author  in  1863*. 

*  Se^Beport  oftheBrUii^  Auodalion  for  1863,  pp.  111-176. 


764.]  Thomson's  method.  409 

A  circulai'  coil  is  made  to  revolve  with  uniform  velocity  about 
a  vertical  axis.  A  email  magnet  is  suspended  by  a  silk  fibre  at 
the  centre  of  the  coil.  An  electric  current  is  induced  in  the  coil 
by  the  earth's  magnetism,  and  also  by  the  suspended  magnet. 
This  current  is  periodic,  flowing  in  opposite  directions  through 
the  wire  of  the  coil  during  different  parts  of  each  revolution,  but 
the  effect  of  the  cunent  on  the  suspended  magnet  ia  to  produce 
a,  dettcxion  from  the  magnetic  meridian  in  the  direction  of  the 
rotation  of  the  coil. 

764.]  Let  i/  be  the  horizontal  component  of  the  earth's  mag- 
netism. 

Let  y  be  the  strength  of  the  current  in  the  coil. 

y  the  total  area  inclosed  by  all  the  windings  of  the  wire. 
G  the  magnetic  force  at  the  centre  of  the  coil  due  to  unit- 
current. 
L  the  coefficient  of  self-induction  of  the  coil. 
M  the  magnetic  moment  of  the  suspended  magnet. 
6  the  angle  between  the  plane  of  the  coil  and  the  mag- 
netic meridian. 
4)  the  angle  between  the  axis  of  the  suspended  magnet  and 

the  magnetic  meridian. 
A  the  moment  of  inertia  of  the  suspended  magnet. 
MHt  the  coefficient  of  torsion  of  the  suspension  fibre. 
a  the  azimuth  of  the  magnet  when  there  is  no  torsion. 
R  the  resistance  of  the  coil. 
The  kinetic  energy  of  the  system  is 

'r=klY'-IIgysine~MGy3m{$-<p)  +  MHcos<p  +  iA'P\(l) 
The  first  terra,  i  L  y-,  expresses  the  energy  of  the  current  as 
depending  on  the  coil  itself.  The  second  tomi  depends  on  the 
mutual  action  of  the  current  and  terrestrial  magnetism,  the 
third  on  that  of  the  current  and  the  magnetism  of  the  suspended 
magnet,  the  fourth  on  that  of  the  magnetism  of  the  suspended 
magnet  and  terrestrial  magnetism,  and  the  laat  expresses  the 
kinetic  energy  of  the  matter  composing  the  magnet  and  the 
suspi'nded  apparatus  which  moves  with  it. 

The  ;  variable  part  of  the}  pot«ntia]  energy  of  the  suspended 
apparatus  aiHbing  fiom  the  torsion  uf  the  fibre  ia 
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The  electromagnetic  momentum  of  the  current  is 

dT 
P  =  ^  =Ly—JIgsia0-MOsia{g~<i,),  (3) 

and  if  R  is  the  resistance  of  the  coil,  tlie  equation  of  the 


«y  + 


ciidy 


(i!  +  i^)y  =  flju  cos  9  +  il/e(,.- 


(«) 
(51 

l-f).  (8) 

765.]  It  is  the  reault  alike  of  theory  and  observation  that  0, 
the  azimuth  of  the  magnet,  is  subject  to  two  kinds  of  periodic 
variations.  One  of  these  is  a  free  oscillation,  whose  periodic 
time  depends  on  the  iatensity  of  terrestrial  magnetism,  and  is, 
in  the  experiment,  several  seconds.  The  other  is  a  forced 
vibration  whose  period  is  half  that  of  the  revolving  coil,  and 
whose  amplitude  is,  as  we  shall  see,  insonsihle.  Hence,  m 
determining  y,  we  may  treat  <p  as  sensibly  constant. 
^_  We  thus  find 

™  --  ^™  -i(flcos9  +  Xu.sinfl)  (7) 


'  R*  +  L't 


j{ilcoa(tf— </i)  +  iw8in{fl-<^)}, 


(8) 


+  Ce'^-  (9) 

The  last  term  of  this  expression  soon  diea  away  when  the 
rotation  is  continued  uniform. 

The  equation  of  motion  of  the  suspended  magnet  is 
d-'T       dT      dV  _ 

dtU<i>      dit.'*'  d^.'^'  *^*'' 

whence     A^— ^fOy  cm  {$ —<!>)  +  MIi{sm  -p  +  t  (it>- a))  =  0.     (11) 
Substituting  the   value   of  y,  and  arranging  the  terms  ac- 
cording to  the  functions  of  multiples  of  0,  then  we  know  from 
observation  that 

<t>=  <t>^  +  be~'*coaTit  +  ccos2{0—p),  (12) 

where  ip^  is  the  mean  value  of  ^,  and  the  second  term  ex- 
presses the  free  vibrations  gradually  decaying,  and  the  third  the 
forced  vibrations  arising  from  the  variation  of  the  deflecting 
current. 


Beginning  with  the  terms  in  (1 1)  which  do  not  involve  0.  and 
which  must  collectively  vanish,  we  find  approximately 

^  /^"^Jgg  (R  cos  ■/.o  +  Zi.i  sin  ^o}+  GMrI 

=  2MII{!im<p^  +  r{4>a-a)).     (13) 

Sinceitan^oisgenerallysraall  compared  with  G*/,  j  and  GJf  sec ^ 

with  gH,l  the  solution  of  the  quaflratic  (13)  gives  approximately 

^  = ^^^ h+^8ec*,-y^(^--l)tan«<^„ 


2tanrf.ofl  +  T?^— ?)* 


If  we  now  employ  the  leading  term  in  this  expression  in 
equations  (7),  (8),  and  (11)*,  we  ehnll  find  that  the  value  of  ti  in 

equation  (12)  ia  A/   -j-B^cipQ.      That  of  c,  the  amplitude  of 

the   forced  vibrationa,   is   J -^  sin  0p.      Hence,   when   the   coil 

makes  many  revolutions  during  one  free  vibration  of  the 
magnet,  the  amplitude  of  the  forced  vibrations  of  the  magnet 
is  very  small,  and  wc  may  neglect  the  terms  in  (ll)  which 
involve  c. 

766.]  The  resistance  is  thus  determined  in  electromagnetic 
measure  in  terms  of  the  velocity  to  and  the  deviation  <p.  It 
is  not  necessary  to  determine  //,  the  horizontal  terrestrial  mag- 
netic force,  provided  it  remains  constant  during  the  experiment. 

To  determine  77  we  must  make  use  of  the  suspended  magnet 

to  deflect  the  magnet  of  the  magnetometer,  as  described  in 
Art.  454.  In  this  experiment  M  should  be  small,  so  that  this 
correction  becomes  of  secondary  importance. 

For  the  other  corrections  required  in  this  experiment  see  the 
Repoit  of  the  British  Association  for  1863,  p.  166. 

Joule's  Calorlvietric  Method. 
767.]  The  heat  generated  by  a  current  y  in  passing  tlirough  a 
conductor  whose  resistance  is  R  is.  by  Joule's  law.  Art.  242, 

h^'jflty'JI.  (1) 

In  pijuMiun  (A)  uiii  aubatitatv  U 


■   I  It  is  thdrter  mnil  u  nocanlc  Ui  pnt 
rarreapoDding  value  of  7  in  (.ll}.} 
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where  J  is  the  equivalent  in  dynamical  measure  of  the  uoSt  SS 
heat  employed. 

Hence,  ii  R\&  constant  during  the  ospenment,  ita  valuo  is 

This  method  of  determining  It  involves  the  determination  of 

h.  the  heat  generated  by  the  current  in  a  given  time,  and  of  y^. 
the  square  of  the  strength  of  the  current. 

In  Joule's  pxperiiiente*,  h  was  determined  by  the  rise  tif 
temperature  of  the  water  in  a  vessel  in  which  the  conducting 
wire  was  immersed.  It  was  corrected  for  the  effects  of  radiation, 
&c,  by  alternate  experiments  in  which  no  current  waa  passed 
through  the  wii'e. 

The  strength  of  the  current  was  measured  by  moans  of  a 
tangent  galvanometer.  This  method  involves  the  determination 
of  the  intensity  of  terrestrial  magnetism,  which  was  done  by  the 
metbod  described  in  Art.  457.  These  measm-ements  were  also 
t«3ted  by  the  current  weigher,  deaei-ibed  in  Art.  726,  whieh 
measures  y  directly.     The  most   direct  method   of  measuring 

jy^dt,  however,  is  to  pass   the    current  through  a  self-acting 

electrodynamometer  (Art.  725)  with  a  scale  which  gives  readings 
proportional  to  y^,  and  to  make  the  observations  at  equal  in- 
tervals of  time,  which  may  be  done  approximately  by  taking 
the  reading  at  the  extremities  of  every  vibration  of  the  in- 
strument during  the  whole  course  of  the  experiment  f- 

•  Bfjiorl  on  SlaiuJarth  of  Electrical  Befittance  of  the  BrituhA»Kicialion/OT  \6t7, 
]<p.  474-522. 

■f  j  For  the  rel»tive  merit!  of  thevariooB  methods  of  finding  the  absolute  meMare  of 
a  resUtance  the  reader  ia  referred  to  a  paper  by  Lord  Raylcigb,  Phil.  Mag.  Not.  18H2. 
An  excellent  method  not  given  in  the  Cent,  due  to  Lorentz,  ii  fully  deacribed  bj  Lord 
lUyleigh  and  Mr».  Sidgwiok  in  the  Phil.  TraM.  1883,  Part  I,  pp,  21)6-322.  The 
reader  ahould  also  conuiilt  the  paper  by  the  Bame  authora  entitled  '  ExperimeDU  to 
determicie  Uie  value  uf  the  British  Assooiation  Uuit  of  ReaistanceiD  AbaoluteMeaaure,' 
Pha.  Tram.  1882,  Part  II,  pp.  ()61-61t7.  j 


CHAPTER    XIX. 

COMPARISON'    OF   THE    ELECTROSTATIC   WITH    THE    ELECTRO- 
KAONBnC    CNITS. 

DetermiTiation  of  the  Ifumher  of  Electrostatic  Unite  of 
Electricity  in  one  Medromaff-netie  Unit. 

768.]  The  absolute  magDitudes  of  the  electrica]  unita  in  both 
systeniB  depend  on  the  unit*  of  length,  time,  and  mass  which  we 
adopt,  and  the  mode  in  which  they  depend  on  those  units  la 
ilifferent  in  the  two  aystema,  so  that  the  ratio  of  the  electrical 
units  will  be  expressed  by  a  different  number,  according  to  the 
different  units  of  length  and  time. 

It  appears  from  the  table  of  dimensions,  Art.  628,  that  the 
number  of  electrostatic  units  of  electricity  in  one  electro- 
magnetic unit  varies  inversely  as  the  magnitude  of  the  unit  of 
length,  and  directly  as  the  magnitude  of  the  unit  of  time  which 
we  adopt. 

If,  therefore,  we  determine  a  velocity  which  is  represented 
numerically  by  this  number,  then,  even  if  we  adopt  new  units 
of  length  and  of  time,  the  number  representing  this  velocity  will 
still  be  the  number  of  electroetatic  units  of  electricity  in  one 
electromagnetic  unit,  according  to  the  new  system  of  measure- 
ment. 

This  velocity,  therefore,  which  indicates  the  relation  between 
electrostatic  and  electromagnetic  phenomena,  is  a  natural  quan- 
tity of  definite  magnitude,  and  the  measurement  of  this  quantity 
is  one  of  the  most  important  researches  in  electricity- 

To  shew  that  the  quantity  we  are  in  search  of  is  really  a 
velocity,  we  may  observe  that  in  the  case  of  two  parallel  currents 
the  attraction  experienced  by  a  length  a  of  one  of  them  is,  by 

Art.  cee, 
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where  (7,  C"  are  the  numerical  values  of  the  currents  in  electro- 
magnetic lueaBui'e,  and  b  the  distance  between  them.  If  we 
make  i<  =  2  n,  then  p  _  (^-(i' 

Now  the  quantity  of  electricity  transmitted  by  the  current  C 
in  the  time  He  C^  in  electromagnetic  measure, or  nCt  in  electro- 
static measure,  if  n  is  the  number  of  electrostatic  units  in  one 
electromagnetic  unit. 

Let  two  small  conductors  be  charged  with  the  quantities  of 
electricity  transmitted  by  the  two  currents  in  the  time  (,  and 
placed  at  a  distance  r  from  each  other.  The  repulsion  between 
ihena  will  be  CCn'  t^ 

Let  the  distance  r  be  so  chosen  that  this  repulsion  is  equal  to 
the  attraction  of  the  currents,  then 

!^  =  «?. 

Henoe  r  =  nt; 

or  the  distance  r  must  increase  with  the  time  t  at  the  rate  Tt. 
Hence  ti  is  a  velocity,  the  absolute  magnitude  of  which  is  the 
same,  whatever  units  we  assume. 

769.]  To  obtain  a  physical  conception  of  this  velocity,  let  na 
imagine  a  plane  surface  charged  with  electricity  to  the  electro- 
static stu'face-density  u,  and  moving  in  its  own  plane  with  a 
velocity  v.  This  moving  electrified  surface  will  be  equivalent 
to  an  electric  current-sheet,  the  strength  of  the  current  flowing 
through  unit  of  breadth  of  the  surface  being  av  in  electrostatic 

measure,  or  -  w  in  electromagnetic  measure,  if  n  is  the  number 

of  electrostatic  units  in  one  electromagnetic  unit.  If  another 
plane  surface  parallel  to  the  first  is  electrified  to  the  surface- 
density  0-',  and  moves  in  the  same  direction  with  the  velocity  v', 
it  will  be  equivalent  to  a  second  current-sheet. 

The  electrostatic  repulsion  between  the  two  electrified  surfoces 
is,  by  Art.  124,  2-nffa-'  for  every  unit  of  area  of  the  opposed 
surfaces. 

The  electroma^etic  attraction  between  the  two  correot- 
sbeets  is,  by  Art.  653,  2iruu'  for  every  unit  of  area,  «  and  v.' 
being  the  surface-densities  of  the  currents  in  electromagnetic 
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But     u  =  -  av,    and     u'=  -  a'v',  ao  that  the  attraction  ib 


The  ratio  of  the  attraction  to  the  repulsion  is  equal  to  that  of 
vv'  to  n^.  Hence,  since  the  attraction  and  the  repulsion  are 
quantities  of  the  same  kind,  n  must  be  a  quantity  of  the  same 
kind  HA  1-,  that  is,  a  velocity.  If  we  now  suppose  the  velocity 
of  each  of  the  moving  planes  to  be  equal  to  71,  the  attraction 
will  be  equal  to  the  repulsion,  and  there  will  be  no  mechanical 
action  between  them.  Hence  we  may  define  the  ratio  of  the 
electric  units  to  be  a  velocity,  such  that  two  electrified  surfaces, 
moving  in  the  same  direction  with  this  velocity,  have  no 
mutual  action.  SLnce  this  velocity  is  about  30O1IOO  kilometres 
per  second,  it  is  impossible  to  make  the  experiment  above 
described. 

770.]  If  the  electric  surface-density  and  the  velocity  can  be 
made  so  great  that  the  magnetic  force  b  a  meafiuiable  quantity, 
we  may  at  least  verify  our  supposition  that  a  moving  electrified 
body  is  equivalent  to  an  electric  current. 

We  may  assume*  that  an  electrified  surface  in  air  would 
begin  to  discharge  itself  by  sparks  when  the  ejectric  force  2iiff 
reaches  the  value  130.  The  magnetic  force  due  to  the  current- 
sheet  ie  2w(T-.     The  horizontal   magnetic   force  in   Britain  is 

about  0-175.  Hence  a  surface  electrified  to  the  highest  degree, 
aud  moving  with  a  velocity  of  100  metres  per  second,  would  act 
on  a  magnet  with  a  force  equal  to  about  one-four-thouaaudth 
part  of  the  earth's  horizontal  force,  a  quantity  which  can  be 
measured.  The  electrified  surface  may  be  that  of  a  non-con- 
ducting disk  revolving  in  the  plane  of  the  magnetic  meridian, 
and  the  magnet  maybe  placed  close  to  the  ascending  or  descending 
portion  of  the  disk,  and  protected  from  its  electiostatic  action  by 
a  screen  of  metal.  I  am  not  aware  that  this  experiment  has 
been  hitherto  attempted "f. 

•  Sir  W.  Thnauan,  S.  S.  Proe.  or  Rapriut,  Art.  lix.  pp.  3*7-259. 

i  JTbia  elTect  wu  diMoiered  by  Prof.  RowUnd  in  1670.  Foe  intiMqueiit  «i- 
IierimenU  aa  (hia  inbject  nee  Ruwlanil  ftnd  Hutchinson.  Fhii.  Mag.  27.  4*5  (ISS?)  1 
Hontgen,  ITw-/.  Anu.  id.  03  ;  Him.l«dt,  Wied.  AuH.  iO.  720.} 
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I.  Comparison  of  UiiUs  of  El.edricity. 

771.]  Since  the  ratio  of  the  olectromagnetic  to  the  electro- 
static unit  of  electricity  is  repreaented  by  a  velocity,  we  bIihU 
in  future  denote  it  by  the  symbol  v.  The  first  numerical 
determination  of  this  velocity  was  made  by  Weber  and  Kohl- 
ran  sch  *. 

Their  method  was  founded  on  the  measurcnient  of  the  same 
quantity  of  electricity,  fii-st  in  electrostatic  and  then  in  electro- 
magnetic measure. 

The  quantity  of  electricity  measured  was  the  charge  of  a 
Leyden  jar.  It  was  measured  in  electrostatic  measure  aa  the 
product  of  the  capacity  of  the  jar  into  the  difference  of  potential 
of  its  coatings.  Tho  capacity  of  the  jar  was  determined  by 
comparison  with  that  of  a  sphere  suspended  in  an  open  space  at 
a  distance  from  other  bodies.  The  capacity  of  such  a  sphere  is 
expressed  in  electrostatic  measure  by  its  radius.  Thus  the 
capacity  of  the  jar  may  be  found  and  expressed  as  a  certain 
length.     See  Art.  227. 

The  difference  of  the  potentials  of  the  coatings  of  the  jar  was 
measu!Trl  liy  connecting  the  coatings  with  the  electrodes  of  an 
electrometer,  the  constants  of  which  were  carefully  determined, 
80  that  tho  difference  of  the  potentials,  E,  became  known  in 
electrostatic  measure. 

By  multiplying  this  by  c,  the  capacity  of  the  jar,  the  charge  of 
the  jar  was  expressed  in  electrostatic  measure. 

To  determine  the  value  of  the  charge  in  electromagnetic 
measure,  the  jar  was  discharged  through  the  coil  of  a  galvano- 
meter. The  effect  of  the  transient  current  on  the  magnet  of  the 
galvanometer  communicated  to  the  ma^et  a  certain  angular 
velocity.  The  m^net  then  swung  round  to  a  certain  deviation, 
at  which  its  velocity  was  entirely  destroyed  by  the  opposing 
action  of  the  earth's  magnetism. 

By  observing  the  extreme  deviation  of  the  magnet  the  quantity 
of  electricity  in  the  discharge  may  be  determined  in  electro- 
magnetic  measure,  as  in  Art.  748,  by  the  formula 

X  (Aug.  pp.  10-36, 
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where  Q  is  the  quantity  of  electricity  in  electromagnetic  measure. 
We  have  thei-efore  to  determine  the  following  quantities: — 

H,  the  intensity  of  the  horizontal  component  of  terrestrial 
magnetism  ;  see  Art,  456, 

0,  the  principal  constant  of  the  galvanometer ;  see  Art.  700. 

T,  the  time  of  a  single  vibration  of  the  magnet ;  and 

6,  the  deviation  due  to  the  transient  current. 

The  value  of  v  obtained  by  MM.  Weber  and  Kohlrausch  was 
V  =  310740000  metres  per  second. 

The  property  of  solid  dielectrics,  to  which  the  name  of  Electric 
Absorption  has  been  given,  renders  it  difficult  to  estimate 
correctly  the  capacity  of  a  Leyden  jar.  The  apparent  capacity 
varies  according  to  the  time  which  elapses  between  the  charging 
or  discharging  of  the  jar  and  the  measurement  of  the  potential, 
and  the  longer  the  time  the  greater  b  the  value  obtained  for  the 
capacity  of  the  jar. 

Hence,  since  the  time  occupied  in  obtaining  a  reading  of 
the  electrometer  is  large  in  comparison  with  the  time  during 
which  the  discharge  through  the  galvanometer  takes  place,  it 
IB  probable  that  the  estimate  of  the  discharge  in  electrostatic 
measure  is  too  high,  and  the  value  of  v,  derived  &om  it,  is 
probably  also  too  high. 

IL  '  V '  expressed  as  a  Resistance. 

772.]  Two  other  methods  for  tlie  determination  of  v  lead  to 
an  expression  of  its  value  in  terms  of  the  resistance  of  a  given 
conductor,  which,  in  the  electromagnetic  system,  is  also  ex- 
pressed as  a  velocity. 

In  Sir  William  Thomson's  form  of  the  experiment,  a  constant 
current  is  made  to  flow  through  a  wire  of  great  resistance.  The 
electromotive  force  which  urges  the  current  through  the  wire  is 
measured  electrostatically  by  connecting  the  extremities  of  the 
wire  with  the  electrodes  of  an  absolute  electrometer.  Arts.  217, 
218.  The  strength  of  the  current  in  the  wire  is  measured  in 
electromagnetic  measure  by  the  deflexion  of  the  suspendt-d  coil 
of  an  electrodynamo meter  through  which  it  passes.  Art.  725. 
The  resistance  of  the  circuit  is  known  in  el ecti-o magnetic  measure 
by  comparison  with  a  standard  coil  or  Ohm.  By  multiplying 
the  strength  of  the  current  by   this  resistance  we  obtain  the 
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electromotive  force  in  electromagnetic  measure,  and  from  a 
comparison  of  this  with  the  electrostatic  measure  the  value  of 
V  is  obtained. 

This  method  recjuires  the  aimultaneous  determination  of  two 
forces,  by  means  of  the  electrometer  and  electrodynamometer  re- 
spectively, and  it  is  only  the  ratio  of  these  forces  which  appears 
In  the  result. 

773,]  Another  method,  in  which  these  forces,  instead  of  being 
separately  measured,  are  directly  opposed  to  each  other,  was 
employed  by  the  present  writer.  The  ends  of  the  great  resistance 
coil  are  connected  with  two  parallel  disks,  one  of  which  is 
moveable.  The  same  difference  of  potentials  which  sends  tie 
current  through  the  great  resistance,  also  causes  an  attraction 
between  these  disks.  At  the  same  time,  an  electric  current 
which,  in  the  actual  experiment,  was  distinct  from  the  primary 
current,  is  sent  through  two  coils,  fastened,  one  to  the  back  of  the 
fixed  disk,  and  the  other  to  the  back  of  the  moveable  disk.  The 
current  flows  in  opposite  directions  through  these  coils,  ao  that 
they  repel  one  another.  By  adjusting  the  distance  of  the  two 
disks  the  attraction  is  exactly  balanced  by  the  repulsion,  while 
at  the  same  time  another  observei',  by  means  of  a  differential 
galvanometer  with  shunts,  determines  the  ratio  of  the  primary 
to  the  secondary  current. 

In  this  experiment  the  only  measurement  which  must  be  re- 
feiTed  to  a  materis.1  standard  is  that  of  the  great  resistance, 
which  must  he  deteimined  ia  absolute  measure  by  comparison 
with  the  Ohm.  The  other  measurements  are  required  only  for 
the  determination  of  ratios,  and  may  therefore  be  determined  in 
terms  of  any  arbitrary  unit, 

Thus  the  ratio  of  the  two  forces  is  a  ratio  of  equality. 

The  ratio  of  the  two  currents  is  found  by  a  comparison  of 
lesistances  when  there  is  no  deflexion  of  the  differential  gal- 
vanometer. 

The  attractive  force  depends  on  the  square  of  the  ratio  of  the 
diameter  of  the  disks  to  their  distance. 

The  repulsive  force  depends  on  the  ratio  of  the  diameter  of  the 
coils  to  their  distance. 

The  value  of  v  is  therefore  expressed  directly  in  terms  of  the 
resistance  of  the  great  coil,  which  is  itself  compared  with  the 
Ohm. 
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The  value  of  v,  as  found  by  Thomson's  method,  was  28-2 
Ohms*;  by  Maxwell's,  28'8  Obmst- 

IIL  Electrostatic  Capacity  in  Electromagnetic  Measure. 
774.]  The  capacity  of  a  condenser  may  be  ascertained  in 
electromagnetic  measure  by  a  corapai-ison  of  the  electromotive 
force  which  produces  the  chai'ge,  and  the  quantity  of  electricity 
in  the  current  of  discharge.  By  means  of  a  voltaic  battery  a 
current  is  maintained  through  a  circuit  containing  a  coil  of 
great  resistance.  The  condenser  ia  charged  by  putting  its  elec- 
trodes in  contact  with  those  of  the  resistance  coiL  The  current 
through  the  coil  is  measured  by  the  deflexion  which  it  prctduces 
in  a  galvanometer.  Let  </>  be  this  deflexion,  then  the  current  ia, 
by  Art.  742,  ^ 

y=^tanc/>, 

where  H  is  the  horizontal  component  of  teirestrial  magnetiBm, 
and  G  is  the  principal  constant  of  the  galvanometer. 

If  jR  is  the  resistance  of  the  coil  through  which  this  current  is 
made  to  flow,  the  dlSerence  of  the  potentials  at  the  ends  of  the 
co^is  E  =  Ry, 

and  the  charge  of  electricity  produced  in  the  condenser,  whose 
capacity  in  electromagnetic  measure  is  C,  will  be 
q  =  EC. 

Now  let  the  electrodes  of  the  condenser,  and  then  those  of  the 
galvanometer,  be  disconnected  from  the  circuit,  and  let  the 
magnet  of  the  galvanometer  be  brought  to  rest  at  its  position 
of  equilibrium.  Then  let  the  electrodes  of  the  condenser  b« 
connected  with  those  of  the  galvanometer.  A  transient  current 
will  flow  through  the  galvaaometer,  and  will  cause  the  magnet  to 
awing  to  an  extreme  deflexion  0,  Then,  by  Art.  748,  if  the  dis- 
charge is  equal  to  the  charge, 

We  thne  obtain  as  the  value  of  the  capacity  of  the  condenser  in 
electromagnetic  measure 

„_  T  \  29.m\e 
TT  R    tani^ 

■  RepoTl  qfBrilith  A$toeiation,  1809,  p.  134. 
t  Fm.  Tram.,  IBSS,  p.  64S ;  ud  Bepart  <;/ BritUh  Attociation,  1S63,  p.  139. 
£03 
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The  capacity  of  the  condonaer  ia  thus  determined  in  terms  of 

the  foIlowiDg  quantities : — 

T,  the  time  of  vihration  of  the  magnet  of  the  galvanometer 
from  rest  to  rest. 

R,  the  resistance  of  the  coil. 

6,  the  extreme  hmit  of  the  swing  produced  hy  the  dischargo. 

0,  the  constant  deflexion  due  to  the  current  through  the  coil  R, 
This  method  was  employed  by  Professor  Fleeming  Jenkin  in  deter- 
miniiig  the  capacity  of  condensers  in  electromagnetic  measure*. 

If  c  be  the  capacity  of  the  same  condenser  in  electrostatic 
measure,  oa  determined  by  compaiison  with  a  condenser  whoBO 
capacity  can  be  calculated  from  its  geometrical  data, 
c  =  v'C. 

Hence  v^=^R^^^. 

The  quantity  v  may  therefore  be  found  in  this  way.  It 
depends  on  the  determination  of  R  in  electromagnetic  measure, 
but  as  it  involves  only  the  square  root  of  R,  an  error  in  this 
determination  will  not  affect  the  value  of  v  so  much  as  in  the 
methods  of  Arte.  772,  773. 

Intermittent  Current. 

775,]  If  the  wire  of  a  battery -circuit  be  broken  at  any  point, 
and  the  broken  ends  connected  with  the  electrodes  of  a  condenser, 
the  current  will  flow  into  the  condenser  with  a  strength  which 
diminishes  as  the  difference  of  the  potentials  of  the  plates  of  the 
condenser  increases,  so  that  when  the  condenser  has  received 
the  full  charge  corresponding  to  the  electromotive  force  acting 
on  the  wire  the  current  ceases  entirely. 

If  the  electrodes  of  the  condenser  are  now  disconnected  from 
the  ends  of  the  wire,  and  then  again  connected  with  them  in  the 
reverse  order,  the  condenser  will  discharge  itself  through  the 
wire,  and  will  then  become  recharged  in  the  opposite  way,  so 
that  a  transient  current  will  flow  through  the  wire,  the  total 
quantity  of  which  is  equal  to  two  charges  of  the  condenser. 

By  means  of  a  piece  of  mechanism  (commonly  caUed  a  Com- 
mutator, or  u'ippe)  the  operation  of  reversing  the  connexions  of 
the  condenser  can  be  repeated  at  regular  intervals  of  time,  each 
interval  being  equal  to  T.  If  this  interval  is  sufficiently  long  to 
*  Report  of  Briluh  Auociaiion,  1667,  pp.  483-4SS. 
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allow  of  the  complotG  discharge  of  the  condunaer,  the  quantity  of 
electricity  transmitted  by  the  wire  in  each  interval  will  be  2  EC 
where  E  is  the  electromotive  force,  aJid  C  ia  the  capacity  of  the 
condenser. 

If  the  magnet  of  a  galvanometer  included  in  the  circuit  is 
loaded,  so  as  to  swing  so  slowly  that  a  great  many  discharges 
of  the  condenser  occur  in  the  time  of  one  free  vibration  of  the 
magnet,  the  succession  of  dischargea  will  act  on  the  magnet  like 

a  steady  current  whose  strength  is     „  ■  ■ 

If  the  condenser  is  now  removed,  and  a  resistance  coil  substi- 
tuted for  it,  and  adjusted  till  the  steady  current  through  the 
galvanometer  produces  the  same  deflexion  as  the  succession  of 
discharges,  and  if  li  is  the  resistance  of  the  whole  circuit  when 
this  is  the  case,  E  _2  EC 

We  may  thus  compare  the  condenser  with  its  commutator  in 
motion  to  a  wire  of  a  certain  electrical  resistance,  and  we  may 
make  use  of  the  different  methods  of  measuring  resistance  de- 
Bcribod  in  Arts.  345  to  357  in  order  to  determine  this  resistance. 

776.]  For  this  purpose  we  may  substitute  for  any  one  of  the 

wb-es  in  the  method  of  the  Differential  Galvanometer,  Art.  346, 

or  in  that  of  Wheatstone'a  Bridge,  Art.  2i7,  a  condenser  with  its 

commutator.    Let  us  suppose  that  in  either  case  a  zero  de6exion 

of  the  galvanometer  has  been  obtained,  first  with  the  condenser 

and  commutator,  and  then  with  a  coil  of  resistance  R^  in  its 

'£ 
place,  then  the  quantity  —^  will  be  measured  by  the  resistance 

of  the  circuit  of  which  the  coil  fij  forms  part,  and  which  is 
completed  by  the  remainder  of  the  conducting  system  including 
the  battery.  Hence  the  resistance,  R,  which  we  have  to  calcu- 
late, is  equal  to  ii, ,  that  of  the  resistance  coil,  together  with  -Kji 
the  resistance  of  the  remainder  of  the  system  (including  the 
battery),  the  extremities  of  the  lesistance  coil  being  taken  as  the 
electi'odea  of  the  system. 

In  the  cases  of  the  differential  galvanometer  and  Wbeatstone's 
Bridge  it  is  not  necesaary  to  make  a  second  experiment  by 
substituting  a  resistance  coU  for  the  condenser.    The  value  of 
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the  resistance  required  for  this  purpose  may  bo  found  by  calcu- 
lation from  the  other  known  resistances  in  the  system. 

Using  the  notation  of  Art.  347,  and  supposing  the  condenser 
and  commutator  substituted  for  the  conductor  AC  in  Wheat- 
stone's  Bridge,  and  the  galvanometer  inserted  in  OA,  and  that 
the  deflexion  of  the  galvanomot^^r  is  zero,  then  we  know  that  the 
resistance  of  a  coil,  which  placed  m  AC  would  give  a  zero  de- 
flexion, is  r-^ 

(,=y  =  K,  (3) 

The  other  part  of  the  resistance,  R^,  is  that  of  the  system  of 
conductoi-s  AO,  OC.  AB,  BC  and  OB,  the  points  ,.4  and  C  being 
considered  as  the  electrodes.     Hence 

_;3(c  +  a.)(y  +  a)  +  ca(y  +  a)+ya(c  +  a}  ,  . 

(c  +  a){y  +  tt)  +  ^{.  +  «  +  y  +  a)        '  ^  ' 

In  this  expression  a  denotes  the  internal  resistance  of  the  battery 
and  its  connexions,  the  value  of  which  cannot  be  determined 
with  certainty;  but  by  making  it  small  compared  with  the 
other  resistances,  this  uncertaouty  will  only  slightly  affect  the 
value  of  R.^ . 

The  value  of  the  capacity  of  the  condenser  in  electromagnetic 


"  2{R,  +  R^) 


(5) 


•  (As  this  method  is  of  great  importance  in  measuring  the  c^pacitj  of  >  condenger 
in  electromagnetic  meaaure,  we  aubjoia  &  somewhat  fuller  investigation  of  it,  adapted 
t^i  the  case  wheo  the  cjlinder  h»i  a  gnard-ring. 

The  arrangtuient  emjiloyed  in  IhU  measurement  is  represented  in  the  annexed 
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777.]  If  the  condenser  has  a  large  capacity,  and  the  commu- 
tator ia  very  rapid  in  its  action,  the  condenser  may  not  he  fully 

AUCD  is  a,  Whentalonc'g  Bridge  with  the  galvMioineter  at  O,  and  the  battery 
between  n  aod  C.     The  arm  Alt  IH  broken  at  S  and  S,  whicb  are  two  poles  of  a 
eomiuutatur,  which  altematel;  oome  into  contact  with  a  qiring  P,  connected  with  the 
middle- plate,  M,  oF  the  condenser.    The  plate-  witliout  the  guni^-riii|{  it  connected  to  S, 
The  points  C  and  Ji  are  connected  respeccivelj  with  L  and  M.  the  [wo  pole*  of  a 
Oonunntator,  which  nlteroately  unme  into  contact  with  a  ipring  Q,  attached  to  the 
(fuard-ring  of  the  condenser.    The  syBleni  i>  atTBnged  n  that  when  Ihe  oommulator* 
■re  worliin^  (he  order  of  event*  is  u  foUowi  : 
I.  P  on  S.     Condenser  disohar^ . 
Q  on  3f ,  Gunrd-rini;  dischai^ecL 
n.  P  on  S.    Condenser  begins  to  oharge. 
QonAf. 
in.  P  on  R,    Condenser  completely  charged  to  potential  {A)-(^B). 

QoaL.     Gnard-ring  charged  to  potentUl  (Cl-jfl). 
IT.  J^  on  ^.     Condenser  begina  duchargiog. 
eoni. 
V.  P  on  ^'.     Condenser  discharged. 
Q  on  Jtf.  Guard-ring  discharged. 
ThUB,  when  the  conimutatora  are  working,  there  will,  oiting  to  the  flow  of  electricity 
to  the  condenser,  be  a  succeerion  of  momentary  currenta  througli  the  galianometer. 
The  resistanceB  nre  so  adjusted  that  the  effect  of  these  momentary  currents  on  the 
galvanometer  just  balances  the   effect  due   to  the  Bt«ady  current,  and  there  ia  no 
deflexi'm  of  the  galvanometer. 

To  inveKtigttle  the  reUtion  between  the  rraialnncei  when  thia  is  the  case,  let  u« 

suppose  that  when  the  guard-^ring  and  condenier  are  charging 

i  -  current  through  SC, 

g  =  corrent  through  AH, 

i  -■  carrsnt  thiough  Ah, 

tir  =  current  through  C'L. 

Thi.s.   if  a.   I.   1,  B,  Y  are  the  resistancBS  in  the  arm.  BC.  AC,  AD,  IID,  CD 

respectirely,  L   the  coetiicient  of  self-iud action  of  the  gnlvanometer,  and  J?  the 

eleotiomotive  force  nf  the  hattery,  we  have  &-om  circuit!  ADC  and  BCD  reitpeatiTel;, 

i«*(6  +  Y  +  a)i  +  Ci  +  7)j'  +  7*-T*'-0  (!' 

Now  it  ia  evident  that  the  currents  are  eaprsssed  by  equations  of  the  following 

*-«.  +  *.. 

where  t,  and  i,  eipreas  the  iteady  currents  when  no  electricity  i>  flowing  into  the 

onuleiiser.  and  i„  i,  are  of  the  form  A  e~*',  Be~*',  and  express  the  mriable  parts  of 

^iks  aaminta  due  to  tho  oluu-ging  of  the  conderuer ;  y  and  lb  will  be  of  the  form  Ce~     > 

.1  these  exprEasiona  is  the  time  which  has  elapsed  since  the  condenser 


Bqtutioiu  (11  and  (2)  will  thus  contain  constant  terms,  and  terms  niiilljplied  by 
«~*',  and  tb«  latter  must  separately  vanish,  Iience  we  have 

(«  +  T  +  fl)'.-(7  +  ^)y-7*,-(7-ffl>-i>-0.  (4) 

Let  Z,  X  be  the  quantitiei  of  electrioity  wldch  have  passed  through  the  galvano- 
meler  and  battery  respectively,  in  consequence  of  the  charing  of  tho  condenjer,  and 
]'  and  W  the  chiirges  in  the  condenser  and  guard-ring.  I'hen  inl^grating  equations 
(31  and  (4)  ovi^r  a  time  extending  from  just  before  the  condenser  began  to  charge 
until  It  is  fully  charged,  remembering  that  at  each  of  these  times  i.j  -  0,  we  get 
(h■^y^a.)Z  +  ^b^■^-^Y*■,W-tX~0, 
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diychargod  at  each  reversal.  The  equation  of  the  electric  current 
during  the  discharge  is 

Q  +  Jt^C^  +  EC=0,  (6) 

where  Q  is  the  charge,  C  the  capacity  of  the  condenser,  H^  the 
resistance  of  the  rest  of  the  system  between  the  electrodes  of  the 
condenser,  and  E  the  electromotive  force  duo  to  the  connexion 
with  the  battery. 

Hence  Q  =  (Q^  +  EC)e~^-EC,  (7) 

where  Q^  is  the  initial  value  of  Q. 

baaoc  elimliuitiiig  X. 

In  pmctiee  llie  b*twrj  fMisUnce  i»  very  amall  indeeil  compsrod  with  B,  li  ur  y,  to 
thkt  tlie  third  tenn  mrty  be  npgloctsd  in  compansun  with  llie  icnoDiI,  uid  we  get, 
u^lecting  the  battery  ri 


-1'. 


If  {A],  \B\,  {D)  denote  the  potCTitj»l«  ot  A,  B,  D  when  them 
chitged,  C  the  upadt;  of  the  cundenser,  then 

Bnt 

\A\~\S\  fA\-'.D\ 


The  right-hand  side  of  thii  equation  ii  evidently  i, ,  the  steady  current  thniugh  the 
^-alvBDOiueter,  to  that 


z.-i,i,c '-^ —  («) 

ir  the  condenser  ia  charged  n  times  per  seciind,  the  ([uaotity  of  electricity  which 
liaesea  in  ronaerjuencc  thn.ugli  tlie  galTanoiiieter  ]ier  Becond  is  nZ.  If  the  galvaao. 
meter  needle  remains  undeflected,  the  quantity  i>f  electricity  wliich  pnsses  through  the 
,'Blvanometer  in  unit  time  must  be  lero.     But  this  quantity  is  nZ  +  i,,  so  that 

iiZ  +  i,  -.0. 
Subslituting  this  relation  in  equation  (6),  we  get 


(7  +  g);f-->-«  +  7)i 


(6  +  a  +  T)» 
From  this  equation,  if  we  Itnow  the  rewstancea  and  the  apeed 
capacity,  ^e  J.  J.ThumsoDuid  Searle,  "A  Oetennination  ofv 
A,  p.  6S3-} 
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If  T  is  the  time  during  which  contact  is  maintained  during 
each  dischai'ge,  the  quantity  in  each  discbarge  is 


=  2EC- 


(8) 


1  +e  ' 


By  making  c  and  y  in  equation  (4)  large  compared  with  fl,  a, 
or  a,  the  time  represented  by  Bfi  may  be  made  so  small  com- 
pared with  r,  that  in  calculating  the  value  of  the  exponential 
expression  we  may  use  the  value  of  C  in  equation  (5),  We 
thus  find  ^  R  +Ji   T 

where  Rj  is  the  resistance  which,  must  be  substituted  for  the 
condenser  to  produce  an  equivalent  effect.  Bj  is  the  resistance 
of  the  rest  of  the  system,  T  is  the  interval  between  the  begin- 
ning of  a  discharge  and  the  beginning  of  the  next  discharge,  and 
T  is  the  duration  of  contact  for  each  discharge.  We  thus  obtain 
for  the  corrected  value  of  C  in  electromagnetic  measure 


C=i 


Ri+A, 


(10) 


\ 


IV.  Cifinpari&yn  of  Vte  Electrostatic  Capacity  of  a  Condenser  with 
tlie  Electromagnetic  Capacity  of  Self-vnduction  of  a  Cml. 
7"8.]  If  two  points  of  a  conducting  circuit,  between  which  the 
resistance  is  R,  are  connected  with  the  electrodes  of  a  condenser 
whose  capacity  is  C,  then,  when   an 
electromotive  force  acts  on  the  circuit, 
part  of  the  current,  instead  of  passing 
through  the  resistance  R,  wall  be  em- 
ployed   in    charging    the    condenser. 
The  current  through  R  will  thei'efore 
rise  to  its  final  value  from  zero  in  a 
gradual  manner.     It  appears  from  tbo 
mathematical  theory  that  the  manner 
in  which  the  current  through  R  rises 
from  zei'o  to  its  final  value  is  expressed  '  ''*'  ""' 

by  a  formula  of  exactly  the  same  kind  as  that  which  expresses 
the  value  of  a  current  urged  by  a  constant  electromotive  force 
through  the  coil   of  an  electromagnet.     Hence  we  may  place 
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a  condenser  and  an  electromagnet  in  two  opposite  members  of 
Wheatatone'e  Bridge  in  auch  a  way  that  the  current  through  the 
galvanometer  is  alwaya  zero,  even  at  the  instant  of  making  or 
breaking  the  battery  circuit. 

In  the  figui-e,  let  P,  Q,  R,  S  bo  the  resistances  of  the  four 
members  of  Wheatstone's  Bridge  respectively.  Let  a  coil, 
whose  coefficient  of  self-induction  ia  L,  be  made  part  of  the 
member  AH,  whose  resistance  is  Q,  and  let  the  electrodes  of  a 
condenser,  whose  capacity  ia  C,  be  connected  by  pieces  of  small 
rpsiatancc  with  the  points  F  and  Z.  For  the  sake  of  simplicity, 
we  shall  assume  that  there  is  no  cuiTcnt  in  the  galvanometer  G, 
the  electrodes  of  which  are  connected  to  F  and  H.  We  have 
therefore  to  det«rmine  the  condition  that  the  potential  at  F  may 
be  equal  to  that  at  H.  It  is  only  when  we  wish  to  estimate  the 
degree  of  accuracy  of  the  method  that  we  require  to  calculate 
the  current  through  the  galvaaometer  when  this  condition  is  not 
fulfilled. 

Let  X  be  the  total  quantity  of  electricity  which  has  passed 
through  the  member  AF,  and  z  that  which  has  passed  through 
FZ  at  the  time  t,  then  z—s  will  bo  the  charge  of  the  condenser. 
The  electromotive   force  acting  between  the  electrodes  of  the 

dt' 

condenser  is  C,  ^^dz  ,, . 

x-z  =  RC-f^.  (1) 

Let  y  be  the  total  quantity  of  electricity  which  has  passed 
through  the  member  AH,  the  electromotive  force  from  A  to  H 
must  be  equal  to  that  from  A  to  f,  or 

dy        d^y__     dx  , 

^di^^di^-^di-  ^^> 

Since  there  is  no  current  through  the  galvanometer,  the 
quantity  which  has  passed  through  HZ  must  be  also  y,  and 
we  find  J,,         ,j- 

Substituting  in  (2)  the  value  of  x,  derived  from  (1),  and  com- 
paring with  (3),  we  find  as  the  condition  of  no  current  through 
the  galvanometer 


t 
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The  condition  of  no  final  current  is,  as  in  the  ordinary  form  of 
Wheatstone's  Bridge,  njj  =  SP.  (5) 

The  additional  condition  of  no  current  at  making  and  breaking 
the  battery  connexion  is       £ 

^^  g  =  -RC.  (0) 

Hero  Tj  and  RC  are  the  time-conatanta  of  the  memberH  Q  and 

R  respectively,  and  if,  by  varying  Q  or  B,  we  can  adjust  the 
members  of  Wheatstone's  Bridge  till  the  galvanometer  indicates 
no  current,  either  at  making  and  breaking  the  circuit,  or  when 
the  current  is  steady,  then  we  know  that  the  time-coDstant  of 
the  coil  is  equal  to  that  of  the  condenser. 

The  coefficient  of  self-induction,  L,  can  be  determined  in 
electromagnetic  measure  from  a  comparison  with  the  coefficient 
of  mutual  induction  of  two  circuits,  whose  geometrical  data  are 
known  (Art.  756).     It  is  a  quantity  of  the  dimensions  of  a  line. 

The  capacity  of  the  condenser  can  be  determined  in  electro- 
static measure  by  comparison  with  a  condenser  whose  geomet- 
rical data  are  known  (Art.  229).  This  quantity  is  also  a  length,  c. 
The  electromagnetic  measure  of  the  capacity  in 

Substituting  this  value  in  equation  (6),  we  obtain  for  the 
value  of  u^  r 

v'  =  IQS.  (8) 

where  c  is  the  capacity  of  the  condenser  in  electrostatic  measure, 
L  the  coefficient  of  self-induction  of  the  coil  in  oleetromagnetic 
measure,  and  Q  and  R  the  resistances  in  electromagnetic  measure. 
The  value  of  v,  as  determined  by  this  method,  depends  on  the 
determination  of  the  unit  of  resistance,  ae  in  the  second  method, 
ArtH.  772,  773. 

7,  Cmnbination  of  the  Elertroetaiic  Capacity  of  a  Coridenser 

with  the  Electromagnetic  Capacity  of  Sdf-ijulttetion  of  a 

Coil. 

779.]  Let  C  be  the  capacity  of  the  condenser,  the  surfaces  of 

which  are  connected  by  a  wire  of  resistance  R.     In  this  wire  let 

the  coils  L  and  L'  be  inserted,  and  lot  L  denote  the  sum  of  their 

capacities  of  self-induction.     The  coil  L'  ia  hung  by  a  bifilor 


r 
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suBpension,  and  consists  of  two  parallel  coils  in  vertical  planes, 
between  wMch  passes  a  vertical  axis  whicli  carries  the  magnet  M, 
tlio  axis  of  wliich  revolves  in  a  hori- 
zontal plane  between  the  coils  L'L'. 
The  coil  L  has  a  large  coefficient 
of  self-induction,  and  is  fixed. 
The  suspended  coil  L'  is  protected 
from  the  currents  of  air  caused  by 
the  rotation  of  the  magnet  by 
enclosing  the  rotating  parts  in  & 
hollow  case. 

The  motion  of  the  magnet  causes 
currents  of  induction  in  the  coil, 
and  these  are  acted  on  by  the 
magnet,  so  that  the  plane  of  the 
suspended  coil  is  deflected  in  the 
direction  of  the  rotation  of  the 
magnet.  Let  ua  determine  the  sti-ength  of  the  induced  currents, 
and  the  magnitude  of  the  deflexion  of  the  suspended  coil. 

Let  X  he  the  charge  of  electricity  on  the  upper  surface  of  tho 
eoiidcnsc-r  (.',  tliun,  if  1'^  is  (he  tloctromutivc  forct:  which  produces 
this  charge,  we  have,  by  the  theory  of  the  condenser, 

x  =  CE.  (1) 


Fig.  68. 


We  have  also,  b^-  the  theory  of  electric  currents, 
ifi+  y  (Zi  +  Jf  cos  0)  +  £'  =  0, 


(2) 

where  M  is  the  electromagnetic  momentum  of  the  circuit  L', 
when  the  axis  of  the  magnet  i^  normal  to  the  plane  of  the  coil, 
and  &  is  the  angle  between  the  axis  of  the  magnet  and  this 
normal. 

The  equation  to  determine  x  is  therefore 

dt'  dt  dt 

If  the  coil  is  in  a  position  of  equiUbrium,  and  if  the  rotation 
of  the  magnet  is  uniform,  the  angular  velocity  being  n, 

e  =  ■)it.  (4) 

The  expression  for  the  current  consists  of  two  parts,  one  of 

which   is   independent   of  the  term   on  the  right-hand  of  the 

equation,  and  diminishes  according  to  an  exponential  function 


(3) 
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of  the  time.     The  other,  which  m&y  be  called  the  forced  current, 
depends  entirely  on  the  term  in  0,  And  may  be  written 

x  =  Aeiae-hJicoee.  {6) 

Finding  the  values  of  j4  and  B  by  substitution  in  the  equation 
(3),  we  obtain 

,,„    RCn cos  0~( I  ~CLn^)  sin  S  ,„. 

The  moment  of  the  force  with  which  the  magnet  acts  on  the 
coil  L',  in  which  the  current  x  is  flowing,  being  the  reverse  of 
that  acting  on  the  magnet  the  coil  being  by  supposition  fixed,  is 
Efiven  by  -7  j,, 

0  =  -iJ^,(Afcoa8)  =  Jf8m9?2.  (7) 

Integrating  this  expression  with  respect  to  (  for  one  revolution, 
and  dividing  by  the  time,  we  find,  for  the  mean  value  of  0, 

M^R(yn^  (8) 


3  =  \j 


If  the  coll  has  a  considerable  moment  of  inertia,  its  forced 
vibrations  will  be  very  small,  and  its  mean  deflexion  will  be 
proportional  to  0. 

Let  i>i,  Dg,  D^  be  the  observed  deflexions  corresponding  to 
angular  velocitieB  ii,,  n^,  n^  of  the  magnet,  then  in  general 

Pjj^il-Clny  +  R'C',  (9) 

where  P  is  a  constant. 

Eliminating  P  and  R  from  three  equations  of  this  form, 
we  find 


(»,'-«.')+^«-0+4-(»,'- 


■^^W-%')+4(%' 


-7Vl')  + 


i  ("I'-O 


.(10) 


If  71 J  is  such  that  CLn^^  =  1 ,  the  value  of  ^  will  be  a  minimum 

for  this  value  of  n.  The  other  values  of  n  should  be  taken,  one 
greater,  and  the  other  less,  than  ii^. 

The  value  of  CL,  determined  from  equation  (10),  is  of  the 
dimensions  of  the  square  of  a  time.     Let  us  call  it  r'. 

liC,  be  the  electrostatic  measure  of  the  capacity  of  the  con- 
denser, and  i„  the  electromagnetic  measure  of  the  Belf-indnotKl 
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of  tlic  coil,  both  C,  and  L„  are  lines,  and 


and 


product 


(12) 


where  T*  is  the  value  of  C^L^,  determined  by  this  experiment. 
The  experiment  here  suggested  as  a  method  of  determining  v  is 
of  the  same  nature  as  one  described  by  Sir  W.  R.  Grove, 
Phil.  Mag.,  March  18G8,  p.  184,  See  also  remarks  on  that 
experiment,  by  the  present  writer,  in  the  number  for  May  1868, 
pp. 360-363. 

VI.  Elect rontatic  Mcamrenient  of  Resistance.    {See  Art,  355.) 
780.]  Let  a  condenser  of  capacity  C  be  diachai'ged  through  a 
conductor  of  resistance  R,  then,  if  x  is  the  charge  at  any  instant. 


i-R 


dt  ' 


0) 


Hence  x  =  i£^e  "'■'.  (2) 

If,  by  any  method,  we  can  make  contact  for  a  shoH  time, 
which  is  accurately  known,  so  as  to  allow  the  current  to  flow 
through  tbt'  conductor  for  the  timo  (,  then,  if  E,,  and  Ej  are  the 
readings  of  an  electrometer  put  in  connexion  with  the  condenser 
before  and  after  the  operation, 

RG{\og,Ea-\og,Ei)  =  t.  (3) 

If  C  is  known  in  electrostatic  measure  as  a  linear  quantity,  R 
may  be  found  from  this  equation  in  electiostatic  measure  as  the 
reciprocal  of  a  velocity. 

If  R,  is  the  numerical  value  of  the  resistance  as  thus  deter- 
mined, and  if„  the  numerical  value  of  the  re^taace  in  electro- 
magnetic measure,  jj 

Since  it  is  necessary  for  this  experiment  that  R  should  be 
very  great,  and  since  R  must  be  email  in  the  electromagnetic 
experiments  of  Arts.  763,  &c.,  the  experiments  must  be  made  on 
separate  conductors,  and  the  resistance  of  these  conductors  com- 
pared by  the  ordinary  methods. 


I 


CHAPTER   XX. 

ELECTROMAGNETIC   THEORY   OF   LIGHT. 

781.]  In  several  parts  of  this  treatise  an  attempt  has  been 
made  to  explain  electromagnetic  phenomena  by  means  of  me- 
chanical action  transmitted  from  one  body  to  another  by  means 
of  a  medium  occupying  the  apace  between  them.  The  undu- 
latory  theory  of  light  also  ajsaumes  the  existence  of  a  medium. 
We  have  now  to  shew  that  the  properties  of  the  electromagnetic 
medium  are  identical  with  those  of  the  luminiferous  medium. 

To  fill  all  space  with  a  new  medium  whenever  any  new  phe- 
nomenon is  to  be  explained  is  by  no  means  philosophical,  but  if 
the  study  of  two  different  brancbee  of  science  has  independently 
suggested  the  idea  of  a  medium,  and  if  the  properties  which 
must  be  attributed  to  the  medium  in  order  to  account  for 
electromflgnetic  phenomena  are  of  the  same  kind  as  those  which 
we  attribute  to  the  luminiferous  uiedium  in  order  to  account  for 
the  phenomena  of  light,  the  evidence  for  the  physical  existence 
of  the  medium  will  be  considerably  strengthened. 

But  the  properties  of  bodies  are  capal)lo  of  quantitative 
measurement.  We  therefore  obtain  the  numeiical  value  of  some 
property  of  the  medium,  such  aa  the  velocity  with  which  a 
disturbance  is  propagated  through  it,  which  can  be  calculated 
from  electromagnetic  experiments,  and  also  observed  directly  in 
the  case  of  light.  If  it  should  be  found  that  the  velocity  of 
propagation  of  electromagnetic  disturbances  ia  the  same  as  the 
velocity  of  light,  and  this  not  only  in  air,  but  in  other  trans- 
parent media,  we  shall  have  strong  reasons  for  believing  that 
light  ia  an  electromagnetic  phenomenon,  and  the  combination  of 
the  optical  with  the  electrical  evidence  will  produce  a  conviction 
of  the  reality  of  the  medium  similar  to  that  which  we  obtain,  in 
the  case  of  other  kinds  of  matter,  from  the  combined  evidence 
of  the  Bonsea. 
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782.]  When  light  is  emitted,  a  certain  amount  of  energy 
expended  by  the  luminoua  body,  and  if  the  light  is  absorbed 
another  body,  this  body  becomes  heated,  ahowing  that  it  has  1 
ceived  energy  from  without.  During  the  interval  of  time 
the  light  left  the  fii'st  body  and  before  it  reached  the  seeond, 
must  have  existed  as  energ-y  in  the  intei-vening  apace. 

According  to   the   theory   of  emission,  the  transmission   1 
energy  is  effected  by  the  actual  transference  of  light-corpusculi 
from  the  luminous  to  the  illuminated  body,  carrying  with  them 
their  kinetic  energy,  together  with  any  other  kind  of  energy  < 
which  they  may  bo  the  receptacles. 

According  to  the  theory  of  undulation,  there  is  a  materii 
medium  which  fills  the  spsice  between  the  two  bodies,  and  it 
by  the   action   of  contiguous   parts  of  this  medium  that  thd 
energy  is  passed  on,  from  one  portion  to  the  next,  till  it  reached 
the  illuminated  body. 

The  luminiferous  medium  is  therefore,  during  the  passage  ol 
light  through  it.  a  receptacle  of  energy.  In  the  andulatorjr 
theory,  aa  developed  by  Huygena,  Fresnel,  Young.  Green,  &a, 
thia  energy  is  supposed  to  be  partly  potential  and  partly  kinetio. 
The  potential  energy  is  supposed  to  be  due  to  the  distortion  of 
the  elementary  portions  of  the  medium.  We  must  therefore 
regard  the  medium  as  elastic.  The  kinetic  energy  is  supposed 
to  be  due  to  the  vibratory  motion  of  the  medium.  We  mast 
therefore  regard  the  medium  aa  having  a  finite  density. 

In  the  theory  of  electricity  and  magnetism  adopted  in  this 
treatise,  two  forma  of  energy  are  recognised,  the  eleotrostaUe 
and  the  electrokinetic  (see  Arts.  630  and  036),  and  these 
supposed  to  have  their  seat,  not  merely  in  the  electrified  or 
magnetized  bodies,  but  in  every  part  of  the  surrounding  apace, 
where  electric  or  magnetic  force  is  observed  to  act.  Hence  our 
theory  agrees  with  the  vndulatory  theory  in  assuming  th9 
existence  of  a  medium  which  is  capable  of  becoming  a  receptacls 
of  two  forms  of  energy  *. 

*  'For  mj  own  put,  conaiilerioK  Ihe  reUlinn  of  &  vacuum  to  tliE  mnpietia 
and  tlie  genenl  cbuacter  of  magnetic  phenomeiia  external  lo  tbe  magnet,  t  nm 
inellned  to  th«  DOtion  that  in  the  {.raiUDiiHion  of  tbe  feiroe  OisTe  !■  ouah  an  • 
cxlenial  to  the  magnet,  tban  that  the  offeict*  aiv  merely  attnution  and  m^bSm 
diatancF.  Such  tax  action  may  be  a  runctiun  of  tbe  ntier ;  for  it  ii  not  at  all 
that,  if  there  be  an  ethar,  it  ihoulU  have  otbar  uua  than  liiupl;  tliD  ounrcjaM* 
rsdiationa." — Famda;!  SxptritatnCal  Saearcitt,  S076. 
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783.]  Let  ua  next  determine  the  conditioiis  of  the  propagation 
of  aji  elcctromftgnetic  disturbance  through  a  uniform  medium, 
which  we  shall  suppose  to  be  at  rcat,  that  is,  to  have  no  motion 
except  thatwhicfa  m^y  be_mvoIyed  in  electromagnetic  diaturb- 
ances. 

Xet  C  be  the  specific  conductivity  of  the  medium,  K  its  specific 
capftcity  for  electrostatic  induction,  and  ^  ita  magnetic  "  perme- 
ability '. 

To  obtain  the  general  equations  of  electromagnetic  disturb- 
ance, we  shall  express  the  true  current  E  in  terms  of  the  vector 
potential  Sfl  and  the  electric  potential  +. 

The  true  current  @  is  made  up  of  the  conduction  current  ft 
and  the  variation  of  the  electric  displacement  £,  and  since  both 
of  these  depend  on  the  electromotive  intensity  (S,  we  find,  as  in 
Alt.  611,  1        ,/ 

But  since  there  is  no  motion  of  the  medium,  we  may  express 
the  electi-omotive  intensity,  as  in  Art.  699, 

(J  =  -3i^V*.  (2) 

Hence  S  =  _(c+ ±yf  |j^'i|  +  V*) .  « 

But  we  may  determine  a  relation  between  @  and  31  in  a 
different  way,  ae  is  shewn  in  Art.  616,  the  equations  (4)  of 
which  may  be  written 

4ir;*g  =  7»Sl  +  V^,  (4) 

.     ,JF    (IG     dH  ,,, 

where  '^=  "T  +  "i^  +  T"'  (*) 

dx      ay      az  '  ' 

Combining  equations  (3j  and  (4),  we  obtain 

^c(4nC4  /£■  ^)  ('^'  +  V+}  +  Vm+17y=  0,  (6) 

which  we  may  express  in  the  form  of  three  equations  as  follows — 

These  are  the  general  equations  of  electrumagnclic  dlsturbuioes. 
VOL.  u.  Jf  t 
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If  wc  differentittte  these  equations  with  respect  to  x,  y,  and  s 
respectively,  and  add,  we  obtain 

If  the  medium  is  a  non-conductor,  C  =  0,  and  V^+,  which  is 
proportional  to  the  volume-density  of  free  electricity,  is  inde- 
pendent of  (.  Hence  /  must  be  a  linear  function  of  t,  or  a 
constant,  or  zero,  ami  we  may  therefore  leave  J  and  +  out  of 
account  in  considering  periodic  disturbances. 


Propagation  of  Uiidulationa  in  a  Non-conducting  Medium. 
784.]  In  thia  case,  C  =  0,  and  the  equations  become 


K.g.vs^o. 


I 


(») 


Tlip  equations  in  this  form  are  similar  to  those  of  the  motion 
of  an  incompressible  elastic  solid,  and  when  the  initial  conditions 
are  given,  the  solution  can  be  expressed  in  a  foi-m  given  by 
Poissou*,  and  applied  by  Stokes  to  the  Theory  of  Diffraction  t> 

Let  US  write  V  =      ■  (10) 

(It  '  dt  '   dt 

every  point  of  space  at  the  epoch  ((  =  O),  then  we  can  determine 
their  values  at  any  subsequent  time,  /,  as  follows. 

Let  0  be  the  point  for  which  we  wish  to  determine  the  value 
of  F  at  the  time  t.  With  0  as  centre,  and  with  radius  I'i, 
describe  a  sphere.  Find  the  initial  value  of  F  at  every  point  of 
the  spherical  surface,  and  take  the  viean,  F,  of  all  these  values. 

Find  also  the  initial  values  of  —  at  every  point  of  the  spherical 

dP' 
surface,  and  let  the  mean  of  these  values  bo  -;-  ■ 
dt 
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Then  the  value  of  F  at  the  poLat  0,  at  the  time  t^  is 
d    -         (IF    i 

Similarly  G=j(Gt)  +  t'^,   \  (n) 


785.]  It  appeal's,  therefore,  that  the  condition  of  things  at 
the  point  0  at  any  inHtant  depends  on  the  condition  of  things 
at  a  distance  Vt  and  at  an  interval  of  time  t  previously,  so 
that  any  disturbance  ia  propagated  through  the  medium  with 
the  velocity  V. 

Let  ua  suppose  that  when  t  is  zero  the  quantities  ?I  and  S  are 
zero  except  within  a  certain  apace  S.  Then  their  values  at  0  at 
the  time  t  will  be  zero,  unless  the  spherical  surface  described 
about  0  aa  centre  with  radius  Vt  lies  in  whole  or  in  pait 
within  the  space  S.  If  0  is  outside  the  space  S  there  will  be  no 
disturbance  at  0  until  Vt  becomes  equal  to  the  shortest  distance 
from  0  to  the  space  S.  The  dbturbance  at  0  will  then  begin, 
and  will  go  on  till  Vt  is  equal  to  tLc  greatest  distance  from  0  to 
any  part  of  S.     The  disturbance  at  0  will  then  cease  for  ever. 

786.]  The  quantity  V,  in  Art.  764,  which  expresses  the 
velocity  of  propagation  of  electromagnetic   disturbanceB  in  a 


If  the  medium  is  air,  and  if  we  adopt  the  electrostatic  system 
of  measurement,  A' =  1   and   u  =  — ;>    so   that    V=v,   or  the 

IT 

velocity  of  propagation  is  numorlcally  equal  to  the  number  of 
electrostatic  units  of  electricity  in  one  electromagnetic  unit.     If 

we  adopt  the  electromagnetic  system,  K  —  -^  and  /i  =  1,  so  that 
the  equation  F  =  ^)  is  still  true. 

On  the  theory  that  light  is  an  electromagnetic  disturbance, 
propagated  in  the  same  medium  through  which  other  electro- 
magnetic actions  are  transmitted,  V  must  be  the  velocity  of 
light,  a  quantity  the  value  of  which  has  been  estimated  by 
several  methoda.  On  the  other  hand,  v  is  the  number  of 
electrostatic  units  of  electricity  In  one  electromagnetic  unit,  anil 
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the  methods  of  detennining  this  quantity  liave  been  described  in 
the  last  chapter.  They  are  quite  independent  of  the  methods  of 
finding  the  velocity  of  light.  Hence  the  agreement  or  dis- 
agreement of  the  values  of  V  and  of  v  fumiahca  a  test  of  the 
electromagnetic  theory  of  light. 

787.]  In  the  following  table,  the  principal  reeults  of  direct 
observation  of  the  velocity  of  light,  either  through  the  air  or 
through  tho  planetary  spaces,  are  compared  with  the  principal 
results  of  the  comparison  of  the  electric  units 

Velocity  of  Light  (mttrm 

Fizeau 

Aberration,  &c-,  andj 
Sun's  Parallax       ] 

Foucault 

It  is  manifest  that  the  velocity  of  light  and  the  ratio  of  the 
unite  are  quantities  of  the  same  order  of  magnitude.  Neither  of 
them  can  be  said  to  be  determined  as  yet  with  such  a  degree  of 
accuracy  as  to  enable  us  to  assert  that  the  one  is  greater  or  less 
than  tlie  other.  It  is  to  be  hoped  that,  by  further  experiment, 
tho  relation  between  the  magnitudes  of  the  two  quantities  may 
be  more  accurately  determined. 

In  the  meantime  our  theory,  which  asserts  that  these  two 
quantities  are  equal,  and  assigns  a  physical  reason  for  this 
equality,  is  certainly  not  contradicted  by  the  comparison  of 
these  results  such  as  they  are. 

B  pfiperby  E.  B.  Rou,  Phil.  Mag.  28,  p.  SIS, 


....314000000 
■  ... 308000000 
....298360000 


Ratio  of  GTiKtrio  Units  (mbtrM 

per  aeooncl). 
Wehei- 310740000 

Maxwell  ...288000000 

Thomson. ..282000000 


I 


lg£i6  Weber  and  Kohlnuscli 

1868  MaiweU  

ltiG9  W,  Thameon  and  King 

1873  M'^Kiolifui        

lb"!)  AyrtOQ  and  Pbitj 

mo  Shidtt  

lSe3  J.  J.ThouiBOQ 

1864  Klemeneie      

1888  Himatedt         

18Wi)  W.  Thomson 

18S'J  E.  B.  Rnsa      

1890  J.  J.  Thomson  nnd 


rnrle 


Velocitv 
Comu(1878) 
Michelsou  (187U)  .. 
Micbelson  (1882)  .. 


n  the  B.A.  i 
31(17  X  lU'*  (cm.  per  ■econd) 
2.842x10'° 
2-808x10" 
2-886  X  10" 
2-960  xlO'» 
2-955x10" 
2-yfl3  X  JO" 


3003x10" 
2.9982  X  10" 
2-99711x10" 


SPECIFIC   INDUCTIVE    CAPACITY. 

788,]  In  other  media  than  air,  the  velocity  V  is  inversely 
proportional  to  the  square  root  of  the  product  of  the  dielectric 
and  the  magnetic  inductive  capacities,  According  to  the  iindu- 
latoiy  theory,  the  velocity  of  light  in  different  media  is  inversely 
proportional  to  their  indices  of  refraction. 

There  are  no  transparent  media  for  which  the  magnetic 
capacity  differs  from  that  of  air  more  than  by  a  very  small 
fraction.  Hence  the  principal  part  of  the  difference  between 
these  media  must  depend  on  their  dielectric  capacity.  According 
to  our  theory,  therefore,  the  dielectric  capacity  of  a  transparent 
medium  should  be  ecjual  to  the  square  of  its  index  of  refraction. 

But  the  value  of  the  index  of  refraction  is  ciiff^Tent  for  light 
of  different  kinds,  being  greater  for  light  of  more  rapid  vibra- 
tions. We  must  therefore  select  the  index  of  refraction  which 
corresponds  to  waves  of  the  longest  periods,  because  these  are 
the  only  waves  whose  motion  can  be  compared  with  the  slow 
processes  by  which  we  determine  the  capacity  of  the  dielectric, 

789.]  The  only  dielectiic  of  which  the  capacity  has  been 
hitherto  determined  with  sufficient  accuracy  is  pai-affin,  for 
which  in  the  solid  form  MM.  Gibson  and  Barclay  found* 

Ji  =  1-975.  (12) 

Dr.  Gladstone  has  found  the  following  values  of  the  index 
of  refraction  of  melted  paraffin,  sp.  g.  0-779,  for  the  lines  A,  li 
andH:— 

Temperature     \  A  \  tl  i  II 

54^0  1-4306  1-4357  1-4499 

57'C  I  1-4294  I  1-4343  I  1-4493; 

from  which  I  find  that  the  index  of  retraction  for  waves  of  infinite 
length  would  he  about  1-422. 

The  square  root  of  A"  is  1-405. 

The  difference  between  these  numbers  is  greater  than  can  be  a«- 
countvd  for  by  errors  of  observation,  and  shews  that  our  theories 
of  the  structure  of  bodies  must  be  much  improved  before  we 
can  deduce  their  optical  from  their  electrical  properties.  At  the 
same  time,  I  think  that  the  agreement  of  the  numbers  is  such 
that  if  no  greater  discrepancy  were  found  between  the  numbers 
derived  from  the  optical  and  the  electrical  properties  of  a  con- 
Mderahle   number   of  substances,   we  should  be   warranted  in 

•  Fka.  Tra**.  1871,  p.  673. 
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concluding  that  the  square  root  of  A',  though  it  may  not  be 
the  complete  expression  for  the  index  of  refraction,  is  at  least 
the  most  important  term  in  it*. 

Plane   Waves. 

790.]  Let  us  now  confine  our  attention  to  plane  waves,  the 
fronts  of  which  we  shall  suppose  normal  to  the  axis  of  z.  All 
the  quantitieB,  the  variation  of  which  constitutes  such  waves,  are 
functiong  of  z  and  (  only,  and  are  independent  of  j;  and  y.  Hence 
the  equations  of  magnetic  induction,  (A),  Art.  591,  are  reduced  to 
dG  .      dF 

"=-,/.-'  ^=dz'         '="•  ^'^^ 

or  the  magnetic  disturbance  is  in  the  plaue  of  the  wave.  This 
agrees  with  what  we  know  of  that  disturbance  which  constitutes 
light. 

Putting  lia,  M^  and  ny  for  a>  h  and  c  respectively,  the  equa- 
tions of  electric  currenttt,  Art.  607,  become 
db         d^F  ■ 


^isiiu  = 


ds  d^- 


da         d^Q    \  (U) 

AixfiV  =  0, 
Hence  the  electric  disturbance  is  also  in  the  plane  of  the  wave, 

and  if  the  magnetic  disturbance  is  confined  to  one  direction,  say 
that  of  z,  the  electric  disturbance  is  confined  to  the  perpendicular 
direction,  or  that  oi  y. 

But  we  may  calculate  the  electric  disturbance  in  another  way, 
for  if/,  I),  h  are  the  components  of  electric  displacement  in  a 
non-conducting  medium, 

_df  _dg  _dh 

'"'~dt'  ^"dt'  '^~  dt' 

•  [In  a  paper  read  to  the  Itojnl  Society  on  Jim''  14.  1877,  Dr.  J.  Hoplfinaon  girea 
the  TCBiilts  of  eipcriDient^  made  for  the  purpose  of  iletermining  the  specific  inductive 
capacitieB  of  vnriouB  kinds  of  giass.  These  results  dii  not  verify  the  theoretical  con- 
cIutioDS  arrived  at  in  the  text,  the  value  of  K  being  in  each  caxe  in  exces*  of  that  of 
the  Fijiiare  of  tbe  refmctive  index.  In  a  subaequent  )>aper  to  the  Royal  Society,  read 
on  Jan.  li.  ISHl,  Dr.  Hopkinson  finds  that,  if  /in  denote  the  index  o(  refraction  for 
waves  of  infinile  length,  then  K^/i^ao  for  hydrocarbons,  but  for  animal  and  vegetable 
oils  K>*<'« .] 

{Under  electrical  vibrations  with  a  frequency  of  about  twenty-five  millions  per 
neoond  JTUie  specific  inductive  capacity  of  glass,  according  to  the  experimtnts  of  J,  J, 
Thumson,  Pr/ie.  Soy.  Sne.,  June  20,  I88y,  and  Blondlot,  Comptet  llcndit.  May  11, 
1831,  p.  10S8,  approxiuiatei  to  (.'.  Lecher  (ITwrf.  Anu.  42,  p.  142)  aaae  to  tbe 
opposite  conclusion  that  the  divergence  under  such  clrcumatances  was  greater  than  for 
ateady  forces.  J 


(15) 
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If  P,  Q,  E  aro  the  components  of  the  electromotive  Intensity, 


and  eincc   there  ie  no  motion  of  the  medium,  equations  (B), 
Art.  G98,  become 

--f.   ^-"£'   «=-^-    c. 

Hence     ■«  =  -  — -^  .     «  =  --—-—-,     w  =  -  ~-j-^-    (18) 

CompajTDg  these  values  with  those  given  in  equation  ( H),  we  find 
i'F      „    <PF   \ 


-K^l 


(19) 


rf'fl 


(20) 


The  first  and  second  of  these  equations  are  the  equations  of 
propagation  of  a  plane  wave,  and  theii-  solution  ia  of  the  well- 
known  form 

F=f^{z-Vi)+f.Sz^Vt),l 

The  solution  of  the  third  equation  is 
H=A^Bt,  (21) 

where  A  and  B  are  functions  of  s.  //^is 
therefore  either  constant  or  varies  dj  reetly 
with  the  time.  In  neither  case  can  it 
take  part  in  the  propagation  of  waves. 

791,]  It  appears  from  this  that  the 
directions,  both  of  the  magnetic  and  the 
electric  disturbances,  lie  in  the  plane  of 
the  wave.  The  mathematical  form  of  the 
disturbance  therefore  agrees  with  that  of 
the  disturbance  which  constitutes  light, 
being  transverse  to  the  direction  of  pro- 
p^ation. 

If  we  suppose  ff  =  0,  the  disturbance  will  correspond  to  a 
plane-polarized  ray  of  light. 

The  magnetic  force  is  in  this  case  paiuUel  to  the  axis  of  y  and 


Fig.  87. 
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OF 

"^  11.  dz' 

axis  of  a;  and  equal  to jr  •    The  magnetic  force  is  therefore  in  a 

plane  perpendicular  to  that  which  contains  the  electric  intensity. 
The  values  of  the  magnetic  force  and  of  the  electromotive  inten- 
sity at  a  given  instant  at  different  points  of  the  ray  are  represented 
in  Fig.  67,  for  the  ease  of  a  simple  harmonic  disturbance  in  one 
plane.  This  corresponds  to  a  ray  of  plane-polarized  light,  but 
whether  the  plane  of  polarization  eorresponda  to  the  plane  of  the 
magnetic  disturbance,  or  to  the  plane  of  the  electric  disturbance, 
remains  to  be  seen.     See  Art.  707. 

Energy  and  Stress  of  Radiation. 
792.]  The  elech-ostatic  energy  per  unit  of  volume  at  any  point 
of  the  wave  in  a  non-conducting  medium  is 

The  electrokinetic  energy  at  the  same  point  is  ^| 

_L6;,=  J_J«=      ■     ^r.  (23) 

In  virtue  of  equation  (20)  these  two  expressions  are  equal  for  a 
single  wave,  so  that  at  every  point  of  the  wave  the  intrinsic 
energy  of  the  medium  is  half  electrostatic  and  half  electrokinetic. 

Let  p  be  the  value  of  either  of  these  quantities,  that  is,  either 
the  electrostatic  or  the  electrokinetic  energy  per  unit  of  volume, 
then,  in  virtue  of  the  electrostatic  state  of  the  medium,  there 
is  a  tension  whose  magnitude  is  p,  in  a  dii-ection  parallel  to  x, 
combined  with  a  pressure,  also  equal  to  p,  parallel  to  y  and  z. 
See  Art.  107. 

In  virtue  of  the  electrokinetic  state  of  the  medium  there  is  a 
tension  equal  to  ;;  in  a  direction  parallel  to  y,  combined  with  a 
pressure  equal  to  jw  in  directions  parallel  to  x  and  s.  See 
Art.  643. 

Hence  the  combined  effect  of  the  electrostatic  and  the  electro- 
kinetic stresses  is  a  pressure  equal  to  2p  in  the  direction  of  the 
propagation  of  the  wave.  Now  2p  also  expresses  the  whole 
energy  in  unit  of  volume. 

Hence  in  a  medium  in  which  waves  are  propagated  there  is  a 
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pressure  in  the  diieetion  normal  to  the  waves,  and  numerically 
equal  to  the  energy  in  unit  of  volume. 

793.]  ThuB,  if  in  strong  sunlight  the  energy  of  the  light  which 
falls  on  one  square  foot  ia  83-4  foot  pounds  per  second,  the  mean 
energy  in  one  cubic  foot  of  sunlight  ia  about  0-0000000882  of  a 
foot  pound,  and  the  mean  pressure  on  a  square  foot  is  0-0000000882 
of  a  pound  weight.  A  flat  body  exposed  to  sunlight  would  ex- 
perience this  pressure  on  its  illuminated  side  only,  and  would 
therefore  be  repelled  from  the  side  on  which  the  light  falls.  It 
is  probable  that  a  much  greater  energy  of  radiation  might  be 
ohtained  by  means  of  the  concentrated  rays  of  the  electric  lamp. 
Such  rays  falling  on  a  thin  metallic  disk,  delicately  suspended 
in  a  vacuum,  might  perhaps  produce  an  observable  mechanical 
effect.  When  a  disturbance  of  any  kind  couBista  of  terms  in- 
volving sines  or  cosines  of  angles  which  vary  with  the  time,  the 
maximum  energy  is  double  of  the  mean  energy.  Hence,  if  P  is  the 
maximum  electromotive  intensity  and  B  the  maximum  magnetic 
force  which  are  called  into  play  during  the  propagation  of  light, 

—  P'^  =  ft~^*  ~  mean  energy  in  unit  of  volume.  (24) 

With  Pouillet's  data  for  the  energy  of  sunlight,  as  quoted  by 
Thomson,  Trans.  R.  S.  E.,  1854,  this  gives  in  electromagnetic 
measure 

P  =  60000000,  or  about  600  Daniell's  cells  per  mfetre  ;* 
^  =  0-193,  or  rather  more  than  a  tenth  of  the  horizontal  mag- 
netic force  in  Britain  f. 

*  {l  bave  not  been  klile  to  veriFy  ttieae  nuniben,  if  ws  ivBeiime  r  =  S  k  10",  the 
meftn  ensrgy  in  oue  o.  c.  <>f  ititnlii;ht  is,  ncoordiDg  to  Poiiillet's  ilats,  aa  quot«l  b; 
ThoniBoii,  3-92  X  10-',  ergs,  the  corre« ponding  viluea  of  P  rmd  fl  »*  pvon  by  (31)  »re 
inC,U,S.  DDiU 

P  —  9.12  X  lO"  or  9,42  volU  per  centimetre 

fi  •=  -0S14  or  rather  more  than  a  aiitli  of  tlie  earth'*  borizoatsl  nugnetlc  Force.} 

-(■  i  Vft  mnj  regard  the  forces  exerted  hy  the  incident  light  on  the  reflecting  aarhcw 
from  ■  difierent  point  of  view.  Let  □■  eniipoee  QmX  the  reflecting  anrfue  ia  metallic, 
then  when  the  light  falls  on  the  eurfiice  the  variation  of  the  loaguetic  force  indueee 
currenta  in  the  tnetal,  and  theae  ciirrenta  produce  opposite  inductive  clfeot<  to  the 
incident  light  bo  that  the  inductive  fiiroe  ia  screened  olf  from  tlie  intoiior  of  Che  meta! 
plale,  thus  the  ourrenU  in  the  plate,  and  therefore  the  intensity  of  the  light,  rapidly 
diminiah  a»  we  rec«de  from  the  anr&ce  of  the  plate.  Die  currents  in  the  pljtle  are 
accompanied  by  magnetic  forces  at  right  angles  to  them,  the  correspouding  mechanical 
force  is  at  right  angles  both  to  the  current  nud  the  magnetic  force,  and  therefore  pandlel 
to  the  ilirection  of  propagation  of  the  light.  If  the  light  were  paiaing  through  a  non- 
sbsorbent  medium  thb  mechanical  force  would  be  reversed  after  half  a  wave  length, 
and  when  iotegralod  over  a  finite  time  and  difitanee  would  have  no  reaultant  effect. 
When  however  the  currente  rapidly  die  away  a*  we  recede  from  the  surface,  the 
effects  due  to  the  currents  close  to  the  snrtace  are  not  counterbalanced  by  the  efli  ' 
of  those  at  soue  distance  away  &om  it,  so  that  the  resultant  effact  dues  not 


i 


442  ELECTEOUAONETIC   THEOET   OF   LIGHT,  [794- 


lectrO^^I 


Propagation  of  a  Plane  Wave  in  a  Cry^alUzed  Medium. 
794.]  In  calculating,  from  data  furnished  by  ordinary  eli 
magnetic  esperiments,  the  electrical  phenomena  which  woald 
result  from  periodic  disturbances,  millions  of  millions  of  whicli 

We  con  oftlculste  the  magoitade  of  this  effect  in  the  foliowinjf  waj.  Lot  ui 
cncslder  the  ciue  nf  light  incident  notTa]U1y  nn  a  metal  plate  which  we  bIiaU  take  ■* 
the  plane  of  xj/.  Let  a  be  the  gpecilii]  reelstanaB  of  the  material.  Let  the  vectiir 
potential  of  th«  inddent  ray  be  giTea  by  the  eijuatiun 

of  the  reflected  rny  by  F"  —  A'e"r''"'* 

of  the  refraoted  ray  bj  p-  ^  j-'^dji -■-<!. 

then  in  the  air  ^p       j   ^jsp 

17'  V'dt'' 
wher*  V  u  the  velooity  of  light  in  »ir,  iteaai 


n  the  metal  ^      jw^dF 

rfi'  "    a    dt' 


<'M» 


uid  therefore 


The  vector  potential  at  the  n 
The  magnetic  force  parallel  U 


9D  tlint  in  the  metal  the  real  part  of  the  vector  potential  it 

I  -Jin 
The  intensity  of  thecurrent  is  -  t"'    ,  u,jt  i», 


-.V2.  "'^'" 


The  magnetic  induction  — —  ia 

_2^';P,...;<.o,(p(_^^j,_,i„(j,(_ 
V-Ji 


J94-] 
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:  in  a  Becond,  we  have  already  put  our  theory  to  a  very 

^ere  test,  even  when  the  medium   is  supposed  to  be  air  or 

1.     But  if  we  attempt  to  extend  our  theory  to  the  case 

Fof  dense  media,  we  become  involved  not  only  in  all  the  ordinary 

difficulties  of  molecular  theories,  but  in  the  deeper  mystery  of 

the  relation  of  the  molecules  to  the  electromagnetic  medium. 

To  evade  these  difficulties,  we  shall  afisume  that  in  certain 
media  the  specific  capacity  for  electrostatic  induction  is  different 
Ln  different  directioDS,  or  in  other  words,  the  electric  displace- 
inent,  instead  of  being  in  the  same  direction  aa  the  electromotive 
mtenaity,  and  proportional  to  it,  is  related  to  it  by  a  system  of 
linear  equations  similar  to  those  given  in  Art.  297.  It  may  be 
Aewu,  as  in  Art.  436,  that  the  system  of  coefficients  must  be 


t  TOlame  parallel  b 


B  product  ot  Ihem  two 


IB  of  this  IB  aipresBed  by  ttie  noD-periDdtc  term  uid  U  eqiul  to 


n-ilh  retpcct 


:  froQi  2  "  (I  tu  ! 


A  ilmil&r  iuveitigntion  wtU  ghow  that  «hen  wa  hare  kbauTption  there  !■  &  farce  on 
the  Bbwtrbtiig  mtdium  from  the  place*  wh^re  the  light  u  itrcmg  to  thoes  where  it  le 
fidnt.  la  the  ca»e  of  eunlight  the  effeot  neeiue  »m«lT,  if  the  abwrption  however  wem 
Cftnsed  by»  very  r&regw,  the  preanure-grmlient  mig-ht  bu  luge  cnaugli  to  pKxtuce  very 
CDDiidenble  etiect*,  anil  it  hu  been  BuggeBl«d  thait  this  cause  is  one  of  the  a^nta  at 
work  in  RBuidng  ciimete'  tails  to  be  repelled  by  the  >UQ.  When  the  electric  Tibratiom 
are  euoh  u  are  prodaced  in  Herts'*  eKperimenu  the  magnetic  forces  are  very  much 
greater  than  those  in  sunlight,  and  the  effect  ougbt  to  bo  capable  of  detection,  if  the 
Tibratora  could  bo  kept  at  work  anything  like  continuoo«ly. 

We  alto  get  mechanical  foroci  whoie  menu  value  at  any  point  is  not  zero  when  we 
e  ttatinnary  vibrations.  Wo  may  take  as  an  eiample  of  the  tt^tlonary  TibratlanB 
reflected  and  incident  wavei  in  the  above  eianiple. 

In  the  air  the  vector  polential  i>,  remembering  that  a/a'  u  small, 

pr,  taking  the  real  part,  since .^  t  A' -0  approiiniately, 
2  Adapt  tin  at. 
-A  .      ,  . 
—  ^ —  naptnnai. 
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Bymmc-trical,  so  that,  by  a  proper  choice  of  axes,  the  eqaationa 


where  A'j,  Jf<^,a]id  A",  are  the  principal  inductive  capacities  of  the 
medium.  TheequatJonB of  progagation  of  disturVjancesare therefore 


d'F     'PZ_^PO^_i^_g     (rf^      ^P*\ 
<(f  *  rfi"      <lxd3     rfai/i  ~     ''  >  (If  *  (IrJt'  ' 
d'Q     d'O     d'H  _  iPF  _^    ,dHl     d'* . 
(/s>"''<fa>      dydi     dirdy~     '''^de'^dydt'' 
dfH  ,  d'H     d'F      d'O  __        ,<PH     d'* , 
(ijjs"     "'lift"  '''dzdl''. 


I 


795.]  If  2,  ni,  71  are  the  dii-ection-cosmea  of  the  normal  to  the 
wave-fiont,  and  V  the  velocity  of  the  wave,  and  if 

Ix  +  vuj  +  nz—  Vt  =  w,  (3) 

and  if  we  write  F",  0",  H",  +"  for  the  second  differential  coeffi- 
cients of  F,  G,  H,  4"  respectively  with  respect  to  iv,  and  put 

where  «,  h,  c  aro  tho  three  principal  velocities  of  propagation, 
the  equations  become 

(i!i*+  n' 

-l,nr'  +  {n'  +  i^-  ^)G"-vm}i"+  V'i'"'^^  =  0,  ]■  (5) 

-nlF' 
796.]  If  we  write 

we  obtain  from  these  equations 

VU{VF"-l^')  =  0,-. 

VU{VG" -viV)  =  0,  i  (7) 

VU(VH"-nV)=0.} 
Hence,  either  F  =  0,  in  which  case  the  wave  ia  not  propagated 
at  all ;  or,  U  =  0,  which  leads  to  tho  equation  for  V  given  by 
Fresnol ;  or  the  quantiticB  within  brackets  vanish,  in  which  case 
the  vector  whose  components  are  F",  G",  H"  is  normal  to  the 
wave-front  and    proportional   to   the  electric   volume-density. 


v 

F 

-Imff 

-idH' 

+  7*' 

I 

=  0. 

'  + 

'- 

-mnH' 

+  V*- 

17' 

=  0, 

G' 

+  ( 

I'  +  m'- 

^i'- 

+  ¥■*• 

n 

=  0. 

Since  the  medium  is  a  non-conductor,  the  electric  density  at 
any  given  point  is  constant,  and  therefore  the  disturbance  in- 
dicated by  these  equations  is  not  periodic,  and  cannot  conatitute 
a  wave.  We  may  therefore  consider  4^'=  0  in  the  investigation 
of  the  wave. 

797.]  The  velocity  of  the  propagation  of  the  wave  is  therefore 
completely  determined  from  the  equation  U  =  0,or 

There  are  therefore  two,  and  only  two,  values  of  V^  corresponding 
to  a  given  direction  of  wave-front. 

If  A,  /i,  V  aro  the  direction-cosines  of  the  electric  current  whose 

components  are  u.,  v,  if. 


T,G"  ■A.H", 


(3) 
(10) 


» 


I 


dien  iX  +  TTifi  +  iir  =  0; 

or  the  current  is  in  the  plane  of  the  wave-front,  and  its  direction 

in  the  wave-front  is  determined  by  the  equation 

j(**-^)+^'(«'— ')+7(«'-'')=<)-        (11) 

These  equations  are  identical  with  those  given  by  Fresnel  if  we 
define  the  plane  of  polarization  as  &  plane  through  the  ray  per- 
pendicular to  the  plane  of  the  electric  disturbance. 

According  to  this  electromagnetic  theory  of  double  refraction 
the  wave  of  normal  disturbance,  which  constitutes  one  of  the 
chief  ilifiicultiea  of  the  ordinary  theory,  does  not  exist,  and  no 
new  assumption  Is  required  in  order  to  account  for  the  fact  that 
a  ray  polarized  in  a  principal  plane  of  the  crystal  is  re&acted 
in  the  ordinary  manner*. 

Relation  between  Electric  Conductivity  and  Opacity. 
798.]  If  the  medium,  instead  of  being  a  perfect  insulator,  is  a 
conductor  whose  conductivity  per  unit  of  volume  is  C,  the  dis- 
turbance will  consist  not  only  of  electric  displacements  but  of 
currents  of  conduction,  in  which  electric  energy  is  transformed 
into  heat,  so  that  the  undulation  is  absorbed  by  the  medium. 

If  the  disturbance  is  expressed  by  a  circular  function,  we  may 

'"ite  F=e-^aos{nt-qz),  (l) 

Seo  Swk«s'  '  Report  on  Double  Kefraction.'  Brit.  Aiioc.  BejAirl,  1862,  p.  263. 
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for  this  will  satisfy  the  equation 

^  =  ,K^^^.,C^,  (2) 

provided  'f—p^  =  M^Th^  (ft) 

and  2pq  =  iitfiCn.  {1} 

The  velocity  of  propagation  is 

q  ^  ' 

aud  the  coefEicient  of  absorption  is 

p  =  2TiiiCV.  (a) 

Let  R  be  the  resistance  {to  a  current  along  the  length  of  the 
plate),  in  electromagnetic  measure,  of  a  plate  whose  length  is  i, 

breadth  h,  and  thicknesB  z, 

/=»■  (') 

The  proportion  of  the  incident  light  which  will  be  transmitted  by 
this  plate  will  be 

e-a«  =,-*■"£  5.  (8) 

799.]  Most  transparent  solid  bodies  are  good  insulators,  and  all 
good  conductors  are  very  opaque.  There  are,  however,  many  ex- 
ceptions to  the  law  that  the  opacity  of  a  body  is  the  greater,  the 
gi-eater  its  conductivity. 

Electrolytes  allow  an  electric  ciurent  to  pass,  and  yet  many  of 
them  are  transparent.  We  may  suppose,  however,  that  in  the 
case  of  the  rapidly  alternating  forces  which  come  into  play 
during  the  propagation  of  light,  the  electromotive  intensity  acts 
for  so  short  a  time  in  one  direction  that  it  is  unable  to  effect 
a  complete  separation  between  the  combined  molecules.  When, 
during  the  other  half  of  the  vibration,  the  electromotive  intensity 
acts  in  the  opposite  direction  it  simply  reverses  what  it  did 
during  the  first  half.  There  is  thus  no  true  conduction  through 
the  electrolyte,  no  loss  of  electric  energy,  and  conaequently  no 
absorption  of  light. 

800.]  Gold,  silver,  and  platinum  are  good  conductors,  and  yet, 
when  formed  iuto  very  thin  plates,  they  allow  light  to  pass 
through  them*.  From  experiments  which  I  liave  made  on  a 
piece  of  gold  leaf,  the  resistance  of  which  was  determined  by 
Mr,   Hockin,   it   appears   that   its   transparency  is   very  much 

*  [Wien  {Wifd.  Ann.  3S,  p.  JS)  htu  verified  the  concluBinn  tbat  the  tnuup&reocj 
of  tbin  metallic  tilins  ui  much  greater  tb&D  that  iLdicated  \iy  the  preceiiing  theory.] 
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greater  than  is  consistent  with  our  theory,  unless  we  suppose 
that  there  is  less  loaa  of  energy  when  the  electromotive  forces 
are  reversed  for  every  semivibration  of  light  than  when  they  act 
for  sensible  times,  aa  in  our  ordinary  experiments. 

801.]  Let  us  next  consider  the  case  of  a  medium  in  which  the 
conductivity  is  large  in  proportion  to  the  inductive  capacity. 

In  this  case  we  may  leave  out  the  term  involving  K  in  the 
equations  of  Art.  783,  and  they  then  become 
il  F         \ 


(') 


Each  of  these  equations  ia  of  the  same  form  as  the  equation  of 
the  diffusion  of  heat  given  in  Fourier's  Traite  de  Chafeur. 

802.]  Taking  the  first  as  an  osampio,  the  component  F  of  the 
vector-potential  will  vary  according  to  time  and  position  in  the 
same  way  as  the  temperature  of  a  homogeneous  solid  varies 
according  to  time  and  position,  the  initial  and  the  surface 
conditions  being  made  to  correspond  in  the  two  cases,  and  tho 
quantity  iiriiC  being  numerically  equal  to  the  reciprocal  of  the 
thennometric  conductivity  of  the  substance,  that  is  to  say,  the 
nwmher  of  vnite  of  voluvie  of  the  suhdance  which  ivould  he 
heated  one  degree  by  the  heat  which  passes  through  a  unit  cube 
of  the  substa'iu;e,  two  opposite  faces  of  which  differ  hy  one  degree 
of  temperature,  while  the  other  faces  are  impemieahle  to  heat*. 

The  different  problems  in  thermal  conduction,  of  which  Fourier 
has  ^ven  the  solution,  may  be  transformed  into  problems  in  the 
diffusion  of  electi'omagnetic  quantities,  remembering  that  F.  G,  H 
are  the  components  of  a  vector,  whereas  the  temperature,  in 
Fourier's  problem,  is  a  scalar  quantity. 

Let  us  take  one  of  the  cases  of  which  Fourier  has  given  a  com- 
plete solution  t<  that  of  an  infinite  medium,  the  initial  state  of 
which  is  given. 

•  See  M&xwell')  TAfory  of  Ural.  p.  235  lirat  nlilion,  d.  ZBS  foarth  eiliLioD. 
+  Trail4  de  la  ChaleuT.  Art.  SSi.    The  e<iunlJoii  wliii 


A  Jioillt  (i,  y,  i)  nrter  s  tiuis  ',  in  terms  iif/  (a,  0,  y),  the  initii^  temperature  »' 
'-it  (o,  0.  y),  u 

U  ihit  IheiTDometrio  eondneUvitjf, 
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The  state  of  any  point  of  the  medium  at  the  time  t  is  foand 
by  taking  the  average  of  the  state  of  every  part  of  the  medium, 
the  weight  assigned  to  each  part  in  taking  the  average  being 


where  r  is  the  distance  of  that  part  from  the  point  e 

This  average,  in  the  case  of  vector-quantities,  is  most  conveniently 

taken  by  considering  each  component  of  the  vector  separately. 

803.]  We  have  to  remark  in  the  first  place,  that  in  this  problem 
the  thermal  conductivity  of  Fourier's  medium  is  to  be  taken  in- 
versely proportional  to  the  electric  conductivity  of  our  medium, 
80  that  the  time  re-quired  in  order  to  reach  an  assigned  stage  in 
the  process  of  diffusion  is  greater  the  higher  the  electric  con- 
ductivity. This  statement  will  not  appeal-  parado-iucal  if  we 
remember  the  result  of  Art.  655,  that  a  medium  of  infinite  con- 
ductivity forms  a  complete  barrier  to  the  process  of  diffusion  of 
magnetic  force. 

In  the  next  place,  the  time  requisite  for  the  production  of  an 
assigned  stage  in  the  process  of  diffusion  is  proportional  to  the 
square  of  the  linear  dimensions  of  the  system. 

There  is  no  determiuate  velncity  which  can  be  defined  as  the 
velocity  of  diffusion.  If  we  attempt  to  measure  this  velocity  by 
ascertaining  the  time  requisite  for  the  production  of  a  given 
amount  of  disturbance  at  a  given  distance  from  the  origin  of 
disturbance,  we  find  that  the  smaller  the  selected  value  of  the 
disturbance  the  greater  the  velocity  will  appear  to  be,  for  how- 
ever great  the  distance,  and  however  small  the  time,  the  value 
of  the  disturbance  will  differ  mathematically  from  zero. 

This  peculiarity  of  diffusion  distinguishes  it  from  wave- 
propagation,  which  takes  place  with  a  definite  velocity.  No 
disturbance  takes  place  at  a  given  point  till  the  wave  reaches 
that  point,  and  when  the  wave  has  passed,  the  disturbance 
ceases  for  ever. 

804.]  Let  us  now  investigate  the  process  which  takes  place 
when  an  electric  current  begins  and  continues  to  fiow  through  a 
linear  circuit,  the  medium  surrounding  the  circuit  being  of  finite 
electric  conductivity.     (Compare  with  Art.  660.) 

When  the  current  begins,  its  first  effect  is  to  produce  a  current 
of  induction  in  the  parts  of  the  medium  close  to  the  wire.  The 
direction  of  this  current  is  opposite  to  that  of  the  original  current. 
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and  in  the  first  inatAut  its  total  quantity  iB  equal  to  that  of  the 
original  current,  so  that  the  electromagnetic  effect  on  more 
distant  parts  of  the  medium  is  initially  zero,  and  only  rifies  to 
its  final  value  as  the  induction-current  dies  away  on  account 
of  the  electric  resistance  of  the  medium. 

But  as  the  induction-current  close  to  the  wire  dies  away,  a  new 
induction-current  ia  generated  in  the  medium  beyond,  bo  that  the 
space  occupied  by  the  induction-current  is  continually  becoming 
wider,  while  its  intensity  is  continually  diminishing. 

This  diffusion  and  decay  of  the  Induction-current  is  a  pbeno- 
inenoQ  precisely  analogous  to  the  diffusion  of  heat  from  a  part  of 
the  medium  initially  hotter  or  colder  than  the  rest.  We  must 
remember,  however,  that  since  the  current  ia  a  vector  quantity, 
and  since  in  a  circuit  the  current  is  in  opposite  directions  at 
opposite  points  of  the  circuit,  we  must,  in  calculating  any  given 
component  of  the  inductlon-cuiTent,  compare  the  problem  with 
one  in  which  equal  quantities  of  heat  and  of  cold  are  diffused 
from  neighbouring  places,  in  which  case  the  effect  on  distant 
points  will  be  of  a  smaller  order  of  magnitude, 

805.]  If  the  current  in  the  linear  circuit  Is  maintained  con- 
stant, the  induction-currents,  which  depend  on  the  Initial  change 
of  state,  will  gradually  be  diffused  and  die  away,  leaving  the 
medium  in  its  permanent  state,  which  is  analogous  to  the 
permanent  state  of  the  flow  of  heat.     In  this  state  we  have 

^^F=V^G=V-E  =  0  (2) 

throughout  the  medium,  except  at  the  pai-t  occupied  by  the 
circuit,  in  which  {when  n=  1  [ 


(3) 


These  equations  are  sufEcIent  to  determine  the  values  of  F,  0,  H 
throughout  the  medium.  They  indicato  that  there  are  no 
currents  except  in  the  circuit,  and  that  the  magnetic  forces 
are  simply  those  due  to  the  current  in  the  circuit  according 
to  the  ordinary  theory.  The  rapidity  with  which  this  per- 
manent state  is  established  is  so  great  that  it  could  not  be 
measured  by  our  experimental  methods,  except  perhaps  in  the 
case  of  a  very  large  mass  of  a  highly  conducting  medium  such 
as  copper. 

NoTK. — In  a  paper  published  in  Poggendorff's  Aniuden,ia\y 
VOL.  II,  o  g 
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1867,  pp.  243-263,  M.  Lorenz  has  deduced  from  Kirchhofl'a 
equations  of  electric  cui-rents  (Pogg.  Ann.  cii.  1857),  by  the  addi- 
tion of  certain  terma  which  do  not  affect  any  experimental  result, 
a  new  set  of  equations,  indicating  that  the  distribution  of  force 
in  the  elt'Ctro-magnetic  field  may  be  conceived  as  arising  from 
the  mutual  action  of  contiguous  elements,  and  that  waves,  con- 
sisting of  transverse  electric  currents,  may  be  propagated,  with  a 
velocity  comparable  to  that  of  light,  in  non-conducting  media. 
He  therefore  regards  the  disturbance  which  conatitut«B  light  as 
identical  with  these  electric  currents,  and  he  shews  that  con- 
ducting media  must  be  opaque  to  such  radiations. 

These  conclusions  are  similar  to  those  of  this  chapter,  though 
obtained  by  an  entirely  different  method.  The  thoory  given  in 
this  chapter  waa  first  published  in  the  Pldl.  jTrajvs,  for  1965. 
pp.  459-512. 


CHAPTER  XXI. 


MAGNETIC  ACTION  ON   LIGHT, 


\ 


806.]  Thr  moat  important  step  in  establishing  a  relation 
between  electiic  and  magnetic  phenomena  and  those  of  light 
musl  be  the  diBcovery  of  some  instance  in  which  the  one  set 
of  phenomena  is  affected  by  tho  other.  In  the  search  for  such 
phenomena  we  must  be  guided  by  any  knowledge  we  may  have 
already  obtained  with  respect  to  the  mathematical  or  geometrical 
form  of  the  quantities  which  we  wish  to  compare.  Thus,  if  we 
endeavour,  as  Mrs.  Somervillo  did,  to  magnetize  a  needle  by 
means  of  light,  we  must  remember  that  the  distinction  between 
magnetic  north  and  south  is  a  mere  matter  of  direction,  and 
would  be  at  once  reversed  if  we  I'eversed  certain  conventions 
about  the  use  of  mathematical  signs.  There  is  nothing  in  mag- 
netism analogous  to  those  phenomena  of  electrolysis  which 
enable  us  to  distinguish  positive  from  negative  electricity,  by 
observing  that  oxygen  appears  at  one  pole  of  a  cell  and  hy- 
drogen at  the  other. 

Hence  we  must  not  expect  that  if  we  make  light  fall  on  one 
end  of  a  needle,  that  end  will  become  a  pole  of  a  ceiiain  name, 
for  the  two  poles  do  not  differ  as  light  does  from  darkness. 

We  might  expect  a  better  result  if  we  caused  circularly- 
polarized  light  to  fall  on  the  needle,  right-handed  hght  falling 
on  one  end  and  left-handed  on  the  other,  for  in  some  respects 
these  kinds  of  light  may  be  said  to  be  related  to  each  other  in 
the  same  way  as  the  poles  of  a  magnet.  The  analogy,  however, 
is  faulty  even  here,  for  the  two  rays  when  combined  do  not 
neutralize  eacJi  other,  but  produce  a  plane  polarized  ray. 

Faraday,  who  was  acquainted  with  the  method  of  studying 
the  strains  produced  in  transparent  solids  by  means  of  polarized 
light,  made  many  experiments  in  hopes  of  detecting  some  action 
on  polarized  light  while  passing  through  a  medium  in  which 
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electrolytic  conduction  or  dielectric  induction  exists*.  He  was 
not,  however,  able  to  detect  any  action  of  this  kind,  though  the 
experiments  were  arranged  in  the  way  best  adapted  to  discover 
effec.tR  of  tension,  the  electric  force  or  current  being  at  right 
angles  to  the  direction  of  the  ray,  and  at  an  angle  of  forty-five 
degrees  to  the  plane  of  polarization.  Faraday  varied  thew 
experinicntfl  in  many  waj's  without  discovering  any  action  on 
light  due  to  electrolytic  currents  or  to  static  electric  induction. 

He  succeeded,  however,  in  establishing  a  relation  between 
light  and  magnetism,  and  the  oxperiments  by  which  he  did 
80  are  described  in  the  nineteenth  aeries  of  his  Experimental 
Researches.  We  shall  take  Faraday's  discovery  as  our  starting- 
point  for  further  investigation  into  the  nature  of  magnetism,  and 
we  shall  therefore  describe  the  phenomenon  which  he  observed, 

807",]  A  ray  of  plane-polarized  light  is  transmitted  through  a 
transpoient  diamagnetic  medium,  and  the  plane  of  its  polariza- 
tion, when  it  emerges  from  the  medium,  ia  ascertained  by  ob- 
serving the  position  of  an  analyser  when  it  cuts  oft'  the  ray. 
A  magnetic  force  is  then  made  to  act  so  that  the  direction  of 
tho  force  within  the  transparent  medium  coincides  with  the 
direction  of  Ibo  ray.  The  light  at  oiieo  reappears,  but  if  tbt- 
analyser  is  turned  rcund  through  a  certain  angle,  the  light  ia 
again  cut  ofF.  This  shews  that  the  effect  of  the  magnetic  force  is 
to  tuiTi  the  plane  of  polarization,  round  the  direction  of  the  ray  as 
an  axis,  through  a  certain  angle,  measured  by  the  angle  through 
which  the  analyser  must  be  turned  in  order  to  cut  off  the  light. 

808,]  The  angle  through  which  the  plane  of  polarization  is 
turned  is  proportional — 

(1)  To  the  distance  which  the  ray  travels  within  the  medium. 
Hence  tho  plane  of  polarization  changes  continuously  from  its 
position  at  incidence  to  its  position  at  emergence. 

{2)  To  the  intensity  of  the  resolved  part  of  the  magnetic  force 
in  the  direction  of  the  ray. 

(3)  Tile  amonnt  of  the  rotation  depends  on  the  nature  of  the 
medium.  No  rotation  has  yet  been  ol>servcd  when  the  medium 
is  air  or  any  other  gas  f- 
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Those  throe  statements  are  iijc]iided  in  tlie  more  general  one, 
thttt  the  angular  rotation  i-t  numerically  equal  to  the  aniuunt  by 
which  the  magnetic  potential  inci'eases,  from  the  point  at  which 
the  ray  enters  the  medium  to  that  at  which  it  leaves  it,  multi- 
plied by  a  coefficient,  which,  for  diamagnetio  media,  is  generally 
positive. 

80tJ.]  In  diamagnetic  substances,  the  direction  in  which  the 
jdane  of  polarization  is  made  to  rotate  is  Igenerally}  the  same 
aa  the  direction  in  which  a  positive  current  must  circulate  round 
the  ray  in  order  to  produce  a  magnetic  force  in  the  same  direc- 
tion aa  that  which  actually  exists  in  the  medium, 

Verdet,  however,  discovered  that  in  certain  ferromagnetic 
media,  as,  for  instance,  a  strong  solution  of  percbloride  of  iron 
in  wood-spirit  or  ether,  the  rotation  is  in  the  opposite  direction 
to  the  current  which  would  produce  the  magnetic  force. 

This  shews  that  the  difference  between  ferromagnetic  and  dia- 
magnetio substances  does  not  arise  merely  from  the  '  magnetic 
iwrmeability '  being  in  the  first  ease  greater,  and  in  the  second 
less,  than  that  of  air,  but  that  th«  properties  of  the  two  classes 
of  bodies  are  really  opposite. 

The  power  acquired  by  a  substance  under  the  action  of  mag- 
netic force  of  rotating  the  plane  of  polarization  of  light  ia  not 
exactly  proportional  to  its  diamagnetic  or  ferromagnetic  mag- 
netizaliility.  Indeed  there  are  exceptions  to  the  rule  that  the 
rotation  is  positive  for  diamagnetic  and  negative  for  ferro- 
magnetic substances,  for  neutral  chromate  of  potash  is  diamag- 
netic, but  produces  a  negative  rotation. 

810.]  There  are  other  substance's,  which,  independently  of  the 
application  of  magnetic  force,  cause  the  plane  of  polarization  to 
turn  to  the  right  oi'  to  the  left,  as  the  ray  travels  through  the 
substance.  In  some  of  these  the  property  is  related  to  an  axis, 
as  in  the  case  of  quartz.  In  others,  the  property  is  independent 
of  the  direction  of  the  ray  within  the  medium,  as  in  turpentine, 
solution  of  sugar,  &c.  In  all  these  substances,  however,  if  tlie 
plane  of  polarization  of  any  ray  is  twisted  within  the  medium  like 
a  right-handed  screw,  it  will  still  be  twisted  like  a  right-handed 
screw  if  the  ray  is  transmitted  tlirough  the  medium  in  the 
opposite  direction.  The  direction  in  which  the  observer  has  to 
turn  his  analyser  in  order  to  extinguish  the  ray  after  intro- 
ducing the  medium  into  its  path,  is  the  some  with  reference  to 
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the  observer  whether  the  ray  comes  to  him  from  the  north  or 
from  the  south.  The  direction  of  the  rotation  in  space  is  of 
course  reversed  when  the  direction  of  the  ray  is  reversed  But 
when  the  imitation  ie  produced  by  ma^ctic  action,  its  direction 
in  space  is  the  same  whether  the  ray  be  travelling  north  or 
south.  Tlie  rot-ation  is  always  in  the  same  direction  as  that  of 
the  electric  cuiTent  which  produces,  orwonld  produce,  the  actual 
magnetic  state  of  the  field,  if  the  medium  belongs  to  the  positivo 
class,  or  in  the  opposite  direction  if  the  medium  belongs  to  the 
negative  class. 

It  follows  from  this,  that  if  the  ray  of  light,  after  passing 
tlirough  the  medium  from  north  to  Bouth,  is  reflecf«d  by  a 
niiiTor,  BO  as  to  return  through  the  medium  from  south  to  north, 
the  rotation  will  be  doubled  when  it  results  from  magnetic 
action.  When  the  rotation  depends  on  the  nature  of  the  medium 
alone,  as  in  turpentine,  &c.,  the  ray,  when  reflected  back  through 
the  medium,  emerges  polarized  in  the  same  plane  as  wlien 
it  entered,  the  rotation  during  the  first  passage  through  tho 
medium  having  been  exactly  reversed  during  the  second. 

811.]  The  physical  explanation  of  the  phenomenon  presentu 
considerable  difficulties,  which  can  hardly  be  said  to  have  been 
hitherto  overcome,  either  for  the  magnetic  rotation,  or  for  that 
which  certain  media  exhibit  of  themselves.  We  may,  however, 
prepare  ttie  way  for  such  an  explanation  by  an  analysis  of  the 
observed  facts. 

It  is  a  well-known  theorem  in  kinematics  that  two  uniform 
circular  vibrations,  of  the  same  amplitude,  having  the  same 
periodic  time,  and  in  the  same  plane,  but  revolving  in  opposite 
dii-ections,  are  equivalent,  when  compounded  together,  to  a 
rectilinear  vibration.  The  periodic  time  of  this  vibration  is 
equal  to  that  of  the  circular  vibrations,  its  amplitude  is  double, 
and  its  direction  is  in  the  line  joining  the  points  at  which  two 
particles,  describing  the  circular  vibrations  in  opposite  directions 
round  the  same  circle,  would  meet-  Hence  if  one  of  the  circular 
vibrations  has  its  phase  accelerated,  the  direction  of  the  recti- 
linear  vibration  will  be  turned,  in  the  same  direction  as  that 
of  the  circular  vibi-ation,  through  an  angle  equal  to  half  the 
acceleration  of  phase. 

It  can  also  be  proved  by  direct  optical  experiment  that  two 
rays  of  light,  circularly-polarized  in  opposite  direc^aufcjmd  of 
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the  aamo  intensity,  become,  when  united,  a  plane-polarized  ray, 
and  that  if  by  any  means  the  phaBe  of  one  of  the  circularly- 
polarized  rays  is  accelerated,  the  plane  of  polarization  of  the 
resultant  ray  ia  turned  round  half  the  angle  of  acceleration  of 
the  phase. 

8iy.]  We  may  therefore  expreHs  the  phenomenon  of  the  rota- 
tion of  the  plane  of  polarization  in  the  following  manner : — 
A  plane-polarized  ray  falls  on  the  medium.  This  is  equivalent 
to  two  circularly-polarized  rays,  one  right-handed,  the  other 
left-handed  (as  regards  the  observer).  After  parsing  through 
the  medium  the  ray  is  still  plane-polai-ized,  but  the  plane  of 
polarization  is  turned,  say,  to  the  right  (as  regards  the  observer). 
Hence,  of  the  two  circularly-polarized  rays,  that  which  is  right- 
handed  must  have  had  its  phase  accelerated  with  respect  to  the 
other  during  its  passage  through  the  medium. 

In  othi-r  words,  the  right-handed  I'ay  has  performed  a  gi-eater 
number  of  vibrations,  and  therefore  has  a  smaller  wave-length, 
within  the  medium,  than  the  left-handed  ray  wliich  has  the  same 
periodic  time. 

This  mode  of  stating  what  takes  place  is  quite  independent  of 
any  theory  of  light,  for  though  we  use  such  terms  as  wave- 
length, circular-polarization,  &c.,  which  may  be  associated  in  our 
minds  with  a  particular  form  of  the  undulatory  theory,  the 
reasoning  is  independent  of  this  association,  and  depends  only 
on  facta  proved  by  experiment. 

813.]  Let  us  next  consider  the  configuration  of  one  of  these 
rays  at  a  given  instant.  Any  undulation,  the  motion  of  which 
at  each  point  is  circular,  may  be  represented  by  a  helix  or  screw. 
If  the  screw  is  made  to  revolve  about  its  axis  without  any 
longitudinal  motion,  each  particle  will  describe  a  circle,  and  at 
the  same  time  the  propagation  of  the  undulation  will  be  re- 
presented by  the  apparent  longitudinal  motion  of  the  similarly 
situated  parts  of  the  thi-ead  of  the  screw.  It  is  easy  to  see  that 
if  the  screw  is  right-handed,  and  the  observer  is  placed  at  that 
end  towards  which  the  undulation  travels,  the  motion  of  the 
screw  will  appear  to  him  left-handed,  that  is  to  say,  in  the 
opposite  direction  to  that  of  the  hands  of  a  watch.  Hence  such 
a  ray  has  been  called,  originally  by  French  writers,  but  now  by 
the  whole  seieutific  world,  a  left-handed  circularly-polarized  ray. 

A  right-handed  oircularly-polaiizcd  ray  is  represented  in  like 


456 


MAGNETIC    ACTION'   ON   LIGHT, 


[S.5- 

iiianoer  by  a  left-handed  helix.  In  Fig.  68  the  right -handed 
helix  A,  on  the  light-hand  of  the  figure,  repreeeots  a  left-handed 
ray,  and  the  left-handed  belis  B, 
on  the  left-hand,  represents  & 
right-handed  ray. 

814.]  Let  us  now  consider  two 
euch  rays  which  have  the  same 
wave-length  within  the  raedium. 
They  are  geometrically  alike  in 
all  leapoctB,  except  that  one  is 
the  pen'cniion  of  the  other,  like 
its  image  in  a  look ing-glasa.  One 
of  them,  however,  say  A,  has 
a  Hhorter  pciiod  of  i-otation  tlian 
the  other.  If  the  motion  is  en- 
tirely duG  to  the  forces  called 
into  play  by  the  displacement, 
this  shews  that  greater  forces  are 
called  into  play  by  the  same  dia- 
^'     '  placementwhcntheconfiguration 

h  llko  A  than  when  it  is  Hkf  B.  Henco  in  this  case  the  Icft- 
lianded  ray  will  be  accelerated  with  respect  to  the  right-handed 
[■ay,  and  this  will  be  the  case  whether  the  rays  are  travelling 
from  iV  to  S  or  from  -S"  to  jV. 

This  therefore  is  the  explanation  of  the  phenomenon  as  it  is 
produced  by  turpentine,  &c.  In  these  media  the  displacement 
cau-sod  by  a  circularly-polarized  ray  calls  into  play  greater 
foi'ces  of  restitution  when  the  configuration  is  like  A  than  when 
it  is  liki;  H.  The  forces  thus  depend  on  the  configuration  alone, 
not  on  the  direction  of  the  motion. 

But  in  a  dianiagnetic  medium  acted  on  by  magnetism  in  the 
■lircctioii  jS'jV,  of  the  two  screws  A  and  B,  that  one  always 
I'DtaU'H  with  the  greatest  velocity  whose  motion,  as  seen  by  an 
fyo  looking  from  if  to  jV,  appears  like  that  of  a  watch.  Hence 
for  rays  from  *S'  to  N  the  right-handed  ray  B  will  travel 
i)uickest,  but  for  raya  from  N  to  S  the  left-handed  ray  A  will 
travel  quickest. 

816,]  Confining  our  attention  to  one  ray  only,  the  helix  B 
has  exactly  the  same  configuration,  whether  it  represents  a  ray 
from  (S  to  A'  or  one  from  if  to  S,     But  in  the  first  inatance  the 
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ray  travels  faster,  and  therefore  the  helix  rotates  more  rapidly. 
Hence  greater  forces  are  called  into  play  when  tlie  helix  is  going 
round  one  way  than  when  it  ia  going  round  the  other  way. 
The  forces,  therefore,  do  not  depend  solely  on  the  configuration 
of  the  ray,  but  also  on  the  direction  of  the  motion  of  its  indi- 
vidual parts. 

816,]  The  disturbance  which  constitutes  light,  whatever  its 
physical  nature  may  he,  is  of  the  naturo  of  a  vector,  perpen- 
dicular to  the  direction  of  the  ray.  This  is  proved  from  the 
fact  of  the  interference  of  two  rays  of  light,  which  under  certain 
conditions  produces  darkness,  combined  with  the  fact  of  the 
non-interference  of  two  rays  polarized  in  planes  perpendicular 
to  each  other.  For  since  the  interference  depends  on  the  angular 
position  of  the  planes  of  polarization,  the  disturbance  must  be 
a  directed  quantity  or  vector,  and  since  the  interference  ceases 
when  the  planes  of  polarization  are  at  right  angles,  the  vector 
i-epresenting  the  disturbance  must  be  perpendicular  to  the  line 
of  intersection  of  these  planes,  that  is,  to  the  direction  of 
the  ray. 

817.]  The  disturbance,  being  a,  vector,  can  be  resolved  into 
components  parallel  to  x  and  j/,  the  axis  of  z  being  parallel  to 
the  direction  of  the  ray.  Let  f  and  t\  be  these  components,  then, 
in  the  case  of  a  ray  of  homogeneous  circularly-polarized  light, 

f  =  rcosfl,         T)  =  rsinO,  (l) 

where  e=-ni  —  qz-^a.  (2) 

Jn  these  expressions,  r  denotes  the  magnitude  of  the  vector, 
and  6  the  angle  which  it  makes  with  the  direction  of  the  axis 
of  X. 

The  periodic  time,  r,  of  the  disturbance  is  such  that 


The  wave-length,  A,  of  the  disturbance  is  such  that 
qK  =  27r. 


(3) 


(^) 


The 


relucity  of  propagation  is  —  • 


The  phase  of  the  disturbance  when  t  and  2  are  both  zero  is  a. 
The  circularly-polarized  light  is  right-handed  or  left-handed 
according  as  7  is  negative  or  positive. 

Its  vibrations  are  in  the  positive  or  the  negative  direction  of 
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rotation  in  the  plane  of  {x,  y),  according  aa  ti  is  potjitire  or 
negative. 

The  liglit  is  propagated  in  the  positive  or  the  negative  direc- 
tion of  the  axis  of  2,  according  as  n  and  q  are  of  the  same  or  of 
opposite  signs. 

In  all  media  n  varies  when  q  varies,  and  -=-  la  always  of  the 

■^L  "■  ' 

same  sign  with  -  ■ 

Hence,  if  for  a  given  numerical  value  of  n  the  value  of  -  is 

greater  when  71  is  positive  than  when  n  is  negative,  it  follows 
that  for  a  valae  of  q.  given  both  in  magnitude  and  sign,  the 
positive  value  of  n  will  be  greater  than  the  negative  value. 

Now  this  is  what  is  i generally}  observed  in  a  diamagnetic 
medium,  acted  on  by  a  magnetic  force,  y,  in  the  direction  of  z. 
Of  the  two  circularly -polarized  rays  of  a  given  period,  that  is 
accelerated  of  which  the  direction  of  rotation  in  the  plane  of 
tt,  y  is  positive.  Hence,  of  two  circularly-polarized  rays,  both 
left-handed,  whose  wave-length  within  the  medium  is  the  same, 
that  has  the  shoi-test  period  whose  direction  of  rotation  in  the 
plfiuo  of  3^>j  is  pusitive,  that  i.s,  the  ray  which  is  propagated  in 
the  positive  direction  of  2  from  south  to  north.  We  have  there- 
fore to  account  for  the  fact,  that  when  in  the  equations  of  the 
system  q  and  )■  are  given,  two  values  of  n  will  satisfy  the 
equations,  one  positive  and  the  other  negative,  the  positive 
value  being  numerically  greater  than  the  negative. 

818.]  We  may  obtain  the  equations  of  motion  from  a  con- 
sideration of  the  potential  and  kinetic  energies  of  the  medium. 
The  potential  energy,  V,  of  the  system  depends  on  its  configura- 
tion, that  is,  on  the  relative  position  of  its  parts.  In  so  far  as  it 
depends  on  the  disturbance  due  to  circularly-polarized  light,  it 
must  be  a  function  of  r,  the  amplitude,  and  q,  the  coefficient  of 
torsion,  only.  It  may  be  different  for  positive  and  negative 
values  of  q  of  equal  numerical  value,  and  it  probably  is  so  in 
the  case  of  media  which  of  themselves  rotate  the  plane  of 
polarization. 

The  kinetic  energy,  T,  of  the  system  is  a  homogeneous 
function  of  the  second  degree  of  the  velocities  of  the  system, 
the  coefficients  of  the  different  terms  being  functions  of  the 
coordinates. 
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819.]  Let  us  consider  the  dynamical  condition  that  the  ray 
may  be  of  constant  intensity,  that  is,  that  r  may  be  constant. 
Lagrange's  equation  for  the  force  in  r  becomes 
ddT     UT     dV 

dtd>-.f,-+d^  =  '-  f^) 

Since  r  is  constant,  the  first  term  vanishes.  We  have  therefore 
the  equation  jt      ,jv 

-'i'+'il^o,  (6) 

dr       d-r  ^  ' 

in  which  q  is  supposed  to  be  given,  and  we  are  to  determine  the 
value  of  the  angular  velocity  6,  which  we  may  denote  by  its 
actual  value,  n. 

The  kinetic  energy,  T,  contains  one  term  involving  n" ;  other 
tei'iHS  may  contain  products  of  ti  with  other  velocities,  and  the 
rest  of  the  terms  are  independent  of  ii.  The  potential  energy, 
V,  is  entirely  independent  of  )t.  The  equation  (6)  is  therefore  of 
the  form  ^n«  +  B7H-C=  0.  (7) 

This  being  a  quadratic  equation,  gives  two  values  of  n.  It 
appears  from  cxpei-iment  that  both  values  are  real,  that  one  is 
positive  and  the  other  negative,  and  that  tho  positive  value  is 
numerically  the  greater.  Hence,  if  A  is  positive,  both  B  and  6' 
are  negative,  for,  if  ■n-^  and  n,  are  the  roots  of  the  equation, 

J(n,  +  7,,)  +  B=0.  (8) 

The  coefficient,  B,  therefore,  is  not  zero,  at  least  when  magnetic 
force  acta  on  the  medium.  We  have  therefore  to  consider  the 
expre.Hsion  Bn,  which  is  the  part  of  the  kinetic  energy  involving 
the  first  power  of  n,  the  angular  velocity  of  the  disturbance. 

830.]  Every  term  of  T  is  of  two  dimenaions  as  regards 
velocity.  Hence  the  terms  involving  ^^  must  involve  some 
other  velocity.  This  velocity  cannot  be  t  or  ^,  because,  in  the 
case  we  consider,  r  and  q  are  constant.  Hence  it  is  a  velocity 
which  exists  in  the  medium  independently  of  that  motion  which 
constitutes  light.  It  must  also  Ife  a  velocity  related  to  n  in 
such  a  way  that  when  it  is  multiplied  hy  n  the  result  is  a  scaJar 
quantity,  for  only  scalar  quantities  can  occur  as  terms  in  the 
value  of  T,  which  is  itself  scalar.  Hence  this  velocity  must  be 
in  the  same  direction  as  iu  or  in  the  opposite  direction,  that  is, 
it  must  be  an  angular  velocity  abuut  the  axis  of  «, 

Again,  this  volodty  cannot  be  independent  of  the  magnetic 
forco,  for  if  it  were  related  to  a  direction  fixed  in  the  medium, 
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the  phenomenon  would  be  diflerent  if  we  turned  t>io  medium 
end  for  end,  which  in  not  the  case. 

We  are  therefore  led  to  the  concluaion  that  this  velocity  U  an 
invariable  accompaniment  of  tlie  magnetic  force  in  those  media 
which  exhibit  the  magnetic  rotation  of  the  plane  of  polarization. 

821.]  We  have  been  hitherto  obliged  to  use  language  which  is 
perhaps  too  suggestive  of  the  ordinary  hypothesis  of  motion  in 
the  undulatory  theory.  It  ia  easy,  however,  to  state  our  result 
in  a  form  free  irom  this  hypotheeis. 

Whatever  light  ia,  at  each  point  of  space  there  is  sutiiething 
going  on,  whether  displacement,  or  rotation,  or  sometbing  not 
yet  imagined,  but  which  is  certainly  of  the  nature  of  a  vector 
or  directed  quantity,  the  direction  of  which  is  normal  to  the 
direction  of  the  ray.  This  is  completely  proved  by  the  pheno- 
mena of  interference. 

In  the  case  of  circularly -polarized  light,  the  magnitude  of  this 
vector  remains  always  the  same,  but  its  di^e^^tion  rotates  round 
the  direction  of  the  ray  so  as  to  complete  a  revolution  in  the 
periodic  time  of  the  wave.  The  uncertainty  which  exists  as  to 
whether  this  vector  is  in  the  plane  of  polarization  or  perpen- 
dicular to  it,  doea  not  I'xteml  to  our  knowltd^'e  of  the  •lirection 
in  which  it  rotates  in  right-handed  and  in  left-handed  circularly- 
polai'ized  light  respectively.  The  dii-ection  and  the  angular 
velocity  of  this  vector  are  perfectly  known,  though  the  physical 
nature  of  the  vector  and  its  absolute  direction  at  a  given  instant 
are  uncertain. 

When  a  ray  of  circularly -polarized  light  falls  on  a  medium 
under  the  action  of  magnetic  force,  its  propagation  within  the 
medium  is  affected  by  the  relation  of  the  direction  of  rotation 
of  the  light  to  the  direction  of  the  magnetic  force.  F]-om  this 
we  conclude,  by  the  reasoning  of  Art.  817,  that  in  the  medium, 
when  under  the  action  of  magnetic  force,  some  rotatory  motion 
is  going  on,  the  axis  of  rotation  being  in  the  direction  of  the 
magnetic  force  ;  and  that  the  rate  of  propagation  of  circularly- 
polarized  light,  when  the  direction  of  its  vibratory  rotation  and 
the  direction  of  the  magnetic  rotation  of  the  medium  are  the 
same,  is  different  from  the  rate  of  propagation  when  these 
directions  are  opposite. 

The  only  resemblance  which  we  can  trace  between  a  medium 
through  which  circularly-polarized  light  is  propagated,  and  & 


I 
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medium  through  which  lines  of  magnetic  force  pass,  ia  that  in 
both  there  is  a  motion  of  rotation  about  an  axis.  But  here  the 
I'esemljlauce  stops,  for  the  I'otation.  in  the  optical  phenomenon  is 
that  of  the  vector  which  represents  the  disturbance.  This  vector 
is  always  perpendicular  to  the  direction  of  the  ray,  and  rotates 
about  it  a  known  number  of  times  in  a  second.  In  the  magnetic 
phenomenon,  that  which  rotates  bas  no  properties  by  which  its 
sides  can  be  distinguished,  so  that  we  cannot  determine  how 
many  times  it  rotates  in  a  second. 

There  is  nothing,  therefoi-e,  in  the  magnetic  phenomenon 
which  correaponds  ta  the  wave-length  and  the  wave -propagation 
in  the  optical  phenomenon.  A  medium  in  which  a  constant 
magnetic  force  is  acting  is  not,  in  consequence  of  that  force, 
filled  with  waves  travelling  in  one  direction,  as  when  light  is 
propagated  through  it.  The  only  resemblance  between  the 
optical  and  the  magnetic  phenomenon  is,  tbat  at  each  point  of 
the  medium  something  existsof  the  nature  of  an  angular  velocity 
about  an  axis  in  tho  direction  of  the  magnetic  force. 

071  the  HijixithepiR  of  Molecular   Vortkeg. 

822,]  Tho  consideration  of  the  action  of  magnetism  on  polar- 
ized light  leads,  as  wo  have  seen,  to  the  conclusion  that  in  a 
medium  under  the  action  of  magnetic  force  something  Kdonging 
to  the  same  mathematical  class  as  an  angulai'  velocity,  whose 
axis  is  in  the  direction  of  the  magnetic  force,  forms  a  part  of  the 
phenomenon. 

This  angular  velocity  cannot  be  that  of  any  portion  of  the 
medium  of  sensible  dimensions  rotating  as  a  whole,  We  must 
therefore  conceive  the  rotation  to  be  that  of  very  small  portionB 
of  the  medium,  each  ratating  on  its  own  axis.  This  ia  the 
hypothesie  of  molecular  vortices. 

The  motion  of  these  vortices,  though,  as  we  have  shewn 
(Art.  575),  it  docs  not  sensibly  affect  the  visible  motions  of 
largo  bodies,  may  be  such  as  to  affect  that  vibratory  motion  on 
which  tho  propagation  of  light,  according  to  the  undulatory 
theory,  depends.  The  displacements  of  the  medium,  during 
the  propagation  of  light,  will  produce  a  disturbance  of  the 
vortices,  and  the  vortices  when  ao  dititurbod  may  react  on  the 
medium  so  aa  to  affect  the  mode  of  propagation  of  the  ray. 
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823.]  It  is  impoasiblo,  in  our  present  state  of  ignorance  as  to 
the  nature  of  the  vortices,  to  assign  the  form  of  the  law  wliich 
connects  the  displacement  of  the  medium  with  the  variatioD  of 
the  vortices.  We  shall  therefore  assume  that  the  variation  of 
the  vortices  caused  by  the  displacement  of  the  medium  is  subject 
to  the  same  conditions  which  Helmholtz,  in  his  great  memoir 
on  Vortex-motion*,  has  shewn  to  regulate  the  variation  of  the 
vortices  of  a  perfect  liquid. 

Helmholtz "s  law  may  be  stated  as  follows : — Let  P  and  Q  be 
two  neighbouring  particles  in  the  axis  of  a  vortex,  then,  if  in 
consequence  of  the  motion  of  the  fluid  these  particles  arrive  at 
the  points  /"',  Q',  the  line  P'Q'  will  represent  the  new  direction  of 
the  axis  of  the  vortes,  and  its  strength  will  be  altered  in  the 
ratio  of  P'^  to  PQ. 

Hence  if  a,  /9,  y  denote  the  components  of  the  strength  of  & 
vortex,  and  if  f,  ij,  C  denote  the  displacementa  of  the  medium, 
the  values  of  a,  ^3,  y  will  become 

d^       d(       d(   \ 

We  now  assume  that  the  same  condition  is  satisfied  during 
the  small  displacements  of  a  medium  in  which  a,  ^,y  represent, 
not  the  components  of  the  strength  of  an  ordinary  vortex,  but 
the  components  of  magnetic  force. 

824.]  The  components  of  the  angular  velocity  of  an  element 
of  the  medium  are 

"'"  ^'dt^dy      dz^' 

^~^dt\dx      dy}'  I 
The  next  step  in  our  hypothesis  is  the  assumption  that  the 
kinetic  energy  of  the  medium  contains  a  term  of  the  form 

2C(a<o,-|-;9<..j  +  j.u.j).  (3) 

•  CrtlU't  Journal,  vol.  It.  (1868),  pp.  25-56.  TniuUted  bj  Tiut,  Phil.  la,ig., 
June,  pp.  18S-&1I,  1S67. 
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This  IB  equivalent  to  supposing  that  the  angular  velocity  acquired 
by  the  element  of  the  medium  during  the  propagation  of  light  is 
a  quantity  which  may  enter  into  combination  with  that  motion 
by  which  magnetic  phenomena  are  explained. 

In  order  to  form  the  equations  of  motion  of  the  medium,  we 
must  express  ita  kinetic  enei^  in  terms  of  the  velocity  of  its 
parts,  the  components  of  which  are  ^,  i],  f  Wo  therefore 
integrate  by  parts,  and  find 


=  cff{yn-^<)dydz  +  cff(aC~yi)d. 


hdx  +  C 


#«- 


\^)dxdy 


*o 


f(. 


iy_ 


The  double  integrals  refer  to  tlie  hounding  surface,  which  may 
be  supposed  at  an  infinite  distance.  We  may  therefore,  while 
investigating  what  takes  place  in  the  interior  of  the  medium, 
confine  our  attention  to  the  triple  integral. 

825.]  The  part  of  the  kinetic  energy  in  unit  of  volume,  ex- 
pressed by  this  triple  integral,  may  be  written 

i-nCiiu  +  nv+'Cif),  (S) 

where  u,  v,  w  are  the  components  of  the  electric  current  as  given 
in  equations  (E),  Art.  607. 

It  appears  from  this  that  our  hypothesis  is  equivalent  to  the 
assumption  that  the  velocity  of  a  particle  of  the  medium  whose 
components  are  ^,  ^,  ^,  ia  a  quantity  which  may  enter  into 
combination  with  the  electric  current  whose  components  are 
tt,  V,  w. 

826.]  Returning  to  the  expression  under  the  sign  of  triple 


,  those 


(6) 


integration  in  (l),  substituting  for  the  values  of  o 
of  a,  ^',  y,  as  given  by  equations  (1),  and  writing 
d    ,         d      ^  d  d 

the  expression  under  the  sign  of  integration  becomes 

In  the  case  of  waves  in  planes   normal  to  the  axis  of  ;  the 
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displaceiiiputs  are  functions  of  z  and  t  onlv,  so  that  -r;  =  y-t' 
f ,,  .  ■       ■       J       J  ^  dk       '  ils 

and  this  expression  is  reduced  to 

The  kinetic  enei^  per  unit  of  volume,  so  far  as  it  depends  on 
the  velocities  of  displacement,  may  now  be  written 

r=i,(i"+,'+n+<-Ml-f'-Sj'f)'  w 

where  p  in  the  density  of  the  medium. 

827.]  The  components,  X  and  Y,  of  the  impressed  force,  re- 
ferred to  unit  of  volume,  may  be  deduced  from  this  by  Lagrange's 
eijiiations,  Art.  5G4.  We  observe  that  by  two  successive  inte- 
grations by  parts  in  regard  to  :,  and  the  omission  of  the  double 
integrals  at  tlie  bounding  surface,  it  may  be  sbewn  that 

„  dT     ^    d\ 

Hence  -^-f  =  C'y  .  „  7^  • 

The  expressions  for  the  forces  are  therefore  given  by 

These  forces  arise  from  the  action  of  the  remainder  of  the 
medium  on  the  clement  under  consideration,  and  must  in  the  case 
of  an  isotropic  medium  be  of  the  form  indicated  by  Cauchy, 

8:^8.]  If  wo  now  take  the  case  of  a  circularly-polarized  ray  for 
which  ^=  rco8(nt-qz),        t}  =  rsia(iit  —  qz},  (H) 

we  find  fur  the  kinetic  energy  in  unit  of  volume 

_    T=ip,^'n^-Cy7^q^n;  (15) 

and  for  the  potential  energy  in  unit  of  volume 

=  !>■=«,  (16) 

where  Q  is  a  function  of  q^. 


I 
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The  condition  of  free  propi^tion  of  the  ray  given  in  Art.  819. 

equation  (6),  i8  ^ -iZ  /  71 

which  gives  p'n?  —  2Cyq-n  =  Q,  (18) 

whence  the  value  of  n  may  be  found  in  terms  of  q. 

Eat  in  the  case  of  a  ray  of  given  wave-period,  acted  on  by 


magnetic  force,  what  we  want  to  determine  is  the  value  of 

when  n  ie  constant,  in  terms  of  -r=,  when  v  b  constant.     DifFer- 
a7t'  ' 


dy 


entiating  (18) 
(2f»)i-2C; 

We  thus  find  '^  =  -      ""i'"  ,  ^  ■  (20) 


[2pn-2Cyq')dn-(^  +  4Cyqn)dq~2Cq''7ldy  =  0.     (19) 


dq  _  Cq'n 

liy  ~      pn—Cyq'dn 
82fl.]  If  A  is  the  wave-length  in  air,  v  the  velocity  in  air,  and 
i  the  corresponding  index  of  refi-action  in  the  medium, 

q\.  =  2-n'i,  n\=  2iiv.  (21) 

The  change  in  the  value  of  q,  due  to  magnetic  action,  is  in 
every  case  an  exceedingly  small  fraction  of  its  own  value,  so 
that  we  may  write  j„ 

wheregyis  the  value  of  g  when  themagnetic  force  is  zero.  The  angle, 
6,  through  which  the  plane  of  polarization  is  turned  in  passing 
through  a  thickness  c  of  the  medium,  is  half  the  auni  of  the  posi- 
tive and  negative  values  of  q  c,  the  sign  of  the  result  being  changed, 
because  the  sign  oft;  is  negative  in  equations  (l4).  We  thus  obtain 

'  vpK 
The  second  term  of  the  denominator  of  this  fraction  is  approx- 
imately equal  to  the  angle  of  rotation  of  the  plane  of  polarization 
during  the  passage  of  the  light  through  a  thickness  of  the  medium 

equal  to  J  -  times  >  half  a  wave-length   {in  the  medium}.     It  is 

therefore  in  all  actual  cases  a  quantity  which  we  may  neglect  in 
comparison  with  unity. 

VOL.  II.  n  h 
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Writing  1^  =  7>i,  f25) 

we  may  call  m  the  coefficient  of  magnetic  rotation  for  the 
medium,  a  quantity  wljoae  value  must  be  determined  by  obser- 
vation. It  is  found  to  be  positive  for  most  diamagnetic,  and 
negative  for  some  paramagnetic  media.  We  have  therefore  as 
the  final  re&ult  of  our  theory 

e  =  ,ncy^~{i-K§).  (26) 

where  6  is  the  angular  rotation  of  the  plane  of  polarization, 
«t  a  constant  determined  by  observation  of  the  medium,  y  the 
intensity  of  the  magnetic  force  resolved  in  the  direction  of  the 
my,  c  the  length  of  the  ray  within  the  medium,  A  tlie  wave-length 
of  the  light  in  air,  and  l  its  index  of  refraction  in  the  medium  *. 

830.]  The  only  test  tb  which  this  theory  has  hitherto  been 
subjected  ia  that  of  comparing  the  values  of  6  for  different  kinds 
of  light  passing  through  the  aame  medium  and  acted  on  by  the 
same  magnetic  force. 

This  has  been  done  for  a  considerable  number  of  media  by  M. 
Verdet  f,  who  has  arrived  at  the  following  results ; — 

(1)  The  magnetic  rotations  of  the  jilanps  of  polarization  of 
the  rays  of  difFuront  colours  follow  approximately  the  law  of  the 
inverse  square  of  the  wave-length. 

(2)  The  exact  law  of  the  phenomena  is  always  such  that  the 
product  of  the  rotation  by  the  squai'C  of  the  wave-length  in- 
creases from  the  least  refrangible  to  the  most  refrangible  end 
of  (he  spectrum. 

(3)  The  substances  for  which  this  increase  is  most  sensible  are 
also  those  which  have  the  greatest  dispersive  power. 

Ho  also  found  that  in  the  solution  of  tartaric  acid,  which  of 
itself  produces  a  rotation  of  the  plane  of  polarization,  the  mag- 
netic rotation  is  by  no  means  proportional  to  the  natural  rotation. 

In  an  addition  to  the  same  memoir!  Verdot  has  given  the 
results  of  very  careful  experiments  on  bisulphide  of  carbon  and 
on  creosote,  two  substances  in  which  the  departure  &om  the 

*  {BovUnd  {Pkil.  Wag.  li.  p.  251,  ISSl)  hu  shown  thnt  DiMgnetic  roUtian  or  the 
plnne  of  polarization  would  be  produced  if  the  Hall  effect  (Vol.  I.  p.  123)  existed  in 

f  R«chercbes  eur  let  (iropri^t^a  optiquea  d^velopp^es  done  les  corps  tmuporenta 
pu-  Taction  du  magQ^tiBOie,  1°»*  partie.     Complei  Reiidia,  t.  Ivi.  p.  6S0  (B  April,  186S), 
t  ContpUt  Sendiu,  Ivii.  p.  670  (19  Oct.,  ltJ63). 
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law  of  the  inverse  equare  of  the  wave-length  was  very  apparent. 
He  has  also  compared  these  results  with  the  niunhers  given  by 
three  different  formulse, 

(I)      »  =  »<-,  J  (i-l^); 


(H)  e  =  ..cy±ii-.^); 


(in)0  = 


(i-x 


di^ 


The  first  of  these  formula?,  (I),  ia  that  which  we  have  already 
obtained  in  Art.  829,  equation  (26).  The  second,  (II),  ia  that 
which   results  from  substituting   in   the   equations   of  motion. 

Art.  827,  equations  (10),  (11),  tei-ms  of  the  form  '^  and  -S' 

instead  of  j-n-n  and  — j-rnr  •    I  am  not  aware  that  this  form  of 
t/ff-  lit  dz^dt 

the  equation  has  been  suggested  by  any  physical  tlieory.     The 

third  formula,  (III),  results  from  the  physical  theory  of  M.  C. 

Neumann  *,  in  which  the  equations  of  motion  contain  terma  of 


the  form  -rr  and 

at 


It  is  evident  that  the  values  of  0  given  by  the  formula  (III)  are 
not  even  approximately  proportional  to  the  inverse  square  of 
the  wave-length.  Those  given  by  the  formulse  (I)  and  (II) 
Batisfy  this  condition,  and  give  values  of  fl  which  agree  tolerably 
well  with  the  observed  values  for  media  of  moderate  dbpersive 
power.  For  bisulphide  of  carbon  and  creosote,  however,  the 
values  given  by  (II)  differ  very  much  from  those  observed. 
Those  given  by  (I)  agree  better  with  observation,  but,  though 
the  agreement  is  somewhat  close  for  bisulphide  of  carbon,  the 
numbers  for  ci-eosote  still  differ  by  quantities  much  greater  than 
can  bo  accounted  for  by  any  errors  of  observation. 

*  'Explicare  Imtatiir  quomoila  lilt  ut  IooIb  pluiniii  iiulnHaUiuau  pec  virv*  dec- 
trina  vd  magneticka  dvclinatur.'    Halit  Saxonam,  1858. 

+  These  three  tarma  of  Ihe  eqnations  of  motion  were  flfnt  igggcaled  hy  Sir  G.  B,  Airy 
(Fkil. Mag..  JnoelSi6,p.  «;;)  ■*  >  ineuiiofuiatjaiaf;  the  pheoamenan then r*«ently 
diaoi>v«red  bj  Fsmdtt)-.     Mac  Cull>|{h  Iwd  previnualif  Ba)i;gflst«I  eqiifttinna  coutaining 


II  of  the  te 


in  order  to  repreaent  nuthematicaUy  the  phennmeiui  of  i|aarti. 
offered  by  Hoc  CiiUtgh  and  Airy,  '  not  m  givios  ■  n 


Then  equfttioM  w ei 

explAQftnan  cif  th.!  pnacaoaieniL,  DQLba  tiiowin^  i 
liy  equiitions,  wbioli  equation*  appear  to  be  sue 
■ume  plnuiibte  uiiicliuucal  aumnptjon,  although  i 

ii  h  a 


t  the  phocniHnenn  mny  beeipUioed 
1  u  mi^ht  pnsulbly  be  deduced  from 
0  such  assumiiUun  bat  jei  Ineu  made.' 
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Magnetic  Rotation  of  the  Plune  0/ Polarization  (fi-om  Verd^t). 

Bunlphide  at  Cuban  at  34°-9C. 
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We  are  so  little  acquainted  with  the  details  of  the  molecular 
constitution  of  bodies,  that  it  ia  not  probable  that  any  aatiafttctory 
theory  can  be  formed  relating  to  a  [larticular  phonomenon,  such 
as  that  of  the  magnetic  action  on  light,  until,  by  an  induction 
founded  on  a  number  of  different  cases  in  which  visible  pheno- 
mena are  found  to  depend  upon  actions  in  which  the  molocoles 
are  concerned,  we  learn  something  more  definite  about  the 
liroportifa  wbicli  nuist  ]<i}  attrilmtod  to  a  molecule  in  order  In 
satisfy  the  conditions  of  observed  facts. 

The  theory  proposed  in  the  preceding  pages  is  evidently  of  a 
pi-ovisional  kind,  resting  as  it  does  on  unproved  hypotheses 
relating  to  the  nature  of  molecular  vortices,  and  the  mode  in 
which  they  are  affected  by  the  displacement  of  the  medium. 
We  must  therefore  regard  any  coincidence  with  observed  facts 
as  of  much  leas  scientific  value  in  the  theorj-  of  the  magnetic 
rotation  of  the  plane  of  polarization  than  in  the  electromagnetic 
theory  of  light,  which,  though  it  involves  hypotheses  about  the 
electric  properties  of  media,  does  not  speculate  as  to  the  consti- 
tution of  their  molecules. 

831.]  Note. — The  whole  of  this  chapter  may  be  regarded  as  an 
expansion  of  the  exceedingly  important  remark  of  Sir  William 
Thomson  in  the  Proceedings  of  the  Royal  Society,  June  1856  : — 
'  the  magnetic  influence  on  light  discovered  by  Faraday  depends 
on  the  direction  of  motion  of  moving  particles.  For  instance,  in 
a  medium  possessing  it,  particles  in  a  straight  line  parallel  to 
the  lines  of  magnetic  force,  displaced  to  a  helix  round  this  line 
as  axis,  and  then  projected  tangentially  with  such  velocities  as 
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to  deBcribe  circles,  will  have  different  velocities  according  aa 
their  motions  aro  round  in  one  dii-ectioa  (the  same  as  the 
nominal  direction  of  the  galvanic  current  ui  the  magnetizing 
coil),  or  in  the  contrary  direction.  But  the  elastic  reaction  of 
the  medium  must  be  the  same  for  the  same  diaplacements. 
whatever  be  the  velocities  and  directiona  of  the  particles ;  that 
is  to  say,  the  forces  which  are  balanced  by  centrifugal  force  of 
the  eircular  motions  are  equal,  while  the  luminiferoua  motions 
are  unequal.  The  absolute  circular  motions  being  therefore 
either  eijual  or  such  as  to  transmit  equal  centrifugal  forces  to 
the  particles  initially  considered,  it  follows  that  the  luminiferous 
motions  are  only  components  of  tlie  whole  motion;  and  that  a 
less  luminiferouB  component  in  one  direction,  compounded  with 
a  motion  existing  in  the  medium  when  transmitting  no  light, 
givee  an  equal  resultant  to  that  of  a  greater  luminiferoua  motion 
in  the  contrary  direction  compounded  with  the  same  non- 
luminous  motion.  I  think  it  ia  not  only  impossible  to  conceive 
any  other  than  this  dynamical  explanation  of  the  fact  that 
circularly-polarized  light  transmitted  through  magnetized  glass 
parallel  to  the  lines  of  magnetizing  force,  with  the  same  quality, 
right-handed  always,  or  left-handed  always,  is  propagated  at 
diffei"ent  rates  accoi-ding  as  its  course  is  in  the  direction  or  is 
contrary  to  the  direction  in  which  a  north  magnetic  pole  is 
drawn ;  but  I  believe  it  can  be  demonati-ated  that  no  other 
explanation  of  that  fact  is  possible.  Hence  it  appears  that 
Faraday's  optical  discovery  affords  a  demonstration  of  the 
reality  of  Ampere's  explanation  of  the  ultimate  nature  of  mag- 
netism ;  and  givea  a  definition  of  magnetization  in  the  dynamical 
theory  of  beat.  The  introduction  of  the  principle  of  momenta 
of  momenta  ("the  conservation  of  areas  ")  into  the  mechanical 
treatment  of  Mr.  Rankine's  hj-potLesis  of  "molecular  vortices." 
appears  to  indicate  a  line  perpendicular  to  the  plane  of  resultant 
rotatory  momentum  {"the  invariable  plane")  of  the  thermal 
motions  as  the  magnetic  axis  of  a  magnetized  body,  and 
suggests  the  resultant  moment  of  momenta  of  these  motionw 
as  the  definite  measure  of  the  "magnetic  moment."  The  ex- 
planation of  all  phenomena  of  electro-magnetic  attraction  or 
repulsion,  and  of  olectro-mngnetic  induction,  is  to  he  looked 
for  simply  in  the  inertia  and  pressure  of  the  matter  of  which 
the  motions  constitute  beat.     Whether  this  matter  is  or  is  not 
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electricity,  whether  it  is  a  continuoua  fluid  interpermeating  the 
spaces  between  mobcular  nuclei,  or  is  itself  moleoulorly  grouped ; 
or  whether  all  matter  ia  continuous,  and  molecular  hetero- 
geneousness  consists  in  finite  vortical  or  other  relative  motions 
of  contiguous  ports  of  a  body;  it  is  impossible  to  decide,  and 
perhaps  in  vain  to  speculate,  in  the  present  state  of  science.' 

A  theory  of  molecular  vortices,  which  I  worked  out  at  con- 
siderable length,  was  published  in  the  Phil.  Mag.  for  Mardi, 
April,  and  May,  1801,  Jan.  and  Feb.  I8C2. 

I  think  we  have  good  evidence  for  the  opinion  that  some 
phenomenon  of  rotation  is  going  on  in  the  magnetic  field,  that 
this  rotation  is  performed  by  a  great  number  of  very  small 
portions  of  matt*r,  each  rotating  on  its  own  axis,  this  axis 
being  parallel  to  the  direction  of  the  magnetic  force,  and  that 
the  rotations  of  these  different  vortices  are  made  to  depend 
on  one  another  by  moans  of  some  kind  of  mechanism  connecting 
them. 

The  attempt  which  I  then  made  to  imaj^e  a  working  model 
of  this  mechanism  must  be  talten  for  no  more  than  it  really  is, 
a  demonstration  that  mechanism  may  be  imagined  capable  of 
producing  a  euiir]e-\iou  iiicciianicaJly  eijuivalent  to  t!io  actual 
connexion  of  the  parts  of  the  electromagnetic  field.  The  problem 
of  determining  the  mechanism  required  to  establish  a  given 
species  of  connexion  between  the  motions  of  the  parts  of  a 
system  always  admits  of  an  infinite  number  of  solutions.  Of 
these,  some  may  be  more  clumsy  or  more  complex  than  others, 
but  all  must  satisfy  the  conditions  of  mechanism  in  general. 

The  following  results  of  the  theory,  however,  are  of  higher 
value :  — 

(1)  Magnetic  force  is  the  effect  of  the  centrifugal  force  of  the 
vortices. 

(2)  Electromagnetic  induction  of  currents  is  the  effect  of  the 
forces  called  into  play  when  the  velocity  of  the  vortices  is 
changing. 

(3)  Electromotive  force  arises  from  the  stress  on  the  con- 
necting mechanism. 

(4)  Electric  displacement  arises  from  the  elastic  yielding  of 
the  connecting  mechanism. 


PEEaOMAGNBTISM  AND  DlAMAONETtSM  EXPLAINED    BY 

MOLECULAR  CDEBEHT8. 

On  Elertromagnetic  Theories  of  Magnetiavi. 

832.]  We  have  seen  (Art.  380)  that  the  action  of  magnets  on 
one  another  can  be  accurately  repreBented  by  tba  attractions  and 
repulsions  of  an  imaginary  substance  called  '  magnetic  matter.' 
We  have  shewn  the  reasons  why  we  must  not  suppose  this 
magnetic  matter  to  move  from  one  part  of  a  magnet  to  another 
through  a  sensible  distance,  as  at  first  sight  it  appears  to  do 
when  we  magnetize  a  bar,  and  we  were  led  to  Poisson's  hypo- 
thesis that  the  magnetic  matter  is  strictly  confined  to  single 
molecules  of  the  magnetic  substance,  bo  that  a  magnetized 
molecule  is  one  in  which  the  opposite  kinds  of  magnetic  matter 
are  more  or  less  separated  towards  oppoate  poles  of  the  molecule, 
but  so  that  no  part  of  either  can  ever  be  actually  separated  from 
the  molecule  (Art.  430). 

These  arguments  completely  establish  the  fact,  that  mag- 
netization is  a  phtnomenon,  not  of  large  masses  of  iron,  but 
of  molecules,  that  is  to  say,  of  portions  of  the  substance  so 
small  that  we  cannot  by  any  mechanical  method  cut  one  of 
them  in  two.  so  aa  to  obtain  a  north  polo  separate  from  a 
south  pole.  But  the  nature  of  a  magnetic  molecule  is  by  no 
means  det«rmined  without  further  investigation.  Wo  havo  seen 
(Art,  442)  that  there  are  strong  reasons  for  believing  that  the 
act  of  magnetizing  iron  or  steel  does  not  consbt  in  imparting 
magnetization  to  the  molecules  of  which  it  is  composed,  bat 
that  these  molecules  are  already  magnetic,  even  in  unmagnetized 
iron,  but  with  their  axes  placed  indifferently  in  all  directions. 


p 


472  ELECTRIC  THBOHY  OP  HAGNETISM.  [834. 

and  that  the  act  of  raagnetizatioQ  conalsts  in  turning  tbe 
moleculefi  so  that  their  axes  are  either  rendered  all  parallel  to 
one  direction,  or  at  least  are  deflected  towards  that  direction. 

833.]  Still,  however,  we  have  arrived  at  no  explanation  of  the 
nature  of  a  magnetic  molecule,  that  is,  we  have  not  recognized 
its  likeness  to  any  other  thing  of  which  we  know  more.  We 
have  therefore  to  consider  the  hj-pothesis  of  Ampfere,  that  the 
magnetism  of  the  molecule  is  due  to  an  electric  current  cnn- 
sUintly  circulating  in  some  closed  path  within  it. 

It  is  possible  to  produce  an  exact  imitation  of  the  action  of 
any  raflgnet  on  points  external  to  it,  by  means  of  a  sheet  of 
electric  currents  properly  distributed  on  its  outer  surface.  But 
the  action  of  the  magnet  on  points  in  the  interior  is  quite 
different  from  the  action  of  the  electric  currents  on  corresponding 
points.  Honce  Ampfere  concluded  that  if  raagnetiflm  is  to  be 
explained  by  means  of  electric  currents,  these  cun-ents  must 
circulate  within  the  molecules  of  the  m^net,  and  must  not  flow 
from  one  molecule  to  another.  As  we  cannot  experimentally 
measure  the  magnetic  action  at  a  point  in  the  interior  of  a 
molecule,  this  hypothesis  cannot  be  disproved  in  the  same  way 
that  we  can  disprove  the  liypothesis  of  eiirrcnts  of  seiisilile 
extent  within  the  magnet. 

Besides  this,  we  know  that  an  electric  current,  in  passing  from 
one  part  of  a  conductor  to  another,  meets  with  resistance  and 
generates  heat ;  so  tliat  if  there  were  currents  of  the  ordinary 
kind  round  portions  of  the  magnet  of  sensible  size,  there  would 
be  a  constant  expenditure  of  energy  required  to  maintain  them, 
and  a  magnet  would  be  a  perpetual  source  of  heat.  By  confining 
the  circuits  to  the  molecules,  within  which  nothing  is  known 
about  resistance,  we  may  assert,  without  fear  of  contradiction, 
that  the  eun-ent,  in  circulating  within  the  molecule,  meets  with 
no  resistance. 

According  to  Ampere's  theory,  therefore,  all  the  phenomena 
of  magnetism  are  due  to  electric  currents,  and  if  we  could 
make  observations  of  the  magnetic  force  in  the  interior  of  a 
magnetic  molecule,  we  should  find  that  it  obeyed  exactly  the 
same  law.s  as  the  force  in  a  region  surrounded  by  any  other 
electric  circuit. 

834.]  In  treating  of  the  force  in  the  interior  of  magnets,  we 
have  supposed  the  measurements  to  be  made  in  a  small  crevasse 
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hollowed  out  of  the  substance  of  tbo  niagoet,  Art.  395,  Wc 
were  thus  led  to  consider  two  different  quantities,  tlie  magnetic 
force  and  the  magnetic  induction,  both  of  which  are  supposed 
to  be  observed  in  a  space  from  which  the  magnetic  matter  is 
removed.  We  wltc  not  supposed  to  be  able  to  penetrate  into 
tlie  interior  of  a  magnetic  molecule  and  to  observe  the  force 
within  it. 

If  we  adopt  Ampfere's  theory,  we  consider  a  magnet,  not  as  a 
continuous  substance,  the  magnetization  of  which  varies  from 
point  to  point  according  to  some  easily  conceived  law,  but  as  a 
multitude  of  molecules,  within  each  of  which  circulates  a  system 
of  electric  currents,  giving  rise  to  a  distribution  of  magnetic  force 
of  extreme  complexity,  the  direction  of  the  force  in  the  interior 
of  a  molecule  being  generally  the  reverse  of  that  of  the  average 
force  in  its  neighbourhood,  and  the  magnetic  potential,  where  it 
exists  at  all,  being  a  function  of  as  many  degrees  of  multiplicity 
as  there  are  molecules  in  the  magnet. 

835.J  Eut  we  shall  find,  that,  in  spite  of  this  apparent  com- 
plexity, which,  however,  arises  merely  from  the  coexistence  of  a 
multitude  of  simpler  parts,  the  mathematical  theory  of  magnetism 
is  greatly  simplified  by  the  adoption  of  Ampere's  theory,  and 
by  extending  our  mathematical  viaion  into  the  interior  of  the 
molecules. 

In  the  first  place,  the  two  definitions  of  magnetic  force  are 
reduced  to  one,  both  becoming  the  same  as  that  for  the  space 
outside  the  magnet.  In  the  next  place,  the  components  of  the 
magnetic  force  everywhere  satisfy  the  condition  to  which  those 
of  induction  are  subject,  namely, 

da     d(i     dy       „  ,,. 

In  other  words,  the  distribution  of  magnetic  force  is  of  the 
same  nature  aa  that  of  the  velocity  of  an  incompressible  fluid, 
or,  as  wo  have  expressed  it  in  Art,  25,  the  magnetic  force  has  no 
convergence. 

Finally,  the  three  vector  functions — the  electi-omagnetic  mo- 
mentum, the  magnetic  force,  and  the  electric  current — become 
more  simply  related  to  each  other.  They  ai-e  all  vector  functions 
of  no  convergence,  and  they  are  derived  one  from  the  other  in 
order,  by  the  same  process  of  taking  the  space- variation  which 
is  denoted  by  Hamilton  by  tlio  symbol  V. 
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S36.]  But  we  are  now  coDeitlering  magnetism  from  a  physical 
point  of  view,  and  we  must  enquire  into  tlie  physical  properties 
of  the  molecular  currents.  We  assume  that  a  current  U  circu- 
lating in  a  molecule,  and  that  it  meets  with  no  resistance.  If  L 
ia  the  coefficient  of  self-induction  of  the  molecular  circuit,  and  M 
the  coefficient  of  mutual  induction  between  this  circuit  and  some 
other  circuit,  then  if  y  is  the  current  in  the  molecule,  and  ■/  that 
in  the  other  circuit,  the  equation  of  the  cun-ent  y  ia 

^(ir  +  Jlf/)  =  -^/;  (2) 

and  eiooe  by  the  hypothesis  there  is  no  resistance,  R  =  0,  and 
we  get  by  integration 

Ly  +  My  =  constant,  =  Zy^,  say.  {3) 

Let  U8  suppose  that  the  area  of  the  projection  of  the  molecular 
circuit  on  a  plane  perpendicular  to  the  axis  of  the  moh-culo  is  A, 
this  axis  being  deHned  as  the  normal  to  the  plane  on  which  the 
projection  is  gi-eatest.  If  the  action  of  other  currents  produces  a 
magnetic  force,  X,  in  a  direction  whose  inclination  to  the  axis  of 
the  molecule  is  6,  the  quantity  My  becomes  XA  cos  6,  and  wo 
have  as  the  equation  of  the  cuiTent 

Ly\-XAcosd  =  Lyg,  (4) 

where  y^  ia  the  value  of  y  when  X  =  0. 

It  appears,  therefore,  that  the  strength  of  the  molecular  current 
depends  entirely  on  its  primitive  value  y^,  and  on  the  intensity 
of  the  magnetic  force  due  to  other  currents. 

837.]  If  we  suppose  that  there  ia  no  primitive  current,  but 
that  the  current  is  entirely  due  to  induction,  then 

y  = j^  cosfl.  (5) 

The  negative  sign  shews  that  the  direction  of  the  induced 
current  is  opposite  to  that  of  the  inducing  current,  and  its 
magnetic  action  is  such  that  in  the  interior  of  the  circuit  it 
acts  in  the  opposite  direction  to  the  magnetic  force.  In  other 
words,  the  molecular  current  acta  hlio  a  small  magnet  whose 
poles  are  turned  towards  the  poles  of  the  same  name  of  the 
inducing  magnet. 

Now  this  is  an  action  the  reverse  of  that  of  the  molecules 
of  iron  under  magnetic  action.  The  molecular  currents  in  iron, 
therefore,  are  not  excited  by  induction.    But  in  diamagnetic 
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snbfitanoee  an  action  of  thia  kind  is  observed,  and  in  fact  t 
is  the  explanation  of  diamagnetic  polarity  wliicli  was  fii^t  g 
by  Weber. 

Webn-'a  Theoiy  of  Diaviagnetrnii. 

838.]  According  to  Weber's  theory,  there  exist  in  the  molecule* 
of  diamagnetic  substances  certain  channels  round  which  an 
electric  current  can  circulate  without  resistance.  It  is  manifest 
that  if  we  suppose  these  channels  to  traverse  the  molecule  in 
every  direction,  this  amounts  to  making  the  molecule  a  perfeo 
conductor. 

Eegioning  with  the  assumption  of  a  linear  circuit  within  thl 
molecule,  we  have  the  strength  of  the  current  given  by  eqm 
tion  (3). 

The  magnetic  moment  of  the  current  is  the  product  of  it4 
sti-ength  by  the  area  of  the  circuit,  or  yA,  and  the  resolved  pu 
of  this  in  the  direction  of  the  magnetizing  force  is  yAeosB 

^coa^fl.  (6) 

If  thc-re  are  n  such  molecules  in  unit  of  volume,  and  if  their 
axes  are   distributed    indifferently   in  all   directions,   then  tbej 
average  value  of  cos^fl  will  be  J,  and  the  intensity  of  magnet 
izatiou  of  the  substance  will  be 

Neumann's  coefficient  of  magnetization  is  therefore 

"-*"-^-.  % 

The  magnetizaticm  of  the  substance  is  therefore  in  the  oppoaito] 
direction   to   the   magnetizing   force,    or,   in    other  words,   the 
substance   is   diamagnetic.     It   is  also  exactly  proportional  to 
the  magnetizing  foi^ce,  and  does   not  tend  to  a  finite  limit, 
in  the  case  of  ordinary  magnetic  induction.     See  Arts.  442,  &c. 
839.]  If  the  directions  of  the  axes  of  the  molecular  channel 
e  arranged,  not  indifferently  in  all  directions,  but  with  a  j 
ponderating  number  in  certain  directione,  then  the  sum 


extended  to  all  the  molecules  will  have  different  values  acconlix 
to  the  direction  of  the  line  from  whioh  6  is  measured,  and  t 
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diBtribution  of  these  values  in  different  (lireetions  -will  be  eimilar 
to  the  distiibution  of  the  values  of  moments  of  inertia  about 
axes  in  different  directions  through  the  same  point. 

Such  a  distribution  will  explain  the  magnetic  phenomena 
related  to  axes  in  the  body,  described  by  Pliicker,  which  Faraday 
has  called  Uagne-cryetailic  phenomena-     See  Ast.  435. 

840.]  Let  us  now  consider  what  would  be  the  effect,  if,  instead  of 
the  electi'ic  current  heii^  confined  to  a  certain  channel  within  the 
molecule,  the  whole  molecule  were  supposed  a  perfect  conductor. 

Let  us  begin  vnth  the  ease  of  a  body  the  form  of  which  ia 
acyclic,  that  ia  to  say,  which  is  not  in  the  form  of  a  ring  or 
perforated  body,  and  let  us  suppose  that  this  body  is  everj'whi.-re 
surrounded  by  a  thin  shell  of  perfectly  conducting  matter. 

We  have  proved  in  Art.  G54,  that  a  doeed  sheet  of  perfectly 
conducting  matter  of  any  form,  originally  free  from  currents, 
becomes,  when  exposed  to  external  magnetic  force,  a  current- 
sheet,  the  action  of  which  on  every  point  of  the  interior  is  Buch 
as  to  make  the  magnetic  force  zero. 

It  may  assist  us  in  understanding  this  case  if  we  observe  that 
the  distribution  of  magnetic  foroo  in  the  neighbourhood  of  such 
a  body  is  similar  to  the  distribution  of  velocity  in  an  incom- 
presaible  fiuid  in  the  neighbourhood  of  an  impervious  body  of 
the  same  form. 

It  is  obvious  that  if  other  conducting  shells  are  placed  within 
the  fii'st,  since  they  are  not  exposed  to  magnetic  force,  no 
currents  will  be  excited  in  tliem.  Hence,  in  a  solid  of  perfectly 
conducting  material,  the  effect  of  magnetic  force  is  to  generate  a 
system  of  cuixents  which  arc  entirely  confined  to  the  surface  of 
the  body. 

841,]  If  the  conducting  body  is  in  the  form  of  a  sphere  of  radius 
r,  its  magnetic  moment  may  be  shewn  J  by  the  method  given  in 
Art.  072;  to  be 

and  if  a  number  of  such  spheres  are  distributed  in  a  medium,  so 
that  in  unit  of  volume  the  volume  of  the  conducting  matter  is 
k',  then,  by  putting  A:,  =  qo,  k.^  =  1,  and  p  =  h'  in  equation  (17), 
Art.  314,  we  find  the  coefficient  of  magnetic  permeability,  taking 
it  as  the  reciprocal  of  the  resistance  in  that  article,  viz, 
2-2if 


2  +  ^" 


(9) 
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whence  we  obtain  for  Poisson's  magnetic  coefficient 

k  =  -ilc',  (10) 

and  for  Neumann's  coefficient  of  magnetization  by  induction 

"=-s^'-  (■■) 

Since  the  matbematical  conct:ptton  of  perfectly  conducting 
bodies  leads  to  reBiilts  exceedingly  different  from  any  phenomena 
wbich  we  can  observe  in  ordinary  conductors,  let  ua  pursue  the 
subject  somewhat  further. 

84^.]  Returning  to  the  case  of  the  conducting  channel  in  the 
form  of  a  closed  curve  of  area  ^,  as  in  Art.  836,  we  have,  for 
the  moment  of  the  electromagnetic  force  tending  to  increase  the 
angle  0, 


,J.M 

=  ~yXA  »L 
X'A'  . 

a0 

e  cos  6. 

(12) 
(13) 

positive 

or  negative 

according 

,« 

e 

is 

less  or 

This 
greater  than  a  right  angle.  Hence  the  effect  of  magnetic  force 
on  a  perfectly  conducting  channel  tends  to  turn  it  with  it*  axis 
at  right  angles  to  the  line  of  magnetic  force,  that  is,  so  that  the 
plane  of  the  channel  becomes  parallel  to  the  lines  of  force. 

An  effect  of  a  similar  kind  may  be  observed  by  placing  a 
penny  or  a  copper  ring  between  the  poles  of  an  electromagnet. 
At  the  instant  that  the  magnet  is  excited  the  ring  turns  its 
plane  towards  the  axial  direction,  but  this  force  vanishes  aa 
soon  as  the  currents  are  deadened  by  ttiu  resistance  of  the 
copper*. 

843.]  We  have  hitherto  considered  only  the  case  in  which  the 
molecular  currents  ai-o  entirely  excited  by  the  external  magnetic 
force.  Let  us  next  examine  the  bearing  of  Wetier's  theory  of 
tlie  magneto-electric  induction  of  molecular  currents  on  Ampfcre's 
theory  of  ordinary  magnetism.  According  to  Ampfere  and  Weber, 
tile  molecular  current*  in  magnetic  substances  ai-e  not  excited  by 
the  external  magnetic  force,  but  are  already  there,  and  the 
molecule  itself  is  acted  on  and  deflected  by  the  electromagnetic 
ution  of  the  magnetic  force  on  the  conducting  circuit  in  which 
the  current  flows.  When  Ampiire  devised  this  hyputliesis,  the 
induction  of  electric  currents  was  not  known,  and  be  niadi 


*  See  KkruU;,  Eif.  Een.,  S310,  fto. 
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hjpotbesis  to  account  for  the  esiatence,  or  to  determine  the 
strength,  of  the  molecular  currents. 

We  are  now,  however,  bound  to  apply  to  these  currents  the 
same  laws  tliat  Weber  applied  to  his  currents  ia  diamagnetic 
molecules.  We  have  only  to  suppose  that  the  primitive  value 
of  the  current  y,  when  no  magnetic  force  acts,  is  not  zero  but 
y„.  The  sti-eogth  of  the  current  when  a  magnetic  foroe,  X, 
nets  on  a  molecular  current  of  area  A,  whose  axis  ie  inclined 
at  an  angle  9  to  the  line  of  magnetic  force,  is 

y=y>, — ^coso,  (II) 

and  the  moment  of  the  couple  tending  to  turn  the  molecule  bo  oe 
to  increase  fl  ia  X"^  A^ 

-  yys^A  sin  &  +  ~^j~  »'"  ^  ^-  (15) 

Hence,  putting  ,* 

J,.  =  ™,     jl  =  B,  (,6) 

in  the  invcfltigation  in  AH.   443,  the  equation  of  equilibrium 

becomes        Xainfl-B.V'sinflcoBfl  =  DsJn(a-fl).  (17) 

The   resolved  part  of  the  magnetic  moment  of  the  current 

in  the  direction  of  A'  is 

yJcOstf  =  y^jlcOB^ j-QOB^$,  (18) 

=  mcos(7(l-£A"co8fl).  (19) 

844.]  These  conditions  differ  from  those  in  Weber's  theory  of 
magnetic  induction  by  the  terms  involving  the  coefficient  B.  If 
BX  is  small  compared  with  unity,  the  results  will  approximate 
to  those  of  Weber's  theory  of  magnetism.  If  BX  is  large  com- 
pared with  unity,  the  results  will  approximate  to  those  of  Weber's 
theory  of  diamagnetism. 

Now  the  greater  y^,  the  primitive  value  of  the  molecular 
current,  the  smaller  will  B  become,  and  if  L  is  also  large,  this 
will  also  diminish  B.    Now  if  the  current  flows  in  a  ring  channel, 

the  value  of  L  depends  on  log  —  •  where  R  is  the  radius  of  the 

mean  line  of  the  channel,  and  r  that  of  its  section.  The  smaller 
therefore  the  section  of  the  channel  compared  with  its  area, 
the  greater  will  be  L,  the  coefficient  of  self-induction,  and  the 
more  nearly  will  the  phenomena  agree  with  Weber'a  original 
theory.    There  will  be  this  difference,  however,  that  as  X,  the 
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magnetmng  force,  iucreases,  the  temporary  magnetic  momeiit 
will  not  only  reach  a  maximum,  bat  will  afterwards  diminish  as 
X  increaeefl. 

If  it  should  ever  be  experimentally  proved  that  the  temporary 
magnetization  of  any  substance  first  increases,  and  then  diminishes 
as  the  magnetizing  force  is  continually  increased,  the  evidence  of 
the  existence  of  these  molecular  currents  would,  I  think,  be 
raised  almost  to  the  rank  of  a  demonstration*. 

845.]  If  the  mok'cular  currc'ntK  in  diamagnetic  substances  are 
confined  to  definite  channek,  and  if  the  molecules  are  capable  of 
being  deflected  like  those  of  magnetic  substances,  then,  as  the 
magnetizing  force  increases,  the  diamagnetic  polarity  will  always 
increase,  but,  when  the  force  is  great,  not  quite  ho  fast  as  the 
magnetizing  force.  The  small  absolute  value  of  the  diamagnetic 
coefficient  shews,  however,  that  the  deflecting  force  on  each 
molecule  must  he  small  compared  ivith  that  exerted  on  a  mag- 
netic molecule,  so  that  any  result  due  to  this  deflexion  is  not 
likely  to  be  perceptible. 

If,  on  the  other  hand,  the  molecular  currents  in  diamagnetic 
bodies  are  fi-ee  to  flow  through  the  whole  substance  of  the  mole- 
cules, the  diamagnetic  polarity  will  be  strictly  proportional  to 
the  magnetizing  force,  and  its  amount  will  lead  to  a  deter- 
mination of  the  whole  space  occupied  by  the  perfectly  conducting 
masses,  and,  if  wo  know  the  number  of  the  molecules,  to  the 
determination  of  the  size  of  each. 


•  [No  indiciWon  of  tliU  effect  has  m  yet  been  fouod,  tlii>iiKh  Prof.  Ewing  hu 
•ought  fur  it  in  vnry  inteDM  mftgnetio  field*.  See  Swing  an<l  Li>w  '  On  tbe  Msgneti- 
wticm  »r  Icon  Bill!  oUier  M««aelia  MetaU  ia  very  SiroDg  FlelOa,'  PAil.  Traiu.  ISbfi, 
A.  p.  231.) 
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THEOBIES    OP   ACTION   AT   A    DISTANCE. 


On  the  Explanation  of  Aniphv'n  Formula  giveti  by  Oauaa   i 

aW  Weber. 
846.]  The  attraction  between  the  elements  de  &nd  do'  of  t 
circuits,  carrying   electric  currents  of  intensity  i  and  i',  is,  by 
Anjpfere'a  formula, 

ii'dsda'  /^  _drdr^  ,,. 


ii'dsd^  , 


drdr 


>. 


(2) 
unitQ.      See 


_  d^r    _ 
dsds       da  da' 
the   currents   being   estimated   in  electromagnet! 
Art.  526. 

The  quantities,  whose  meaning  as  they  appear  in  these  ex- 
pressioDs  we  have  now  to  interpret,  are 

dr  dr  d'^r 

'  de  de'  dade" 

and  the  most  obvious   phenomenon  in   which  to  seek  for   an 

interpretation  founded  on  a  direct  relation  between  the  currents 

is  the  relative  velocity  of  tlie  electricity  in  the  two  elements. 

847.]  l^efc  us  therefore  consider  the  relative  motion  of  two 
particles,  moving  with  constant  velocities  v  and  v  along  the 
elements  ds  and  (//  respectively.  The  square  of  the  relative 
velocity  of  these  particles  ia 

«2  =  i;-- 21-11' cos  «  +  )/*;  (3) 

and  if  we  denote  by  r  the  distance  between  the  particles, 

ar         dr      .dr  ,   , 


where  the  symbol  i  indicates  that,  m  the  quantity  differentiated, 
the  coordinates  of  the  particles  are  to  be  expressed  in  terms  of 
the  time. 

It  appears,  therefore,  that  the  terms  involving  the  prodoct  w' 
in  the  equations  (3),  (5),  and  (6)  contain  the  quantities  occur- 
ring in  (1)  and  (2)  which  we  have  to  interpret.     Wo  therefore 

endeavour  to  express  (I)  and  (2)  in  terms  of  u\  ci'  >  and  — ^  ■ 

But  in  order  to  do  so  we  must  get  rid  of  the  first  and  third 
terms  of  each  of  these  expressions,  for  they  involve  quantities 
which  do  not  appear  in  the  formula  of  Ampere.  Hence  we 
cannot  explain  the  electric  current  a.s  a  transfer  of  electricity  in 
one  direction  only,  but  we  must  combine  two  opposite  streams 
in  each  current,  so  that  the  combined  effect  of  the  terms  in- 
volving v'  and  t/^  may  be  zero. 

848.]  Let  us  therefore  suppose  that  in  the  first  element,  da, 
we  have  one  electric  particle,  e,  moving  with  velocity  v,  and 
another,  e,.  moving  with  velocity  v^,  and  in  the  same  way  two 
particles,  e'  and  e\,  in  t/s',  moving  with  velocities  v'  and  ?/, 
respectively. 

The  term  involving  v'  for  the  combined  action  of  these 
particles  is  S(fe^)=(v^e   +    VOC^'    +    «'j)-  (^) 

Similarly        2;(p'^ce')  =  (v'''e'4i;',V,)(e      +     e,);  (s) 

and  ^{vv'ee')  =  {ve     +     ip,ei)(rV  +  v'/i)-  (3) 

In  order  that  2  (u'ee'}  may  be  zero,  we  must  have  either 

e'+c'i  =  0,     or     v'e  +  v,\  =  0.  ^I0) 

According  to  Fechner's  hypothesis,  the  electric  current  con- 
sists of  a  current  of  positive  electricity  in  the  positive  direc- 
tion, combined  with  a  current  of  negative  electi'icity  in  the 
negative  direction,  the  two  currents  being  exactly  equal  in 
numerical  magnitude,  both  as  respects  the  quantity  of  electricity 
in  motion  and  the  velocity  with  which  it  is  moving.  Hence 
both  the  conditions  of  (10)  are  satisfied  by  Fechner's  hypo- 
thesis. 
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But  it  is  sufficient  for  our  purpose  to  assume,  either — 

That  the  quftntity  of  positive  electricity  in  each  element  is 
numerically  equal  to  the  quantity  of  negative  electricity  ;  or — 

That  the  quantities  of  the  two  kinds  of  electricity  are  in- 
versely as  the  squares  of  their  velocities. 

Now  we  know  that  by  charging  the  eecond  conducting  wire 
as  a  whole,  we  can  make  f'  +  e',  either  positive  or  negative. 
Such  a  charged  wire,  even  without  a  current,  according  to  this 
formula,  would  act  on  the  first  wire  carrying  a  current  in  which 
v-e  +  !'i*«i  has  a  value  differing  from  zero.  Such  an  action  has 
never  been  observed. 

Therefore,  since  the  quantity  e'  +  e',  may  be  shewn  experi- 
mentally not  to  be  always  zero,  and  since  the  quantity  i^e  +  r^,i*, 
is  not  capable  of  being  experimentally  tested,  it  is  better  for 
these  speculations  to  assume  that  it  is  the  latter  quantity  which 
invariably  vanishes. 

8i9.]  Whatever  hypothesis  we  adopt,  there  can  be  no  doubt 
that  the  total  ti'ansfer  of  electricity,  reckoned  algebraically, 
along  the  fizsb  circuit,  is  represented  by  hJ 

fo  +  v,e,  =  cida,  ^| 

where  r  is  the  number  of  units  of  statical  electricity  which  are 
transmitted  by  the  unit  electric  current  in  the  unit  of  time;  so 
that  we  may  ^viite  equation  (9) 

2  {ii/ee')  =  i^  ii'dsih'.  { 1 1) 

Hence  the  sums  of  the  four  values  of  (3),  (5),  and  (0)  become 

I{ee'ir)  =  —  2c^(i'(/s<?,s'cose,  (12) 

x(rf,.g:)=2c.',T<M.V_^„  (M) 

and  we  may  \vrite  the  two  expressions  (1)  and  (2)  for  the 
attraction  between  iln  and  ih' 

850.]  The  ordinarj-  expression,  in  the  theory  of  statical  electri- 
city, for  the  repulsion  of  tw-u  electrical  particles  e  and  e'  is  "^^  . 
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whicb  gives  the  electroBtatic  repulsion  between  the  two  elements 
if  they  are  charged  as  wholes. 

Hence,  if  we  aseume  for  the  repulsion  of  the  two  particles 
either  of  the  modified  expressions 

(18) 

(19) 

we   may  deduce    from   them   both   the   ordinary    eleotrostatic 
forces,  and  the  forces  acting  between  currents  as  determined  by 


?['4(»'-5(n)-)]. 

:i['4('S-*(if)')].' 


851,]  The  first  of  those  expresaionfl.  (18),  was  discovered  by 
Gauss  "I"  in  July  1835,  and  interpreted  by  bini  as  a  fundamental 
law  of  electrical  action,  that  '  Two  elements  of  electricity  in  a 
state  of  relative  motion  attract  or  repel  one  another,  but  not  in 
the  same  way  a.s  if  thoy  are  in  a  state  of  relative  rest.'  This 
discovery  was  not,  so  far  as  I  know,  published  in  the  lifetime 
of  Gauss,  80  that  the  second  expression,  which  was  discovered 
independently  by  W,  Weber,  and  published  in  the  first  part  of 
hifl  celebrated  Elektrodi/namuche  Maasbentimmu-ngen  J,  was 
the  first  result  of  the  kind  made  known  to  the  scientific  world. 

852.]  The  two  expressions  lead  to  precisely  the  same  result 
when  they  are  applied  to  the  determination  of  the  mechanical 
force  between  two  electric  currents,  and  this  result  i.?  identical 
with  that  of  Ampere.  But  when  they  are  considered  as  ex- 
presaioiu  of  the  physical  law  of  the  action  between  two  elec- 
trical particles,  we  are  led  to  enquire  whether  they  are  consistent 
with  other  known  facts  of  nature. 

Both  of  these  expressions  involve  the  relative  velocity  of  the 
particles.  Now,  in  establishing  by  mathematical  reasoning 
the  well-known  principle  of  the  conservation  of  energy,  it  is 
generally  assumed  that  the  force  acting  between  two  particles 
is  a  function  of  the  distance  only,  and  it  is  commonly  stated 


•    ;F<ir»n»eooanti.rotliBrtUu.meaortW»  kind  ae. 
by  J.  J.ThoDwon,  B. /I.  ttrport.  1886,  pp.  97-165.) 
t   Werke  (GiittiDgen  «litiDii,  1S67),  vol.  v.  p.  SIS. 
X  Ahk.  Itibnitnu  Ott.,  LeJiidg  (ItJlS).  p.  AIS. 

lis 
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that  if  it  is  a  function  of  tmytliiug  else,  such  as  the  time,  or  the 
velocity  of  the  particles,  the  proof  would  not  hold. 

Hence  a  law  of  electrical  action,  involving  the  velocity  of  the 
particles,  has  sometimes  been  supposed  to  be  inconsistent  with 
the  principle  of  the  conservation  of  energy. 

853.]  The  formula  of  Gauss  is  inconsistent  with  thia  principle, 
and  must  therefore  be  abandoned,  as  it  loads  to  the  concluaioa 
that  energy  might  bo  indefinitely  generated  in  a  finit*  system  by 
physical  means.  This  objection  does  not  apply  to  the  fonuula 
of  Weber,  for  he  has  shewn  *  that  if  we  assume  as  the  potential 
pnergy  of  a  system  consisting  of  two  electric  particles, 

*  =  T['-r.(M)'J.  w 

the  repulsion  between  thera,  -which  is  found  by  differentiating 
this  quantity  with  respect  to  r,  and  changing  the  sign,  is  that 
given  by  the  formula  (19). 

Hence  the  work  done  on  a  moving  particle  by  the  repolaion 
of  a  fixed  particle  is  ■\^/^—^fr,,  where  i^g  and  ^,  are  the  values  of 
i^  at  the  beginning  and  at  the  end  of  its  path.  Now  ^}'  depends 
only  on  the  distance,  )■,  and  on  the  velocity  resolved  in  tJi© 
direction  of  r.  If,  thfrffovi?,  thi;  partiolii  describfs  any  closed 
path,  so  that  its  position,  velocity,  and  direction  of  motion  are 
the  same  at  the  end  as  at  the  beginning,  i^,  will  be  equal  to  yjr^ . 
and  no  work  will  be  done  on  the  whole  during  the  cycle  of 
operations. 

Hence  an  indefinite  amount  of  work  cannot  be  generated  by  a 
particle  moving  in  a  periodic  manner  under  the  action  of  the 
foi-cc  assumed  by  Weber. 

854.]  But  Helmholtz.  in  his  very  powerful  memoir  on  the 
'Equations  of  Motion  of  Electricity  in  Conductors  at  Rest't, 
while  he  shows  that  Weber's  formula  is  not  inconsistent  with 
the  principle  of  the  conservation  of  energy,  as  regards  only  the 
work  done  during  a  complete  cyclical  operation,  points  out  that 
it  leads  to  the  conclusion,  that  two  electri6ed  particles,  which 
move  according  to  Weber's  law,  may  have  at  first  finite  velo- 
cities, and  yet,  while  still  at  a  finite  distance  from  each  other, 
they  may  acquire  an  infinite  kinetic  energy,  and  may  perform 
an  infinite  amount  of  work. 


tc, 


Po^g.  Ata.,  Ixiiii.  p.  229  (1S48). 
Crtilt'i  Joanul,  72.  pp.  87-l!»  (1870). 
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To  this  Weber*  replies,  that  the  initial  relative  velocity  of 
the  particles  in  Helmholtz's  example,  though  fiDite,  is  greater 
than  the  velocity  of  light ;  and  that  the  distance  at  which  the 
kinetic  enei'gy  hecomes  infinite,  though  finite,  ia  smaller  than 
any  magnitude  which  we  can  perceive,  so  that  it  may  be 
physically  impossible  to  bring  two  molecules  so  near  together. 
The  example,  therefore,  cannot  be  tested  by  any  experimental 
method. 

Helmholtz  f  'i*^  therefora  stated  a  case  In  which  the  distances 
are  not  too  small,  nor  the  velocities  too  great,  for  experimental 
verifipation.  A  fixed  non-conducting  spherical  surface,  of  radius 
a,  is  uniformly  charged  with  electricity  to  the  surface -density  it, 
A  particle,  of  mass  m  and  carrying  a  charge  e  of  electricity, 
moves  within  the  sphere  with  velocity  v.  The  electrodynamie 
potential  ealculatod  from  the  formula  (20)  is 

*«'«(> -,|^).  (") 

and  is  independent  of  the  position  of  the  particle  within  the 
sphere.  Adding  to  this  V,  the  remainder  of  the  potential  energy 
ai-ising  from  the  action  of  other  forces,  and  imv',  the  kinetic 
energj'  of  the  particle,  we  find  as  the  equation  of  energy 

i(vi—^^^-~^  ")  v'^  +  ivatre  +  V  =  const.  (22) 

Since  the  second  term  of  the  coefficient  of  c^  may  be  increased 
indefinitely  by  increasing  o,  the  radius  of  the  sphere,  while  the 
surface-density  o-  remains  constant,  the  coefficient  of  v-  may  be 
made  negative.  Acceleration  of  the  motion  of  the  particle 
would  then  correspond  to  diminution  of  its  uis  iHva,  and  a  body 
moving  in  a  closed  path  and  acted  on  hy  a  force  like  friction, 
always  opposite  in  ducction  to  its  motion,  would  continually 
increase  in  velocity,  and  that  without  limit.  This  impossible 
result  is  a  necessary  consequence  of  assuming  any  formula  for  the 
potential  which  introduces  negative  terms  into  the  coeflicient  of  t''. 
855.]  But  we  have  now  to  consider  the  application  of  Wober's 
theory  to  phenomena  which  can  be  reaUsed.  Wo  have  seen  how 
it  gives  Ampfere's  expression  for  the  force  of  attraction  between 

*  Eleklr.  Maatb.  inbtieivhre  flfec  da*  Priaeip  iler  Erhnltuiig  ifrf  Energie. 
t  Strli*  SlomUhtrickt,  April  1ST2,  pp.  843-256 ;  I'Ml.  Mag..  Dec.  le7-2,  Sofp., 
pp.  SS0-e37. 
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two  elements  of  electric  currents.  The  potential  of  one  of  these 
elt'inents  on  the  other  is  found  by  taking  the  sum  of  the  values 
i<(  the  potential  ^  for  the  four  combinations  of  the  positive  and 
negative    currents   in   the    two   elements.      The  result    is,   by 

(•(Illation  (20),  taking  the  sum  of  the  four  values  of  ^ )  . 

-'■'■'"'''Itt"  <") 

anii  the  potential  of  one  closed  current  on  another  is 

^^''''■^^,d^d>*-=ii'M,  (24) 


^'JJ^ 


-P 


s  in  Arts.  423,  524. 


In  the  ease  of  closed  currents,  this  expression  agrees  with  th»t 
which  we  have  already  (Art.  524)  obtained*. 

Weber's  Thcoi-y  of  the  Induction  of  Electric  Currents. 
S56.]  After  deducing  from  Ampere's  formula  for  the  action 
lietween  the  elements  of  cuirents,  his  own  formula  for  the  action 

bftwoen  moving  electri(.^  paiticles,  Weber  proceeded  to  apply  his 
formula  to  the  explanation  of  the  production  of  electric  currents 
by  magneto- electric  induction.  In  this  ho  was  eminently  suc- 
cessful, and  we  shall  indicate  the  method  by  which  the  laws  of 
induced  currents  may  be  deduced  from  Weber's  formula.  But 
wo  must  observe,  that  the  cireumstance  that  a  law  deduced  from 
the  phenomena  discovered  by  Ampfero  ia  able  also  to  account  for 
the  phcuomena  afterwards  discovered  by  Fara^lay  does  not  give 
so  much  additional  weight  to  the  evidence  for  the  physical  truth 
of  the  law  as  we  might  at  first  suppose. 

For  it  has  been  shewn  by  Helmholtz  and  Thomson  (see  Art. 
.543),  that  if  the  phenomena  of  Ampere  are  true,  and  if  the 
principle  of  the  conservation  of  energy  is  admitted,  then  the 
phenomena  of  induction  discovered  ]jy  Faraday  follow  of 
necessity.  Now  Weber's  law,  with  the  various  assumptions 
about  the  nature  of  electiic  currents  which  it  involves,  leads 
by   mathematical   trana format! one   to   the   formula  of  Ampere, 

•  In  the  wliole  o(  Ma  inveatigatiou  Weber  adopts  the  elcctrudynamic  eystem  of 
uiiiu.  In  this  treatiio  we  olwsya  use  the  electroiuo^etic  Byateni.  _The  electromag- 
netic unit  ot  current  is  to  the  electrodynamic  unit  in  tlie  ratio  of  ^2  to  1.    Art  626. 
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Weber's  law  is  also  consiatent  with  the  principJe  of  the  con- 
servation of  energy  in  ao  far  that  a  potential  exists,  anil  tliis 
is  all  that  is  required  for  the  application  of  the  principle 
by  Helmboltz  and  Thomson.  Hence  wo  may  assert,  even 
before  making  any  calculations  on  the  subject,  that  Weber's 
law  wilt  explain  the  induction  of  electric  currents.  The  fact, 
therefore,  that  it  is  found  by  calculation  to  explain  the  induction 
of  currents,  leaves  the  evidence  for  the  physical  truth  of  the  law 
exactly  where  it  was. 

On  the  other  hand,  the  formula  of  Gnuss,  though  it  explains 
the  phenomena  of  the  attraction  of  curi'ents,  is  inconsistent  with 
the  principle  of  the  conservation  of  energy,  and  therefore  we 
cannot  assort  that  it  will  explain  all  the  phenomena  of  induction. 
In  fact,  it  fails  to  do  so,  as  we  shall  see  in  Art.  850. 

857,]  We  must  now  consider  the  electromotive  force  tending 
to  produce  a  current  in  the  element  de',  duo  to  the  current  in  da, 
when  ds  is  in  motion,  and  when  tha  current  in  it  is  variable. 

According  to  Weber,  the  action  on  the  material  of  the  con- 
ductor of  which  c/s'  is  an  element,  is  the  sutii  of  all  the  actions 
on  the  electricity  which  it  carries.  The  electromotive  force,  on 
the  other  hand,  on  the  electricity  in  da',  is  the  difference  of  the 
electric  forces  acting  on  the  positive  and  the  negative  electricity 
within  it.  Since  all  these  forces  act  in  the  line  joining  the 
elements,  the  electromotive  force  on  ds'  is  also  in  tiiis  line,  and 
in  order  to  obtain  the  electromotive  force  in  the  direction  of  ds' 
we  must  resolve  the  force  in  that  direction.  To  apply  Weber's 
formula,  we  must  calculate  the  various  terms  which  occur  in  it. 
on  the  supposition  that  the  element  dt  is  in  motion  relatively  to 
(//,  and  that  the  current*  in  both  elements  vary  with  the  time. 
The  expressions  thus  found  will  contain  terms  involving  lA  vi^, 
I''*,  I',  v',  and  terms  not  involving  v  or  v',  all  of  which  are  multiplied 
by  e/.  Examining,  as  we  did  before,  the  four  values  of  each 
term,  and  considering  firat  the  m&chanicat  force  which  arises 
from  the  sum  of  the  four  values,  we  find  that  the  only  term 
which  we  must  take  into  account  is  that  involving  the  product 
vv'ee'. 

If  we  then  consider  the  force  tending  to  produce  a  current  in 
the  second  element,  arising  from  the  difference  of  the  action  of 
the  first  element  on  the  positive  and  the  negative  electricity  of 
the  second  element,  we  find  that  the  only  term  which  we  bav« 
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to  examine  is  tiiat  which  involves  fee'.     We  may  write  the  £ 
terms  included  in  S  (;■««'),  thus 

c'(>:€  +  V,  e,)  and  e\{ve  +  w,  e,). 
Since  e'  +  e\  =  0,  the  mechanical  force  arising  from  these  terms 
is  zero,  but  the  electromotive  force  acting  on  the  positive  elec- 
tricity /  is  (re  +  v^e^),  and  that  actiDg  on  the  negative  electricity 
e\  ia  equal  and  opposite  to  this. 

858.]  Let  us  now  suppose  that  the  first  element  tie  is  moving 
relatively  to  '/(/  with  velocity  1^  in  a  certain  direction,  and  let  i» 
denote  by  Viie  and  Frfs',  the  angles  between  the  direction  of  V 
and  those  of  ds  and  of  dt'  respectively,  then  the  square  of  the 
relative  velocity,  u,  of  two  electric  particles  is 
«,*  =  c*  +  r'*+  F*  — 2it'co8e+2  VvcoBVd8  —  2Vv'ixieVd8'.  (25) 
The  term  ia  vv"  ie  the  same  as  in  equation  (3).  That  in  v,  on 
which  the  electromotive  force  depends,  is 
2  Vv  cos  Vda. 

We  have  also  for  the  value  of  the  time-variation  of  r  in  this 
oa^e  ir        dr      ,dr      dr  ,^. 

where  ^  refers  to  the  motion  of  the  electric  particles,  and  -i-  to 

it  '^  at 

that  of  the  material  conductor.     If  we  form  the  square  of  this 
quantity,  the  term  involving  vv',  on  which  the  mechanical  force 
depends,  is  the  same  as  before,  in  equation  (5),  and  that  involving 
ti,  on  which  the  electromotive  force  depends,  is 
„    drdr 
''d^di- 
Differentiating  (2G)  with  respect  to  (,  we  find 

aV        „d'^r     „     ,  d^r        ,~d^y      dvdr     dv'dr  ,     , 

dr  rf«-'  duds  «b'     dt  da      dt  da  ^     ' 

dvdr      .dv'dr      „    d  dr     „  ,d  dr      d^r   * 

+  V-y  -j-  +  v'-,     T",  +  21''^    ,,-  +  2V-j-,-T7  +  -fir 

dn  da         dn  du  dn  dt  ds  dt        dV 

We  find  that  the  tenii  involving  w'  is  the  same  as  before  in  (6). 

The  terms  whose  sitm  alters  with  that  of  v  are  -jj  i-  and  2  v  —  -   - 
"  dtds  dadt 

'  ;Inthe  iBtsnil  2inleiiiHonetl)t  lemiBSi' —  ^- +  2  v'3-i  —  were  omitted;   since 
'  fii  dt  dt  dt  ' 

tb&t  they  ought  to  b«  included,  the; 


a  nut  liowevec  Bffect  the  reault  when  the  drcniU  ue  cloaed. } 
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859.]  If  we  now  calculate  by  the  formula  of  Gauss  (ef]uatiou 
{18)),  the  resultant  electrical  force  in  the  direction  of  the  second 
flement(?fi',arisingfrom  the  action  of  the  first  element  t^s, -we  obtain 

-^  dads' i  V(2  cos  Vila  —  3  cos  Vr  cos  rde)co&rds'.  (28) 

As  in  this  expression  there  is  no  term  involving  the  rate  of 
variation  of  the  current  t,  and  since  we  know  that  the  variation 
of  the  primary  current  produces  an  inductive  action  on  the 
Bccondary  circuit,  we  cannot  accept  the  formula  of  Gauss  aa  a 
true  expression  of  the  action  between  electric  particlca. 

860.]  If,  however,  we  employ  the  formula  of  Wobor,  (19),  we 
obtain         1  ^,.,11  ddr      .drdr.dr 

^'^"^^i^d.di^^'d.Tt-'dsdi)!^"  ^''^ 

d  fi  dr  dr  -.   ,    , ,    i  ,  d'r  dr       <Pr  dr\   ,    ,  ,     ,„„. 

If  we  integrate  this  expreasion  ^Fith  respect  to  a  and  «',  we 
obtAin  for  the  electromotive  force  on  the  second  circuit 

(/  .  rrl  drdr  ,    ,  .     .  rn  ,  d^r  dr       d^r  dr\  ,    , ,     ,„, , 
di'JJrS.S''"''  *'}]r'^^tlB-mtii>'^'^-    '"> 
Now,  when  the  first  circuit  is  cloeed, 

/  :r-i  '<^^  =  0- 
_  rldrdr   ,        f/ldrdr       d^r  ,  ,  /'cosf  ,      .  „. 

But  ff^^dede'=  M,  by  Aria.  423,  524.  (33) 

Since  the  second  term  in  equation  (31)  vanishes  if  both 
cii-ouita  are  dosed,  we  may  write  the  electromotive  force  on  the 
second  circuit  ,; 

-3i(.-Jf),  (34) 

which  agrees  with  what  we  have  already  established  by  experi- 
ment; Art.  539. 

0*1  Weher'a  FimnvXa,  coimtleretl  ue  reiultvny  frovi  an  Action 
trwnemitted  from  oiie  Electrk  Partide  to  the  other  vitli  a 
Covstant  Vdocity. 
861.]  In  a  very  interesting  letter  of  Gauss  to  W.  Weber*  be 
■  Mwch  10, 18*6,  Wtrkt,  M.  t.  BW. 
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refers  to  the  eleotrtxiynaiuic  specuUtiona  with  which  ho  had  been 
occupied  long  before,  and  which  he  would  have  published  if  he 
fould  then  have  estaliUahed  that  which  he  considered  the  nai 
kvynUmc  of  electrodynamics,  naioely.  the  deduction  of  the  force 
Acting  between  cloctrio  partlclea  in  motion  from  the  coDsademlioD 
uf  an  action  between  them,  not  instantaneous,  but  propagat«Kl  in 
titiic,  in  a  similar  manner  to  that  of  light.  He  had  uot  Gucc««ded 
in  making  this  deduction  when  he  gave  up  his  electrodynamic 
rertoorehes,  and  he  had  a  subjective  conviction  that  it  would  be 
neccNBary  in  the  first  place  to  form  a  consistent  representation  of 
the  manner  in  which  the  propagation  takes  place. 

Throe  eminent  mathematicians  have  endeavoured  to  supply 
this  keyetone  of  electrodynamics. 

862.]  In  a  memoir  presented  to  the  Royal  Society  of  Gottingen 
in  1858,  but  afterwards  withdi-awn,  and  only  publialied  in 
Poggendorfi's  Anrnden,  bd.  cxxxi  pp.  237-263,  in  18S7,  after  the 
death  of  the  author,  Bemhaj-d  Riemann  deduces  the  phenomena 
of  tlio  induction  of  electric  currents  from  a  modified  form 
I'oiHHon's  e<|uation 

d'V     d'V     (PF     ,  1  <PV 

'Ix-        'lij-        dz-  a'  ilt- 

wlierc  V  in  the  electrostatic  potential,  and  a  a  velocity. 

This  ei|uati(in  is  of  the  same  form  as  those  which  express  the 
pi'opnjjal ion  of  waves  and  other  disturbances  in  elastic  media. 
'I'lie  author,  liowcver,  seeinH  to  avoid  making  explicit  mention  of 
(iny  nircliiim  through  which  the  propagation  takes  place- 

Tlie  iniitlii'iiiiiticnl  investigation  given  by  Riemann  has  been 
i-samined  by  ('hmsius*,  who  does  not  admit  the  soundness  of 
thi-  niiitlieniiitieul  pi-ocesses,  and  shews  that  the  hypothesis  tliat 
potential  is  propagateil  like  light  does  not  lead  either  to  the 
I'oniiiila  of  WelKT,  or  to  tho  known  laws  of  electro dy nam ica, 

H(  ;i.]  C'lauhiuM  has  also  examined  a  far  more  elaborate  investi- 
giitioii  by  ('.  Ncuriianii  on  the  '  Principles  of  Electrodynamics' t. 
Neumann,  liowever,  1ms  pointed  out  J  that  his  theory  of  the 
tranHUiiKsiim  of  potential  from  one  electric  particle  to  another 
i^  ipiite  different  from  that  proposed  by  Gauss,  adupte<l  bj- 
Riemann,  and  ciiticizeil  by  Clauslus,  in  which  the  propagation 
\»   like  that  of  light.     There  is,  on  tho  contrary,  the  greatest 

*  i'ojfK..  bd.  ciiiv.  |i.  812.  +  Tlibiiigen,  1S6S. 

J  .Valhemaliiche  AnaaleH,  i.  317. 
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posaiblo  difltrence  between  the  traiiBiiiission  of  potential,  aocorii- 
ing  to  Neumann,  and  the  pn)pagati"n  of  light. 

A  luiiiinous  body  sends  forth  light  in  all  directions,  the  in- 
tensity of  which  dependB  on  the  luniinous  body  alone,  and  not 
on  the  presence  of  the  body  which  is  enlightened  by  it. 

An  electric  particle,  on  the  other  hanil.  sends  forth  a  potential. 

the  value  of  which,  ■ —  •  depends  not  only  on  e,  the  emitting 

particle,  but  on  e',  the  receiving  particle,  and  on  the  distance  r 
between  the  particles  at  the  ivetaot  of  emieeion. 

In  the  case  of  light  the  intensity  diminishes  as  the  light  is 
prop^;ated  further  from  the  luminous  body ;  the  emitted  potential 
flows  to  the  body  on  which  it  acta  without  the  slightest  alteration 
of  its  original  value. 

The  light  received  by  the  illuminated  body  is  in  genei-al  only 

fraction  of  that  which  falls  on  it ;  the  potential  as  received  by 
the  attracted  body  is  identical  with,  or  equal  to,  the  potential 
which  arrives  at  it. 

Besides  this,  the  velocity  of  transmission  of  the  potential  is 
not,  like  that  of  light,  constant  relative  to  the  sethor  or  to  space, 
hut  rather  like  that  of  a  projectile,  constant  relative  to  the 
velocity  of  the  emitting  particle  at  the  instant  of  emission. 

It  appears,  therefore,  that  in  order  to  understand  the  theory  of 
Neumann,  we  must  form  a  very  diflerent  repi-esentation  of  the 
process  of  the  transmission  of  potential  from  that  to  which  we 
have  been  accustomed  in  considering  the  propagation  of  light. 
Whether  it  can  ever  be  accepted  as  the  '  construirbai^'orstellung ' 
of  the  process  of  transmission,  which  appeared  necessary  to 
Gauss,  I  cannot  say,  but  I  have  not  mj-self  been  able  to 
construct  a  consistent  mental  representation  of  Neumann's 
theory. 

864.]  Professor  Betti  *,  of  Pisa,  has  treated  tbo  subject  in  a 
different  way.  He  supposes  the  closed  circuits  in  which  tbe 
electric  currents  flow  to  consist  of  elements  each  of  which  is 
polarized  periodically,  that  is,  at  equidistant  intervals  of  time. 
These  polarized  elements  act  on  one  another  as  if  they  were 
little  magnets  whose  axes  are  in  tbe  direction  of  the  tangent  to 
tbe  circuits.  Tbe  periodic  time  of  this  polarization  is  the  same 
in  all  ek'ctric  circuits.  Betti  supposes  the  action  of  one  polaiized 
•  A''ioro  Ci'menf*.  irvii  (ISfiS). 
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element  on  anotLer  at  a  distance  to  take  place,  not  iostsn- 
tanwmsly,  liut  after  a  time  proportional  to  the  distance  between 
the  elements.  In  this  way  he  obtains  espreseions  for  the  action 
of  one  electric  circuit  on  another,  which  coincide  with  those 
which  are  known  to  be  true.  Clausius,  however,  has,  in  this 
case  also,  criticized  some  parts  of  the  mathematical  c&Iculati<»u 
into  which  wc  shall  not  here  enter. 

865.]  There  appears  to  be,  in  the  minds  of  these  eminent  men, 
some  prejudice,  or  d  priori  objection,  against  the  hypotheeie  of  a 
mediuQi  in  which  the  phenomena  of  radiation  of  light  and  heat 
and  the  electric  actions  at  a  distance  take  place.  It  in  true  tliat 
at  one  time  those  who  speculated  ae  to  the  caused  of  physical 
phenomena  were  in  the  habit  of  accounting  for  each  kind  of 
action  at  a  di.stanoe  by  means  of  a  special  itthereal  fluid,  whose 
function  and  property  it  was  to  produce  these  actions.  They 
filled  all  spac«  throe  and  four  times  over  with  aethers  of  different 
kinds,  the  properties  of  which  were  invented  merely  to  'savo 
appeai-ancea,'  so  that  more  rational  enquirers  were  willing  rather 
to  accept  not  only  Newton's  definite  law  of  attraction  at  a 
distance,  but  oven  the  dogma  of  Cotes  *,  that  action  at  a 
>lii^tan<>l.'  is  ono  of  tht.'  firjniary  pr-'prrtios  of  matter,  and  that 
no  explanation  can  be  more  intelligible  than  this  fact.  Hence 
the  undulatory  theory  of  light  has  met  with  much  opposition, 
directed  not  against  its  failure  to  explain  the  phenomena,  but 
against  its  assumption  of  the  exiritt.'nce  of  a  medium  in  which 
light  is  propagated. 

866.]  We  have  seen  that  the  mathematical  expressions  for 
electrodynamic  action  led,  in  the  mind  of  Gauss,  to  the  con- 
viction that  a  theory  of  the  propagation  of  electric  action  in 
time  would  be  found  to  be  the  very  keystone  of  electrodynamics. 
Now  we  are  unable  to  conceive  of  propagation  in  time,  except 
either  as  the  fliglit  of  a  material  substance  through  space,  or  as 
the  pi-opagation  of  a  condition  of  motion  or  stress  in  a  metlium 
already  existing  in  space.  In  the  theory  of  Neumann,  the 
mathematical  conception  called  Potential,  which  we  are  unable 
to  conceive  as  a  material  substance,  is  supposed  to  be  pnyected 
from  one  particle  to  another,  in  a  manner  which  is  quite  inde- 
pendent of  a  medium,  and  which,  as  Neumann  has  himself 
pointed  out,  is  extremely  different  from  that  of  the  propngation 
•  Frefw*  to  Newton's  Prindpia,  2nd  edition. 
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of  light.  In  the  theories  of  Riemann  and  Betti  it  would  appear 
that  the  action  is  supposed  to  be  propagated  in  a  manner  some- 
what more  similar  to  that  of  light. 

But  in  all  of  these  theories  the  question  naturally  occurs : — 
If  something  is  transmitted  from  one  particle  to  another  at  a 
distance,  what  is  its  condition  after  it  has  left  the  one  particle 
and  before  it  has  reached  the  other  ?  If  this  something  is  the 
potential  energy  of  the  two  particles,  as  in  Neumann^s  theory, 
how  are  we  to  conceive  this  energy  as  existing  in  a  point  of 
space,  coinciding  neither  with  the  one  pai-ticle  nor  with  the 
other  ?  In  fact,  whenever  energy  is  transmitted  from  one  body 
to  another  in  time,  there  must  be  a  medium  or  substance  in 
which  the  energy  exists  after  it  leaves  one  body  and  before 
it  reaches  the  other,  for  energy,  as  Torricelli*  remarked,  *is  a 
quintessence  of  so  subtile  a  nature  that  it  cannot  be  contained 
in  any  vessel  except  the  inmost  substance  of  material  things.' 
Hence  all  these  theories  lead  to  the  conception  of  a  medium  in 
which  the  propagation  takes  place,  and  if  we  admit  this  medium 
as  an  hypothesis,  I  think  it  ought  to  occupy  a  prominent  place 
in  our  investigations,  and  that  we  ought  to  endeavour  to  con- 
struct a  mental  representation  of  all  the  details  of  its  action,  and 
this  has  been  my  constant  aim  in  this  treatise. 

*  Lezioni  Accademiche  (Firenze,  1715),  p.  25. 
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Earle  aod  Flmnmer.     Two  of 

"m  SaiAin  Clirmidti,  ParaJM,  irilK 
Supfiifinsnia'y  EitracU  fivn  Va  ofiW". 
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Vol.  IV.  South  and  East  Africa. 
Historical  and  Utwgrophioal. 
With  Ten  Hapa.     Crown  Ijvo. 
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by  C.  H.  Firth,  M.A.  t  vols.  8vo. 
If.  i6i. 

Macbiayelli.  II  Priiidpe. 
Edited  by  L,  Arthur  Burd,  M.A. 
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1558.  By  the  taraa  Editor.  \_Irt 
PrtparaH<in.] 
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]  vols.       SVO.       l(.    III. 

IiOtze'B  Logic,  in  Three  Books 
^of  Thought,  of  Investigation,  and 
of  Knowledge.  English  TransUtion ; 
edited  by  B.  Boaanquet.  M.A. 
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Ooebfll.    Ou,tU7ien  of  Classifi- 

mlimt  and  Spedal  Mmpholo^  qf  Plants. 
By  Dr.  K.  Onobol.  TrunBlatod  by 
11.  £.  F.  QnrnMiy.M.A.  Revised  by 
luiaa  Bnyley  Bulfour,  M.A.,H.D., 
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